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AUTHOR'S PREFACE— SECOND FRENCH EDITION 

The first part of this volume has undergone only slight changes, 
while the rather important modifications that have been made 
appear only in the last chapters. 

In the first edition I was able to devote but a tew pages to par- 
tial differential equations of the second order and to the calcolns 
of variations. In order to present in a less summary manner such 
broad subjects, I have concluded to defer them to a third volume, 
which will contain also a sketch of the recent theory of integral 
equations. The suppression of the last chapter has enabled me to 
make some additions, of which the most important relate to linear 
differential equations and to partial differential equations of the 
"'" '"^"- E. GOUKBAT 
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TRANSLATORS ' PREFACE 



As the title indicates, the present vclume is a translation of the 
first half of the second volume of Goursat's "Cours d' Analyse." The 
decision to publish the translation in two parts is due to the evi- 
dent adaptation of these two portions to the introductory courses in 
American colleges and universities in the theory of functions and 
in differential equations, respectively. 

After the cordial reception given to the translation of Goursat's 
first volume, the continuation was assured. That it has been 
delayed so long was due, in the first instance, to our desire to await 
the appearance of the second edition of the second volume in 
French. The advantage in doing so will be obvious to those who 
have observed the radical changes made in the second (French) 
edition of the second volume. Volume I was not altered so radi- 
cally, so that the present English translation of that volume may be 
used conveniently as a companion to this ; but references are given 
here to both editions of the first volume, to avoid any possible 
difBcultj in this connection. 

Our thanks are due to Professor Goursat, who has kindly given 
us his permission to make this translation, and has approved of the 
plan of publication in two parts. He has also seen all proofs in 
English and has approved a few minor alterations made in transla- 
tion as well as the translators' notes. The responsibility for the 
latter rests, however, with the translators. 

E. R. HBDRICK 
OTTO DUHKEL 
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THEORY OF FUNCTIONS OF A 
COMPLEX VARIABLE 

CHAPTER I 

ELEMENTS OF THE THEORY 

I. GENERAL PRINCIPLES. ANALYTIC FUNCTIONS 

1. Definitiona. An itnaifinary quantity, or complex quantity, is any 
expression of the form a + bi where a and b are any two real nma- 
bers whatever and i is a special symbol which has been introduced 
in order to generalize algebra. Essentially a complex quantity is 
nothing but a syatem of two real numbers arranged in a certain 
order. Although such espreaaions aa a + bi have in themselves no 
concrete meaning whatever, we agree to apply to them the ordinary 
rules of algebra, with the additional convention that i^ shall be 
replaced throughout by — 1. 

T^wo complex quantities a + bi and a' + b'i are said to be equal if 
a = a' and b = b'. The sum of two complex quantities a + bi and 
e + di is a symbol of the same form a + c+(b + d)i; the differ- 
ence a + bi—{c + di) is equal to a — o +(b — d)i. To find the 
product ot a + bi and c + diwe carry out the multiplication accord- 
ing to the uaual rulea for algebraic multiplication, replacing i' by 
— 1, obtaining thus 

(a + bi) {c + di)=ac~bd + {ad + be) i. 

The quotient obtained by the division of a + bi by e + di is 
defined to be a third imaginary symbol x + yi, such that when it is 
multiplied by c + di, the product is a + bi. The equality 

a + bi = {c + di){x + yt) 
is equivalent, according to the rules of multiplication, to the two 
relations cx-dy = a, dx + cy = b, 

whence we obtain 

_ ae + bd be — ad 



/ 
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4 ELEMENTS OF THE THEORY [i, { i 

The quotient obtained by the division oi a + H by c + di ia repre- 
sented by the usual notation for fractions in algebra, thus, 



"^"•-e + di 

A convenient way of calculating x and y is to multiply numerator 
and ■ denominator of the fraction by c — di and to develop the 
indicated products. 

All the properties of the fundamental operations of algebra can be 
shown to apply to the operations carried out on these imaginary sym- 
bols. Thus, if A, B, C, •■■ denote complex numbers, we shall hare 

AB=BA, A-B-C=A-{B-C), A{B + C) = AB -^AC, -■■ 

and so on. The two complex quantities a + bl and a — bi are said 
to be conjugate iinaginai'ies. The two complex quantities a + bi and 
— a — bi, whose sum is zei-o, are said to be negatives of each other 
or sj/mmetric to each other. 

Given the usual system of rectangular axes in a plane, the complex 
quantity a + it is represented by the point M of the plane xOy, whose 
coordinates are x^a and y^b. In this way a concrete representa- 
tion is given to these purely symbolic expressions, and to every 
proposition established for complex quantities there is a correspond- 
ing theorem of plane geometry. But the greatest advantages resulting 
from this representation will appear later. Real numbers correspond 
to points on the x-axis, which for this reason is also called the axis 
of reals. Two conjugate imaginaries a + bi and a ^ bi correspond to 
two points symmetrically situated with respect to the ai-axis. Two 
quantities a + bi and —a — bi are represented by a pair of points 
symmetric with respect to the origin O. The quantity a + bi, which 
corresponds to the point M with the co&rdinates (a, b), is sometimes 
called its a_ffix.* When there is no danger of ambiguity, we shall 
denote by the same letter a complex quantity and the point which 
represents it. 

Let us join the origin to the point M with coordinates (a, fi) by a 
segment of a straight line. The distance OM is called the absolute 
value of a + bi, and the angle through which a ray must be turned 
from Ox to bring it in coincidence with OM (the angle being measured, 
as in trigonometry, from Ox toward Oy) is called the angle of a + bi. 

n EDglish, but the French frequently use the cone- 
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1,§1] GENERAL PRINCIPLES 5 

Let p and u denote, respectively, the absolute value and the angle of 
« + Si ; between the real quantities a, b, p, a there exist the two rela- 
tions a = p cos B, i = p sin u, whence we have 



The absolute value p, which is an essentially positive number, is 
determined without ambiguity ; whereas the angle, being given only 
by means of its trigonometric functions, is determined except for an 
additive multiple of 2 tt, which was evident from the definition itself. 
Hence every complex quantity may have an infinite number of 
angles, forming an arithmetic progression in which the successive 
terms differ by 2 ir. In order that two complex quantities be equal, 
their absolute values must be equal, and moreover their angles must 
differ only by a multiple of 2 w, and these conditions are sufficient 
The absolute value of a complex quantity a is represented by the 
same symbol \s!\ which is used for the absolute value of a real 
quantity. 

Let a = a + H, z' = a' + b'i be two complex numbers and m, »»' 
the corresponding points ; the sum z + z' is then represented by the 
point to", the vertex of the parallelogram constructed upon Om, Om'. 
The three sides of the triangle Om. m" 
(Pig. 1) are equal respectively to the 
absolute values of the quantities x, x', 
n -|- «'. From this we conclude that the 
absolute value of the sunt of ttvo quanti- 
ties is less than or at most equal to the 
sum of the absolute values of the two 
quantities, and greater than or at least 
equal to their difference. Since two 
quantities that are negatives of each 

other have the same absolute value, the theorem is also true for 
the absolute value of a difference. Finally, we see in the same way 
that the absolute value of the sum of any number of complex 
quantities is at most equal to the sum of their absolute values, the 
equality holding only when all the points representing the different 
quantities are on the same ray starting from the origin. 

If through the point m we draw the two straight lines mx' and 
my' parallel to Ox and to Oi/, the coordinates of the point m' in this 
system of axes will be a' — o and b' — b (Fig, 2). The point m' 
then represents s' — s in the new system ; the absolute value of 
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6 ELEMENTS OF THE THEORY [l,si 

s' — s ia equal to the length tnm', and the angle of *' — a is equal to 
the angle # which the direction mm' makes with mx'. Draw through 
a Bcgment Om^ equal and par- 
allel to -mm.' ; the extremity m^ of 
this Begment represents z' — * in 
the system of axes Ox, Oy. But 
the figure Om'm^ is a parallelo- 
gram ; the point m, is therefore 
the symmetric point to m with 
respect to e, the middle point 
of Om'. 

Finally, let us obtain the for- 
mula which gives the absolute value and angle of the product of any 
number of factors. Let 

it„ = p^(cos a^ + i sin u^), (k = l,2,-- ■, n), 
be the factors ; the rules for multiplication, together with the addi- 
tion formula of trigonometry, give for the product 

«,s, ■■-«. = P,Pi - ■ ■ P.[coa(<u, -H <Oj H +<^) 

+ i sin(ai, + a>, H h <u,)], 

which shows that the absolute value of a product is equal to the 
product of the absolute values, and the angle of a product is equal to 
the sum of the angles of the factors. From this follows very easily 
the well-known formula of De Moivre : 

cos mia + { sin mm = (coa w + t Bin ai)", 

which contains in a very condensed form all the trigonometric for- 
mulae for the multiplication of angles. 

The introduction of imaginary symbols has given complete gener- 
ality and symmetry to the theory of algebraic equations. It was in 
the treatment of equations of only the second degree that such ex- 
pressions appeared for the first time. Complex quantities are equally 
important in analysis, and we shall now state precisely what mean- 
ing is to be attaehed to the expression a function of a complex 
variable. 

2. Continuous functions of a complex variable. A complex quantity 
z = X + yi, where x and y are two real and independent variables, 
is a complex variable. If we give to the word function its most 
genera] meaning, it would be natural to say that every other complex 
quantity it whose value depends upon that of « is a ^function of n. 
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1,5 8] GENERAL PRINCIPLES 7 

Certain familiar definitions can be extended directly to these func- 
tions. Thus, we shall say that a function u =/(*) is continuous if 
the absolute value of the difference f(z + h) — f{s!) approaches zero 
when the absolute value of h approaches zero, that is, if to every 
positive number t we can assign another positive number ij such that 

!/(=, + 4) -/(.)]<., 

provided that ] A | be less than ij. 
A series, 

whose terms are functions of the complex variable z is uniformly 
convergent in a region A of the plane if to every positive number c 
we can assign a positive integer JV such that 

|J!.I-1«.*,W + «.».W+---I<- 

for all the values of « in the region A, provided that n^N. It 
can be shown as before (Vol. I, § 31, 2d ed. ; § 173, 1st ed.) that if a 
series is uniformly convergent in a region A, and if each of its 
terms is a continuous function of s in that region, Ita sum is itself 
a continuous function of the variable z in the same region. 

Again, a series is uniformly convergent if, for all the values of x 
considered, the absolute value of each term [w,| is less than the 
corresponding term v, of a convergent series of real positive con- 
stants. The series is then both absolutely and uniformly convergent. 

Every continuous function of the complex variable z is of the 
form It = P («, T/) + Q (x, y) i, where P and Q are real continuous 
functions of the two real variables x, y. If we were to impose no 
other restrictions, the study of functions of a complex variable 
would amount simply to a study of a pair of functions of two real 
variables, and the use of the symbol i would introduce only illusory 
simplifications. In order to make the theory of functions of a com- 
plex variable present some anali^y with the theory of functions of a 
real variable, we shall adopt the methods of Cauchy to find the con- 
ditions which the functions P and Q must satisfy in order that the 
expression P + Qi shall possess the fundamental properties of func- 
tions of a real variable to which the processes of the calculus apply. 

3. Analytic functions. If f(x) is a function of a real variable x 
whicti has a derivative, the quotient 
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8 ELEMENTS OF THE THEORY [1, ( 3 

approaches f{x) when k approaches zero. Let us determine in the 
same way under what conditions the (Quotient 
Aw _ AP + tAQ 
As Ax + t'Ay 
will approach a definite limit when the absolute value of A« approaches 
zero, that is, when Aa: and Ay approach zero independently. It is 
easy to see that this will not be the case if the functions P(x, y) and 
Q(x, y) are any functions whatever, for the limit of the quotient 
A.U/&Z depends in general on the ratio Ay/Aa:, that is, on the way 
in which the point representing the value of s + A approaches the 
point representing the value of z. 

Let us first suppose y constant, and let us give to a; a value a; + Aa; 
differing but slightly from x ; then 

Xu _ P(x + £LX,y)-P(x,i/) M(x + i^x,y)- Q(x,y) 
As Ax Ax 

In order that this quotient have a limit, it is necessary that the 
functions P and Q possess partial derivatives with respect to x, and 



in that c 



Am dp . 8Q 

a-— =-r- +1-T-- 

^ ex ox 



Next suppose x constant, and let us give to y the value y + ^y; we 
have 

AM_ P(a;,y + Ay)-P(x,y) ^ Q(x, y + Ay) -^(a:, y) ^ 

Ax iAy Ay 

and in this case the quotient will have for its limit 

^_ -^ 

dy dy 

if the functions P and Q possess partial derivatives with respect to y. 
In order that the limit of the quotient be the same in the two cases, 
it is necessary that 

8P^3Q 8P £Q 

^ ' dx dy dy dx 

Suppose that the functions P and Q satisfy these conditions, and 
that the partial derivatives dP/dx, dPjdy, dQ/dx, dQ/dy are con- 
tinuous functions. If we give to x and y any increments whatever, 
Ac, Ay, we can write 

AP = P(a! 4- Ax, y + Ay) - P(3; + 4a;, y) +P(3; + Aa;, y)- P(a;, y) 
= Ay/^, (x + Ax, y + «Ay) + Axi^, (x + tf'Ax, y) 
= Ax[/^,(x,y)+ .] + Ay[P;(x,y)+ .J, 
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I.J3] GENERAL PRINCIPLES 9 

where 9 and ff are positive nnmbers less than unity ; and in the 
same way 

AQ = da;[Q;(a;, y) + «'] + Ay[Q;(x,y) + cl], 

where «, c', c„ ci approach zero with Ax and A^. The difference 
Au = AP + tAQ can be written by means of the conditions (1) in 
the form, 

= ( Ax + iAy) ^ gj + i 1^) + ,i)! + VAy, 

where ij and ^' are infinitesimals. We have, then, 

Am^^ .dQ tjAx + VAy 

As ^ dx Ax + iA^ 
If |if[ and jij'j are smaller than a number a, the absolute value of the 
complementary term is less than 2 a. This term will therefore ap- 
proach zero when Ax and A^ approach zero, and we shall have 
Am_£P £Q 
As Sx Sx 
The conditions (1) are then necessary and sufQcient in order that the 
quotient Au/^z have a unique limit for each value of g, provided that 
the partial derivatives of the functions P and Q be continuous. The 
function u is then said to be an analytic function * of the variable x, 
and if we represent it by /(«), the derivative /"(«) is equal to any 
one of the following equivalent expressions : 

It is important to notice that neither of the pair of functions 
P(x, y), Q(x, y) can be taken arbitrarily. In fact, if P and Q have 
derivatives of the second order, and if we differentiate the first of 
the relations (1) with respect to % and the second with respect to y, 
we have, adding the two resulting equations, 



• Chrfchy made frequent use ot the term monogine, the equivaleDt of which, mono- 
genic, is Bometimes used In English. The term tynectigve la also anmetimes used fn 
French. We Bball use by preference tbe tenn analytic, and It will be shown later 
that this definition agrees with the one wbtcb btu already been given (I, { lOT, 
2d ed. ; S 191, Ist ed.) 
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10 ELEMENTS OF THE THEORY [i, § 3 

We can show in the same way that AQ = 0. The two functions 
P(x, y), Q(x, y) must therefore be a pair of solutions of Laplace's 
equation. 

Conversely, any solution of Laplace's equation may be taken for 
one of the functions P or Q. For example, let P{x, y) be a solution 
of that equation ; the two equations (1), where Q is regarded as an 
unknown function, are compatible, and the expression 



-P(x,y)- 



{ai-%-)-} 



which is determined except for an arbitrary constant C, is an analytic 
function whose real part is P(x, y). 

It follows that the study of analytic functions of a complex vari- 
able a amounts essentially to the study of a pair of functions 
P{x, y), Q(x, y) of two real variables x and y that satisfy the 
relations (1). It would be possible to develop the whole theory with- 
ou,t making use of the symbol i.* 

We shall continue, however, to employ the notation of Gauchy, but 
it should be noticed that there is no essential difference between the 
two methods. Every theorem established for an analytic function 
f(siy can be expressed immediately as an equivalent theorem relat^- 
ing to the pair of functions P and Q,, and conversely. 

Exampla. The function u = x^ — y' -f 2zyi is an analytic function, for it 
satisfies theequatJona (1), and its derivative is 2x + 2yt = 2i; in fact, tlie func- 
tion is simply (z + yi)' = z'. On tlie other tiand, the expression v = z — ^ is not 
an analytic function, for we have 

1- 



__ _ i£ 



and it is obvious that the limit of tbe quotient Av/A: depends upon the limit of 
the quotient Ajz/Az. 

If we put x = p cos ia,y = pbXtiu, and apply tbe formulEe for the change of 
independent variables (I, 5 63, 2d ed. ; g 88, iBt ed., Ex. II), the relatione 
(1) become 

(3) S^=_p^, ?^= ?^, 

S<ji dfi dv dp 

and the derivative takes the form 



^<'H^-'> 



e Qennan mathematicians who follow 



sdbvGoo^^lc 



I, S 4] GENERAL PRINCIPLES 11 

It ia easily seen on applying these formulae that the functloa 

is an uialytic function of t whose derivative ia equal to 

mp"-i(cosmM+ isinm«)(coau— tBin(tf) = Tni"-i. 

4. FnnctioiiB uuJytic throughout ft region. The preceding general 
statements are still somewhat vaguej for so far nothing has been 
said about the limita between which x may vary. 

A portion A of the plane is said to be connected, or to consist of 
a single piece, when it is possible to join any two points whatever 
of that portion by a continuous path which lies entirely in that 
portion of the plane. A connected portion situated entirely at a 
finite distance can be bounded by one or several closed curves, 
among which there is always one closed curve which forms the 
exterior boundary. A portion of the plane extending to infinity may 
be composed of all the points exterior to one or more closed curves ; 
it may also be limited by curves having infinite branches. We shall 
employ the term region to denote a connected portion of the plane. 

A function f(z) of the complex variable z ia said to be analytic * 
in a connected region A of the plane if it satisfies the following 
conditions : 

1) To every point s of X corresponds a deiinite value of /(«) ; 

2) f(z) is a continuous function of s when the point z varies in 
A, that is, when the absolute value of /(a + A)~/(«) approaches 
zero with the absolute value of h ; 

3) At every point s of A, /(») has a uniquely determined deriva- 
tive f(x) ; that is, to every point z corresponds a complex number 
y(a) such that the absolute value of the difference 



/(' + «)-/(') _^(.) 



approaches zero when | A | approaches zero. Given any positive num- 
ber c, another positive number ij can be found such that 

(4) l/(" + »)-/W-A/'W|s.|*l 

if j A| is less than iq. 

For the moment we shall not make any hypothesis as to the values 
of /(z) on the curves which limit A. When we say that a function 
is analytic in the interior of a region A bounded by a closed curve r 

■The adjective holomorphia ia tiso ottea osed. — Tsams. 
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and on the boundary curve itself, we shall mean by this that /(«) is 
analytic in a region ^ containing the boundary curve T and the 
region A. 

A function f(e) need not necessarily be analytic throi^hout its 
region of existence. It may have, in general, singular points, which 
may be of very varied types. It would be out of pla^e at this point 
to make a classification of these singular points, the very nature of 
which will appear as we proceed with the study of functions which 
we are now commencing. 

5. Rattonal fnnctlonB. Since the rules which give the derivative of 
a sum, of a product, and of a quotient are logical consequences of the 
definition of a derivative, they apply also to functions of a complex 
variable. The same is true of the rule for the derivative of a func- 
tion of a function. Let m = /(Z) be an analytic function of the 
complex variable Z; if we substitute for Z another analytic function 
^ (x) of another complex variable x, u is still an analytic function of 
the variable «. We have, in fact. 

Aw _ Am AZ_ 
As ~ AZ ^ Aa ' 

when |As| approaches zero, |AZ| approaches zero, and each of the 
quotients Aw/AZ, AZ/Az approaches a definite limit. Therefore the 
quotient Au/A« itself approaches a limit : 

We have already seen (§ 3) that the function 

^ = ix + yiy 

is an analytic function of z, and that its derivative is nu^-'. This 
can be shown directly as in the case of real variables. In fact, the 
binomial formula, which results simply from the pi'operties of multi- 
plication, obviously can be extended in the same way to complex 
quantities. Therefore we can write 

where jre is a positive integer ; and from this follows 
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It is clear that the right-hand side has me"-' for its limit when the 
absolute value of h approaches zero. 

It follows that any polynomial with constant coefiELcients ia an 
analytic function throughout the whole plane. A rational function 
(that is, the quotient of two polynomials P(«), Q(«), which we may 
as well suppose prime to each other) is also in general an analytic 
function, but it has a certain number of singular points, the roots of 
the equation Q («) = 0. It is analytic in every region of the plane 
which does not include any of these points. 

6. Certain irrational functions. When a point z describes a continu- 
oua curve, the coordinates x and y, as well as the absolute value p, 
vary in a continuous manner, and the same is also true of the angle, 



V 


t?? 









provided the curve described does not pass through the origin. If 
the point z describes a closed curve, x, y, and p return to their 
original values, but for the angle m this ia not alwaya the case. If 
the origin is outside the region inclosed by the closed curve (Fig, 3 a), 
it ia evident that the angle will return to ita original value ; but this 
is no longer the ease if the point x describes a curve such as M^NPM^ 
or M^pqM^ (Fig- 3 V). In the first case the angle takes on ita original 
value increased by 2 tr, and in the second caae it takes on its original 
value increased by \v. It is clear that » can be made to describe 
closed curves such that, if we follow the continuous variation of the 
angle along any one of them, the iinal value assumed by to will differ 
from the initial value by 2 wjt, where n is an arbitrary integer, posi- 
tive or negative. In general, when z describes a closed curve, the 
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unf^lf, af X ~ n rt^tiima to itj) iniciaJ value if the point a lies oatsiiie 
of th« rftgion hoamied by that closed fiurve, but the carre described 
hj e Ran aliraytt be nhooen so that the dnal value assumed by the 
angle of * — « will be equal to the initial value iaeieafied by 2ww. 

Let na nov consider the eqnatioii 
(S) ^-x, 

where m is a positive intejjer. To every value of z, except z = 0, 
there are m distinct valoes of m which satiafy this eqaatioo and 
therefore correspond to the given valae of s,' In fact, if we pat 

« = p(eos • + j'sin-^, « = /(eoa *+ ."ain:*), 
the relation (5) becomes er|uivalent to the following pair : 

■r^p, m* = - + 2iir. 
From the first we have r = p'-^, which means that r is the mtb arith- 
metic root of the positive namber p ; from the second we have 

To obtain all the distinct values of u we have only to give to the 
arbitrary integer & the m consecutive integral valaes 0, 1, 2, ■ ■ ■ , m — 1 ; 
in this way we obtain expressions for the m roots of the equation (5) 

(4 = 0,1,2,...,™-!). 
It is usual to represent by «"" any one of these roots. 

When the variable z describes a continuous curve, each of these 
roots itself varies in a continuous manner. If z describes a closed 
curve to which the origin is exterior, the angle <u comes back to its 
original value, and each of the roots \, u^, ■ . ■, m„_, describes a 
closed curve (Fig. 4 a). But if the point z describes the curve 
il/„JVPl/|| (Fig, 3 S), ai changes to ai + Sw, and the final value of the root 
w, is equal to the initial value of the root ?/;+,, Hence the arcs 
described by the different roots form a single closed curve (Fig. 46). 

These m. roots therefore undergo a cyclic permutation when the 
variable z describes in the positive direction any closed curve with- 
out double points that incloses the origin. It is clear that by making 
« describe a suitable closed path, any one of the roots, starting from 
the initial value w„, for example, can be made to take on for its final 
value the value of any of the other roots. If we wish to maintain 
continuity, we must then consider these m roots of the equation (5) 
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not as so many distinct f uactiona of a, but as m distinct branches of the 
same function. The point « = 0, about which the permutation of the 
m values of u takes place, is called a critical point or a branch poitU. 




B 



In order to consider the m values of m as distinct functions of z, 
it will be necessary to disrupt the continuity of these roots along a 
line proceeding from the origin to infinity. We can represent this 
break in the continuity very concretely as follows : imagine that in 
the plane of z, which we may regard as a thin sheet, a cut is made 
along a ray extending from the origin to iniinity, for example, along 
the ray OL (Fig. 5), and that then the two edges of the cut are 
slightly separated sq that there is no path along which the variable 
z can move directly from one edge to the other. Under these circum- 
stances no closed path whatever can inclose the origin; hence to 
each value of z corresponds a completely determined value m,- of the 
m roots, which we can obtain by tak- 
ing for the angle w the value included 
between a and a — 2 tt. But it must 
be noticed that the values of w; at two 
points wi, m' on opposite sides of the 
cut do not approach the same limit as ' 
the points approach the same point of 
the cut. The limit of the value of m,- 
at the point m' is equal to the limit of 
the value of u^ at the point m, multi- Fio. 6 

plied by [cos (2 7r/m) + i sin (2 7r/m)]. 

Each of the roots of the equation (5) is an analytic function. Let 
«j be one of the roots corresponding to a given value s,, ; to a value 
of « near z^ corresponds a value of u near u^. Instead of trying to 
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find the limit of the quotient (m — ^^/(a — e^, we can determine tlie 
limit of its reciprocal 



and that limit is equal to muj*-'. We have, then, for the derivative 



■, using negative exponents, 



In order to be sure of having the value of the derivative irhich corre- 
sponds to the root considered, it is better to make use of the expres- 
»ioii(l/^)(.A). 

In the interior of a closed curve not containing the origin each 
of the determinations of Vs is an analytic function. The equation 
m"" = ^ (« — a) has also m roots, which permute themselves cyclicaUy 
about the critical point e =s a. 
Let us consider now the equation 
(7) «> = ^(<,-.J(»-.,)...(«-e.), 

where e^, e^, ■■■,«, afe n distinct quantities. We shall denote by 
the same letters the points which represent these n quantities. liCt 
•»»««* A=R{oosa + iBina), 

« - ., = p,(coa », + i sin ..,). (k = l,2,.. ., n), 
u = r(cos tf + i sin ff), 
where m^ represents the angle which the straight-line segment 6^3 
makes with the direction Ox. From the equation (7) it follows that 

r" = Rp,p^ ■ ■ ■ p,, 2« = a + «,+ ...+<«„ + 2m.-ir; 
hence this equation has two roots that are the negatives of each other, 

=(«w-..)*K -+'^+- --+•■■ ) 

, . . /a + <ui + . . ■ + o>,\"| 
**' ' ,1, -,'\. ...(" + '•■ + ■■■ + "• + '' ) 



„(«- 
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When the variable * describes a closed curve C containing within 
it p of the points e^, e^, ■ ■ ■, e„ p of the angles <o^, Uj, - ■ ■, u, will 
increase by 2 tt ; the angle of u^ and that of u^ will therefore in- 
crease by p'-r. If p' is even, the two roots return to their initial 
values ; but if p is odd, they are permuted. In particular, if the 
curve incloses a single point e^, the two roots will be permuted. The 
n points tf are branch points. In order that the two roots u, and v, 
shall be functions of 2 that are always uniquely determined, it wUl 
suf&ce to make a system of cuts such that any closed curve whatever 
will always contain an even number of critical points. We might, 
for example, make cuts along rays proceeding from each of the 
points e, to infinity and not cutting each other. But there are many 
other possible arrangements. If, for example, there are four criti- 
cal points Cj, flj, e„ e^, a cut could be made along the segment of a 
straight line e,e,, and a second along the segment e^e^. 

7. Single-valued and multiple-valued functions. The simple exam- 
ples which we have just treated bring to light a very important fact. 
The value of a function /{») of the variable z does not always depend 
entirely upon the value of z alone, but it may also depend in a cer- 
tain measure upon the succession of values assumed by the variable 
z in passing from the initial value to the actual value in question, 
or, in other words, upon the path followed by the variable z. 

Let us return, for example, to the function u = Vz. If we pass 
from the point M^ to the point M by the two paths M^NM and MJ'M 
(Fig. 3 J), starting in each case with the same initial value for u, we 
shall not obtain at M the same value for u, for the two values 
obtained for the angle of e will differ by 2 tr. We are thus led to 
introduce a new distinction. 

An analytic function y(s) is said to be single-valued* in a region 
A when all the paths in A which go from a point e^ to any other point 
whatever z lead to the same final value for /(a). When, however, 
the final value of f(s) is not the same for all possible paths in A, 
the function is said to be viultiple^aluedA A function that is 
analytic at every point of a region A is necessarily single-valued in 
that region. In general, in order that a function f{z) be single- 
valued in a given region, it is necessary and sufficient that the func- 
tion return to its original value when the variable makes a circuit of 
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any ulosed jiatli whatever. If, in fact, in going from thejpoint A to 
the point B by the two paths AMB (Fig. 6) and ANB, vje arrive in 
the two cases at the point S with the same determination of /(z), it 
is obvious that, when the variable is luade to describJ the closed 
curve A MBNA, we shall return, to the point 
A with the initial value of f(«^. 

Conversely, let us suppose 'that, the varia- 
ble having described the path AMBNA, we 
return to the point of departure with the 
initial value w^ ; and let m, be the value of the 
function at the point B after z has described the path AMB. When 
z describes the path BNA, the function starts with the value «, and 
arrives at the value u^ ; then, conversely, the path ANB will lead 
from the value u^ to the value u^, that is, to the same value as the 
path AMB. 

It should be noticed that a function which is not single-valued in a 
region may yet have no critical points in that region. Consider, for 
example, the portion of the plane included between two concentric cir- 
cles C, C having the origin for center. The function u = z'"" has no 
critic^ point in that region ; still it is not single-valued in that region, 
for if « is made to describe a concentric circle between C and C, the 
function «"" will be multiplied by cos (2 ir/m) + i sin (2 Tr/m). 



II. POWER SERIES WITH COMPLEX TERMS. ELEMENTARY 
TRANSCENDENTAL FUNCTIONS 

8. Circle of convei^ence. The reasoning employed in the study of 

power series (Vol. I, Chap. IX) will apply to power series with 
complex tei'ms ; we have only to replace in the reasoning the phrase 
" absolute value of a real quantity " by the corresponding one, 
" absolute value of a complex quantity." ^Ve shall recall briefly the 
theorems and results stated there. Let 

(9) a^-k- a^z + a^^ + ■ ■ . + a^z' + • - • 

be a power series in which the coefficients and the variable may have 
any imaginary values whatever. Let us also consider the aeries of 
absolute values, 

(10) A^JrA^r+A^r'-^ +-*,'' H , 

where A^ = \a^^,r=\z\. We can prove (I, § 181, 2ded.; §177, 
1st ed.) the existence of a positive number R such that the series 
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(10) is convergent for every value of r < ii, and divergent for every 
value of r> R. The number R is equal to the reciprocal of the 
greatest limit of the terms of the sequence 

Aj, -y/J^, V^, . . ., ^Ta^, ■ . ., 

and, as particular cases, it may be zero or infinite. 

From these properties of the number R it follows at once that the 
series (9) is absolutely convergent when the absolute value of * is 
less than R. It cannot be convergent for a value x^ of x whose abso- 
lute value is greater than R, for the series of absolute values (10) 
would then be convergent for values of r greater than R (1, § 181, 
2d ed. ; § 177, 1st ed.). If, with the origin as center, we describe in 
the plane of the variable s a circle C of i-adius R (Fig. 7), the power 
series (9) is absolutely convergent for every value of s inside the 
circle C, and divergent for every value of z outside ; for this reason 
the circle is called the circle of ainvergiince. In a point of the circle 
itself the series may be convergent or divergent, according to the 
particular series.* 

In the interior of a circle C concentric with the first, and with a 
radius R' less than R, the series (9) is uniformly convergent. For 
at every point within C we have evidently 

|«,+i«"*' + ■ ■ ■ + a.+r'*"*"! < ■^-+1^'"*' + ■ ■ ■ + ^.+,^''+^ 
and it is possible to choose the integer n so large that the second 
member will be less than any given positive number t, whatever j) 
may be. From this we conclude that the sum of the series (9) is a 
continuous function /(s) of the variable x at every point within the 
circle of convergence (§ 2). 

By differentiating the series (9) repeatedly, we obtain an unlimited 
number of power series, /i(*)j /i(^)' ' ' ' > /■(*)' " " '» which have the 
same circle of convergence as the first (I, § 183, 2ded, ; § 179, 
1st ed,). We prove in the same way as in § 184, 2d ed., that f^{x) 
is the derivative of /(z), and in general that f„(z) is the derivative 



■ Let/(z)^Za„z<> be a power Beries whose nuliua of convergence R Is equal to 1. 
It the coefficients Og, a,, Og, --'-, are positive decreasing numbers such that dm ap- 
proBcbes zero when n increases indefinitely, the series is convergent In every point 
of the circle of convergence, except perhaps for i- 1. In fact, the series Hi", where 
|z| — 1, U indeterminate except tor t-1, for the absolute value of the sum of the first 
ntermslBleasthan2/|l-2|; it will suffice, then, toapply the reasomngotj 166, Vol.1, 

baaed on the generalized lemma of Abel, IntheBamewBythBserlBBnB-aii + ojZ* , 

which is obtained from the preceding by replacing z by - zr, is convei^Dt at all the 
points of the circle 1^1 — 1, except perhaps tor 2»-l. (Cf. I, § 166.) 
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of /,_,(*). Every power series represents therefore an analytic func- 
tion in the interior of its eirele of eonvergenee. There b an infinite 
sequence of denvataTes of the 
given fonctioD, and all of them 
are analytic functions in the 
same circle. Given a point z 
inside the circle C, let ns 
draw a circle c tangent to 
the circle C in the interior, 
with the given point as cen- 
ter, and then let us take a 
point z + h inside c ; if r and 
p are the absolute values of 
z and k, we have r + p<R 
(Fig. 7). The aura /{z + A) 
p,g_ J of the aeries is equal to the 

sum of the double series 

(a^ + a^z+a^i^ + . . . + «^g- + . . . 
+ a^h + 2a^sh-\ H ««,«""'* H 
+ .,,.■ +...+li2^..<.-»- + ... 




when we sum by columns. But this series is absolutely convergent, 
for if we replace each term by its absolute value, we shall have a 
double series of positive terms whose sum is 

A^+A^{r + p) + ...+A,(r + p)'+.... 

We can therefore sum the double series (11) by rows, and we have 
then, for every point x + h inside the circle e, the relation 

(12) /(. + »)-/(«)+ V,(«)+ ^/■«+ ■ • • + J/.W+ • • ■■ 

The series of the second member is surely convergent so long as 
tlie absolute value of h is less than R — r, but it may be convergent 
in a larger circle. Since the functions /,(«), /,(«), ■ - ■, /■(«). ■ ■ ■ arc 
equal to the successive derivatives of /(«), the formula (12) is 
identical with the Taylor development. 

If the series (9) is convergent at a point Z of the circle of con- 
vergence, tlie sum f(Z) of the series is the limit approached by the 
sum fix) when the point k approaches the point Z along a radius 
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which terminates in that point. We prove this just as in Volume I 
(§ 182, 2d ed. ; § 178, Ist ed.), by putting « = *^ and letting $ in- 
crease from to 1. The theorem is still true when s, remaining inside 
the circle, approaches Z along a curve which is not tangent at Z to 
the circle of convei^nce.* 

When the radius R is infinite, the circle of convergence includes 
the whole plane, and the function /(«) is analytic for every value 
of z. We say that this is an integral function ; the study of tran- ' 
scendental functions of this kind is one of the most important 
objects of Analysis. t We shall study in the following paragraphs 
the classic elementary transcendental functions. 

9. Bonble Mriea. Given » power eeriea (9) with any coeffloienta whatever, we 
shall sa; again that a gecond power aeriea Zir„ X", whose coefficients are all real 
and positive, dominaUa the first seriea if tor every value of n we have | a,. | ^ a,. 
All the consequences deduced by means of domiuact functions (I, §§ I86-1S9, 
2d ed. ; §§ 181-184, Ist ed.) follow without modification in the case of complex 
variables. We shall now give another application of this theory. 

Let 

(13) Uz) +/,(*) +/,(«> +... + /.(*)+... 

be a series of which each term is itself the sum of a power series that converges 
in a circle of radius equal to or greater than the number B > 0, 

Ml.) = a« + oni + ■■■ + OV.2-+ ■■■- 
Supposs each term of the series (13) replaced by its development according to 
poweis of z ; we obtain thus a double series in which each column is formed by 
the development of a function /i(z). When that series is absolutely convei^nt 
for a value of z of absolute value p, tbat is, when the doable series 



tXi'.iP' 



is convergent, we can som the fiist double seHeB by rows for every valne of z 
whose absolute value does not exceed p. We obtain thus the development of 
the sum F(i) of the series (13) in powers of z, 

F(i) = \ +6,8+ ... + 6,z.+ ..., 

6. = ai>.+ ai,+ ■■■ + 06. +■■■, (n = 0, 1, 2,...). 

This proof Is essentially the same as that for the development of /(z + k) In 
powers of h. 

Suppose, for example, that the series Mz) has a dominant function of the 
form Mcr/(r — z), and that the series "LM; is itself convergent. In the double 

• See FiCABD, Traiti d'Analyte. Tol. II, p. 73. 

t The class of inlegral functioiu includes polynomials i 
are an Inflnite number ol terms la the development, wi 
itilegral iranneeiuUnial /unction. — Thins. 
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aerieB the absolute value of the general term is less than ili\t\ '/r*. It | z | < r, 
the series is absolutely coDvergent, for the series of the absolute values is 
convergent and its sum la less than r'LMi/(r — \z\). 

10< SeTBlopnunt of sn Inflnlte piodnct in pown ibtIm. Let 

be an infinite product where each of the functions u,- is a continuous function 
of the complex variable z in the region D. If the series tJJt, where Ui = |uv1, 
is uniformly convergent In the region, F(z) ia equal to the sum of a series that 
is uniformly convergent In D, and therefore represents a continuous function 
(I, g§ 175, 170, 2ded.). When the functions tt< are analytic functions of z, it fol- 
lows, from a general theorem which will be demoniBtrated later (% 89), that the 
same is true of F{z). 

For example, the infinite product 



'■<"""-"'('-i)-('-S)- 



represents a function of z analytic throughout the entire plane, for the series 
S|2|'/n^ is uniformly convei^nt within any closed curve whatever. This 
product is zero for z = 0, i; 1, ± 2, ■ ■ • and for these values only. 

We can prove directly that the product F(z) can be developed In a power 
series when each of the functions Uf can be developed in a. power series 

u,(z) = oa + Oiiz + - . . +0,,^ + . . ., {i = 0, 1, 2, . . .), 

such that the double series 

is convergent for a suitably chosen podtive value of r. 
Let us set, as in Volume I {§ 174, 2d ed.), 

Do = 1 + V B. = (1 + Uo)(l + Ui) . . . (1 + «,_,)«,. 

It is sufficient to show that the sum of the series 

(14) D0+H1+ ■■• + 0m+ ■■-, 

which is equal to the infinite product F(z), can be developed in a power series. 

Now, if we set 

u; = |a«,| + |an|«+ .■■ + |(u,|z-+ ■-., 

it is clear that the product 

< = a + <)(l + «i)-"(l + <-»)< 
is a dominant function for v.. It is therefore possible to arrange the series (14) 
according to powers of z if the following auzlliary series 

(15) »; + »; + ... + »;+.. . 

can be so arranged. 

If we develop each term of this last series in power series, we obtain a 
double series with positive coefficients, and it is sufficient for our purpose to 
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prove that the double series converges when z is replaced bj r. Indicating bj 
U^ and V^ the values of the functions it^ and n^ for j = r, we have 

f; = (1 + t;;) (1 + UO ■ . . (1+ ir:_,> t;;, 

and therefore 

ri + vi + --- + v;, = (i + u;)-..(i + u',), 

or, Bgtan, 

When n iocreases indefinitelf, the sum U^+ h ^^,1 approaches a limit, since 

the series Zl'. is supposed to be convergent. The double series (15) is then 
absolutely convergent if |z|gr; the double series obtained b; the development 
of each term c. of the series (14) is then a fortiori absolutely convergent within 
the circle C of radius r, and we can arrange it according to integral powers of z. 
The coefficient ti^ of fin the development of F{z) is equal, from the above, to the 

limit, as n becomes infinite, of the coeflicient bp.of ;>■ in the sum ii,-|- v,-\ (■ <!n 

or, what amounts to the same thing, in the development of the product 

P. = (l + «o)(l + Ui)---(l + ''.)- 
Hence this coefficient can be obtained by applying to infinite products the 
ordinary rule which gives the coefScient of a power of t in the product of a 
finite number of polynomials. For example, the infinite product 

^W = (! + «) (1 + *')(! +«•>■■ ■(! + >)■■ • 
can be developed according to powers of x If [2|<1. Any power of z whatever, 
say z^, will appear in the development with the coefficient unity, for any posi- 
tive integer If can t>e written in one and only one way in the form of a sum of 
powers of 2. We have, then, if |z| <1, • 

(18) r(2) = 1 + z + z" + - . . + z« + . . . = -i- , 

vrhicb can also be very easily obtained by means of the identity 
^^ = (1 + z) (1 + z«) (1 + z«) . . . (1 + *«"-). 

11. The exponential function. The axithmetic definition of the ex- 
ponential function evidently has no meaning when the exponent ia 
a complex number. In order to generalize the definition, it will be 
necessary to start with some property which is adapted to an exten- 
sion to the case of the complex variable. We shall start with the 
property expressed by the functional relation 



Let us consider the question of determining a power series /{«), con- 
vergent in a circle of radius R, such that 

(17) /(« + >:)-/(«)/(»') 

when the absolute values of z, z', z + z' axe less than £, which will 
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surely be the case if \z\ and \z'\ are less than R/2. If we pat s' = 
in the above equation, it becomes 

Hence we must hare /(O) = 1, and we shall write the desired series 

/(.).i+f.+||^+...+j^+.... 

Let U9 replace successively in that series z by Xt, then by \'t, where 
X and X' are two constants and t an auxiliary variable ; and let us 
then multiply the resulting; series. This gives 

/(x*)/(x'o = 1 + 1 (X + x-)* + • ■ • 

+ ^(a>- + ja,_,o,X-'X'+ ■ . ■ +a.X'") + . ... 
On the other hand, we have 

/(w + x'o=h-y(a + x')*+---+J(x + x')t + .... 

The equality f{X.t + \'t)=f(Xt)/(\'t) is to hold for all values of 
X, X', ( such that |X| < 1, |X'| < 1, \t\ < it/2. The two series must 
then be identical, that is, we must have 

o.(X + X*)' = a.X- + J a. _ , a.X- >X' 

and from this we can deduoe the equations 

«,. = »i.-iOi, a. = a.-t«» ■■■. 
all of whioh can be expressed in the single condition 

(18) »,♦, = ",»„ 

whem /) and ^ are any two positive integers whatever. In order to 
Hud tike (funeral solution, let us suppose ; = 1, and let us put 
stiiHiesaively /» = 1, /> = 2, j) = 3, . . . ; from this we find 0^ = 0^, then 
'•»"*"»''i™"i> ' ■ ••*""1 finally (i» = nj. The expressions thus obtained 
satisfy Uw condition (^18), and the series sought is of the form 

/^.,., + ";! + tei'+... + te)!+.,.. 
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This series is coarergent in the whole plane, and the relation 

/(« + «')=/('=)/(«') 
iB true for all values of s and «'. 

The above series depends upon an arbitrary constant o^. Taking 
a, = 1, we shall set 

,.i + i + il + . ..+£ + ..., 

so that the general solution of the given problem is e^'. The inte- 
gral function e* coincides vrith the exponential function e' studied in 
algebra when z is real, and it always satisfies the relation 

«• + ■' = e'x e"', 
whatever z and z' may be. The derivative of e* is eqnal to the func- 
tion itself. Since we may write by the addition formula 

in order to calculate e* when z has an imaginary value x + yi, it is 
sufficient to know how to calculate e**. Now the development of e'' 
can be written, grouping tc^ether terms of the same kind, 

We recognize in the second member the developments of cos^ and 
of siny, and consequently, ity is real, 

e** = COsy + iBin3/. 
Beplacing e^ by this expression in the preceding formula, we have 

(19) e" + " = e'(co8 y + iamy); 

the function e''*'*' has e' for its absolute value and y for its angle. 
This formula makes evident an important property of e* ; if « 
changes to s -)- 2 ttI, x is not changed while y is increased by 2 it, 
but these changes do not alter the value of the second member of 
the formula (19). We have, then, 

that is, the exponential function e" has the period 2 iri. 

Let us consider now the solution of the equation e" = M, where A 
is any complex quantity whatever different from zero. Let p and <o 
be the absolute value and the angle of A j we have, then, 
e'*" = >f(pmy+ i siny) = p(cos ™ + i sin™), 
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frtnn whw:h it followM that 

C = p, y = . + 2ihr. 
frtrm ttiR flntt relation we find x = logp, where the abbreviation log 
ftliKll always \m omkI for the natural Ic^iarithm of a real positive 
riiirnlNrr, On the (;ther hand, y ia determined except for a multiple 
nt 'iw. It A M 7Mto, the etjoation e* = leads to an impossibility. 
\\MWf. thf, f^juation ^ ^ A, where A u not zero, hat an infinite num- 
//«f n/nifitt ffivtin liy the exjireMion logp + t(« + 2A7r); the equation 
(f* -> A«j» no roots, real or imaginary. 

Nofr,, Wo mit;ht also define e* aa the limit approached by the poly- 
iKiiriiul (1 + x/m)" when m. becomes infinite. The method used in 
al({"bra to [irovn that the limit of this polynomial is the series e* can 
Ini UHdd even when e is complex. 

13. Trigonometric function*. In order to define sins and cos« 
whim • is oomplox, wo shall extend direetly to complex values the 
Borios entablishod for these functions when the variable ia real 
Thui wo ihalt have 



(20) 



13! 
.-1-^ 



Tlit'Nn ara Integral transonndental functions which have all the 

pro|M<rti(t« of the trigonometric functions. Thus we see from the 

rorinuliK (20) that the derivative of sin x is cos z, that the derivative 

of t<iw iK in — sin «, and that sin x becomes — sin z, while cos z does 

iitit. i'hatigt> at ivll when * is changed to — k. 

Thi'sii now tnvnwcudt'utal functions can be brought into very close 

riOation with th(> tixiMinfutiiU function. In fact, if we write the ex- 

|inn«ion of c**, wllcctiug sciiamt^ly the terms with and without the 

fttctnr i, r* e« /= «» \ 

,-.,l_-^- + ..- + . .. + ,(-__ + ...). 

vrt> nitd Umt tltat <Hiua)ity t'lin U> written, by (20), in the fwm 

1^ = WW e + » sin a. 
I^hatt^iu); « U> — «, iTp haw again 

f' Kt rtWB — t sinj^ 
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These are the well-known formulce of Euler which express the 
trigonometFic functions in terms of the exponential function. They 
show plainly the periodicity of these functions, for the right-hand 
sides do not change when we replace e by « + 2 7. Squaring and 
adding them, we have 

cos^js + sin'* = 1, 

Let us take again the addition formula «'■+''>• = e^e^', ot 
cob(x + x") + ieiu (z + z") 

= (coa« + isina)(cos«' + tains') 
= COS « COS*'— sinxsin«' + 1 (sin « COS «' + sins' COS «), 
and let m change z to — *, «' to — s'. It then becomes 
cos (* + «')-» sin (s + s-) 

= cos « COS «' — sin z sin z' — t(3in « cos *' + sin *' cos a), 
and from these two formulse we derive 

cos (z + z") = COS * cos «' — sin z sin «' 
sin (z + z') = sin * cos z' + sin z cos z'. 
The addition formulce and therefore all their consequences apply for 
complex values of the independent variables. Let ua determine, for 
example, the real part and the coefBcient of t in cos (x + yt) and 
sin (x + yi). We have first, by Euler'a formulEe, 

COS yi = ^ — r = cosh y, sin yi = — ^. — = i sinh y ; 

whence, by the addition formulBC, 

cos (x + yi) = C0BX cos yt — sin x sin yi = cos x cosh y — t sin a; sinh y, 
sin (x + yi) = sin a; cos yi + cos x sin yi = sin x cosh y + i cos x sinh y. 
The other trigonometric functions .can be expressed by means of 
the preceding. For example, 

sin a 1 e^— e"" 

tan« = = -:^-, — r;;' 

cosz t e"+ e " 

which may be written in the form 

l e"*-! 

The right-hand side is a rational function of e"*; the period of the 
tangent is therefore ir. 
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13. Logaritbms. Given a complex quantity z, different from zero, 

ve have already seen (S 11) that the equation e' = z has an infinite 

number of roots. Let u = x + yi, and let p and m denote the absolute 

value and angle of z, respectively. Then we must have 

e' = p, y = u + 2 kir. 

Any one of these roots is called the logarithm of z and will be 
denoted by Lt^ (z). We can write, then, 

L<^ («) = It^ p + i (a. + 2 Att), 

the symbol log being reserved for the ordinary natural, or Kapierian, 
logarithm of a real positive number. 

Every quantity, real or complex, different from zero, has an 
infinite number of logarithms, which form an arithmetic prc^jea- 
sion whose consecutive terms differ by 2 tti. In particular, if s is a 
real positive number x, we have <u = 0. Taking A = 0, we find again 
the ordinary l<^arithm ; but there are also an infinite number of 
complex values for the logarithm, of the form log x-\-2 kiri. If z is 
real and negative, we can taJie ia = ir; hence all the determinations 
of the It^arithm are imaginary. 

Let «' be another imaginary quantity with the absolute value p' 
and the angle m'. We have 

Lc«(s')= \osp' + '■("' + 2 AV). 
Adding the two logarithms, we obtain 

Log(«)+ Log(«')= logpp' + t[<« + <..' + 2(A + AV]. 

Since pp' is equal to the absolute value of »»', and u + u' is equal to 
its angle, this formula can be written in the form 

Log(s)H- Log(s')= Log(ss'), 

which shows that, when we add any one whatever of the values of 

Log(s) to any one whatever of the values of Log(z'), the sum is one 
of the determinationB of Log(s«'). 

Let OB suppose now that the variable z describes in its plane any 
continuous curve whatever not passing through the origin; along 
this curve p and tu vary continuously, and the same thing ia true of 
the different determinations of the logarithm. But two quite distinct 
cases may present themselves when the variable z traces a closed 
curve. When a starts from a point z^ and returns to that point after 
having described a closed curve not containing the origin within it, 
the angle u of z takes on again its original value u,, and the different 
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determi nations of the logarithm come back to their initial values. If 
we represent each value of the logarithm by a point, each of these 
points traces out a closed curve. On the contrary, if the variable x 
describes a closed curve such as the curve MJ^SMP (F^. 3 6), the 
angle increases by 2ir, and each determination of the logarithm 
returns to its initial value increased by 2iri. In general, when 2 
describes any closed curve whatever, the iinal value of the logarithm. 
is equal to its initial value increased by 2ktri, where k denotes a 
positive or negative integer which gives the number of revolutions 
and the direction through which the radius vector joining the origin 
to the point « has turned. It is, then, impossible to consider the dif- 
ferent determinations of Log(z) as so many distinct functions of sc 
if we do not place any restriction on the variation of that variable, 
since we can pass continuously from one to the other. They are so 
many branches of the same function, which are permuted among 
themselves about the critical point « = 0. 

In the interior of a region which is bounded by a single closed curve 
and which does not contain the -origin, each of the determinations of 
Log(s) is a continuous single-valued function of z. To show that it 
is an analytic function it is suf&cient to show that it possesses a 
unique derivative at each point. Let z and z^ be two neighboring 
values of the variable, and Log(«), Log(Z|) the corresponding values 
of the choaen determination of the logarithm. When s^ approaches 
z, the absolute value of Lc^ (zj — Log (a) approaches zero. Let us put 
Log (s) = w, Log (z^ = M, ; then 

I'Og(gi)-Log('') _ ^^ -" . 
«j — s e^ — e" 

When «j approaches it, the quotient 



approaches as its limit the derivative of e" ; that is, e" or z. Hence 
the logarithm has a uniquely determined derivative at each point, 
and that derivative is equal to 1/z. In general, Log(« — a) has an 
infinite number of determinations which permute themselves about 
the critical point a = a, and its derivative is l/{s — a). 

The function s", where m is any number whatever, real or complex, 
is defined by means of the equality 



sdbvGoO^^lc 



30 ELEMENTS OP THE THEOEV [I,S13 

Unless m be a, real rational nnmber, this function possesses, just as 
does the logarithm, an infinite number of determinations, which per- 
mute themselves when the variable turns about the point z = 0. It is 
suflScient to make an infinite cut along a ray from the origin in 
order to make each branch an analytic function in the whole plane. 
The derivative is given by the expression 

and it is clear that we ought to take the same value for the ai^le 
of z in the function and in its derivative. 

14. Inreroe fonctlona: aicainj, arct^nx. The inverse functions 
of sin z, cos z, tan z are defined in a similar way. Thus, the function 
u = arc sine is defined by the equation 



In order to solve this equation for u, we write 
_ e-'-e-- _ ^■'-1 

and we are led to an equation of the second degree, 

(22) U*-2izU-l=0, 

to determine the auxiliary unknown quantity U = ^. We obtain 
from this equation 

(23) U = iz± ^JU^, 
or 

(24) « = arc sin « = - Log(iz ± Vl — s^). 

The equation s = sin u has therefore two sequences of roots , which 
arise, on the one hand, from the two values of the radical Vl — s?, 
and, on the other hand, from the infinite number of determinations 
of the logarithm. But if one of these determinations is known, 
all the others can easily be determined from it. Let V = />'e^ and 
U" = p"^' be the two roots of the equation (22) ; between these 
two roots exists the relation U'U" = — \, and therefore p'p" = l, 
la' + la" = (2 n + l)ir. It is clear that we may suppose u'' = ir — m', 
and we have then 

LogCt") = logp' + i(«' + 2ftV), 

Log (r") = - logp' + 1 (tt - «' + 2 k"ir). 



sdbvGoO^^lc 



I. i »] POWER SERIES WITH COMPLEX TERMS 31 

Hence all the determinations of arc sin % are given b; the two 
formulte 

arc sin « = «»' + 2ftV — ilogp', 

+ tlogp', 







arc sin « = IT - 


\-2k"ir~^'- 


and we 


, may 


write 




(A) 




arc sins 


= u' + 2k'Tr, 


(B) 




arc sin a 


= C2ft"+l)^ 


where 


«' = »'-il0gp'. 





When the variable k describes a continuous curve, the various 
determinations of the l<^arithm in the formula (24) varj in general 
in a continuous manner. The only critical points that are possible 
ar e the p oints z = ±1, around which the two values of the radical 
Vl — a" are permuted; there cannot be a value of z that causes 
is ± Vl — »" to vanish, f or, if t here were, on squaring the two sides 
of the equation i» = ± Vl— z" we should obtain 1=0. 

Let us suppose that two cuts are made along the axis of reals, one 
going from — ao to the point — 1, the other from the point + 1 to 
+ CO . If the path described by the variable is not allowed to cross 
these cuts, the different determinations of arc ain* are single-valued 
functions of «. In fact, when the variable z describes a closed curve 
not crossing any of these cuts, the two roots U', U" of equation (22) 
also describe closed curves. None of these curves contains the 
origin in its interior. If, for example, the curve described by the 
root U' contained the origin in its interior, it would cut the axis Oy 
in a point above Ox at least once. Corresponding to a value of U of 
the form ia (tt > 0), the relation (22) determines a value (1 + a^/2 « 
for z, and this value is real and > 1. The curve described by the 
point « would therefore have to cross the cut which goes from 
+ 1 to+oo. 

The different determinations of arc sin z are, moreover, analytic 
fimctions of z.* For let u and u, be two neighboring values of 

■ If we choose In IT^ii + Vl-z* the detennlnation o( the radical which reduces to 
1 when l<-0, the real part of U remaiDS positive when the variable z does not cross 
thecnts, and we can put (7= Be**, where ♦ lies between -w/2and +Tr/2. The cor- 
recpondlng value of (1/i) I«g U, luuneljr, 

WCBll>I-7L0gI'^=*-iLogR, 

. It reduces to the ordinary deter- 
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arc sin 2, corresponding to two neighboring values z and 2, of the 
variable. We have 

n^^x sinuj — sinu 

When the absolute value of it, — m approaches zero, the preceding 
quotient has for ita limit 



The two values of the derivative correspond to the two sequences 
of values (A) and (B) of arc sin z. 

If we do not impose any restriction on the variation of z, we can 
pass from a given initial value of arc sin a to any one of the deter- 
minations whatever, by causing the variable a to describe a suitable 
closed curve. In fact, we see first that when s describes about the 
point js = 1 a closed curve to which the point 2 = t- 1 is exterior, 
the two values of the radical Vl — 2^ are permuted and so we pass 
from a determination of the sequence (A) to one of the sequence (B), 
Suppose next that we cause z to describe a circle of radius Jl(fl > 1) 
about the origin as center; then each of the two points U', t/" describes 
a closed curve. To the point z=-\-R the equation (22) assigns two 
values of U, U' = ia, U" = ifi, where a and p are positive ; to the 
point z=— R there corr^pond by means of the same equation the 
values U' = — ia', U" = — ip', where a' and p' are again positive. 
Hence the closed curves described by these two points U', U" cut the 
axis py in two points, one above and the other below the point O ; 
each of the It^rithms 'Log(U'), Log(f7") increases or diminishes 
by 2 iri. 

In the same way the function arc tan 2 is defined by means of 
the relation tan u = 2, or 



e'"' + 1 ' 



whence we have 



and consequently 



arc tan 2 = ^ Logi 



+ 2/ 



This expression shows the two logarithmic critical points ± i of the 
function are tan z. When the variable z passes around one of these 
points, Log [(i — «)/(» -I- 2)] increases or diminishes by 2 ttj, and 
arc tan 2 increases or diminishes by tt. 
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15. Ap^icatlon to tiu integnd calculus. The derivatives of the func- 
tioiiH which we have just defined have the same form as when the 
variable is real. Conversely, the rules for finding primitive functions 
apply also to the elementary functions of complex variables. Thus, 
denoting by ff(z)dz a function of the complex variable z whose 
derivative is /(a), we have 



/i 






Ji 



= ^Log(s-a). 



These two formulae enable us to find a primitive function of any 
rational function whatever, with real or imaginary coefiBcienta, pro- 
vided the roots of the denominator are known. Consider as a special 
ca£e a rational function of the real variable x with real coefficients. 
If the denominator has imaginary roots, they occur in conjugate 
pairs, and each root has the same multiplicity as its conjugate. 
liCt a + |8i and a — ^t be two conjugate roots of multiplicity p. In 
the decomposition into simple fractions, if we proceed with the 
imaginary roots just as with the real roots, the root a-\- pi will 
furnish a sum of simple fractions 

M^ + N.i M^ + N,i -Mp + A^i 



:=+■ 



and the root a — fii will furnish a similar sum, but with numeratora 
that are conjugates of the former ones. Combining in the primitive 
function the terms which come from the corresponding fractions, we 
shall have, if p>l, 



_^ 1 r j«. + jv.» 



(=,-. + «'- 



(M,+Jf,.-)(»-» + /S 



and the nunieiator is evidently ttie sum of two conjugate imaginary 
polynomials. If ,j = 1, we liave 

-(Jf, + Ar,()Log[(«-«)-/3i] + (Jf,-JV,.:)Log[(x-.) + M- 



,db,GoOglc 
/ 



84 ELEMENTS OF THE THEORY [I, { lo 

If we replace the logaritlmis by their developed expresBionB, there 
remains on the right-hand side 

Af,log[(a!-a)» + /y]+2iV,arctan— ^ — 

It suffices to replace 



in order to express the result in the form in which it is obtaineo 
when imaginary symbols are not nsed. 
Again, consider the indefinite integral 



f- 



which has two essentially different forms, according to the sign of 
A. The introduction of complex variables reduces the two forms to a 
single one. In fact, if in the formula 




and the right-hand side represents precisely are sin x. 

The introduction of imi^inary symbols in the integral calculus 
enables us, then, to reduce one formula to another even when the 
relationship between them might not be at all apparent if we were 
to remain always in the domain of real numbers. 

We shall give another example of the simplification which cornea 
from the use of imaginaries. If a and b are real, we have 

/g(ii+wi^ _ _ — -e"(coB&r + tsin&i:). 
a + bt a' + b* ^ •' 

Equating the real parts and the coefficients of i, we have at one stroke 
two integrals already calculated (I, § 109, 2d ed. ; S 119, 1st ed.): 






, , e" (a cos bx + bsin bx) 

&bxdx = — '^ ; n '» 

a? + b^ 

, , e™{o sin 6x — J cos bx) 
iibxdx = — ^^ „ . .„ ^ • 
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Id the same way we may reduce the integrals 

to the integral fae'^'^'^'dx, which can be calculated by a 
of integratioi^ by parts, where m is any integer. 

16. Oecompoaltlon of « ratloiud fnnctioii of ainx and coax into 
simple elements. Given a rational function of sin z and cos z, 

J^(sin z, COB z), if in it we replace sin 2 and cos 2 by their expressions 
given by Euler's formula, it becomes a rational function R(f) of 
i^tf. This function R (t), decomposed into simple elements, will be 
made up of an integral part and a sum of fractions coming from 
the roots of the denominator of R (€). If that denominator has the 
root 2 = 0, we shall combine with the integral part the fractions aris- 
ing from that root, which will give a polynomial or a rational function 
J£,(()= SA'^C, where the exponent m may have negative values. 

Let t = be a root of the denominator different from zero. That 
root will give rise to a sum of simple fractioiu 

The root a not being zero, let u be a root of the equation e^ = a; 

then l/(( — a) can be expressed very simply by means of ctn [(2 — a)/2]. 

We have, in fact, ..Jm,® - 

. 2-a . e^ + e-* ./, . 2^ \ 
ctn-^ = .^;^--^. = ,^l + ji— ^j; + 

whence it follows that 'lui sAi 

Hence the rational fraction /(() changes to a polynomial of degree 
» in ctn [(* - a)/2]. 



A' 



; + ^ictn^-2-^+^ictn»(~2)+...+^;ctn"(^-2-2)- 

The successive powers of the cotangent up to the nth can be ex- 
pressed in turn in terms of its successive derivatives up to the 
(n — l)th; we have first 

djctn* _ _ _1_ _ _ - , 

dz sin' X ' 
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which enables us to express ctn'z in terms of d(ctnx)/dz, and it is 
easy to show, by mathematical induction, that if the law is true up 
to ctn"«, it will also be true for ctii" + 'z. The preceding polynomial 
of degree n in ctn[(« — a)/2j will change to a linear expression in 
ctn[(» — a)/2] and its derivatives, 



A + J*, ctn - 






lict us proceed in the same way with all the roots b, c, • ■ ■ , loi the 
denominator of R^t) different from zero, and let us add the results 
obtained after having replaced ( by e" in fi,((). The given rational 
function F(sin z, cos z) will be composed of two parts, 

(25) F(sinz, cos*)= *(«)+* (a). 

The function *(«), which corresponds to the integral part of a 
rational function of the variable, is of the form 

(26) * (z) = C + S (a„ COS mz + ^. sin mz), 

where m is an integer not zero. On the other hand, *(«), which cor- 
responds to the fractional part of a rational function, is an expression 
of the form 



It is the function ctn[(z — a)/2] which here plays the rSle of the 
simple element, just as the fraction l/(z — a) does for a rational 
function. The result of this decomposition of F(sin z, cos s) is easily 
integrated ; we have, in fact, 



(27) Jet 



■)rf« = 2Log sinf- 



and the other terms are integrable at once. In order that the primi- 
tive function may be periodic, it is necessary and sufficient that all 
the coefficients C, jtf,, ffl,, ■ ■ ■ be zero. 

In practice it is not always necessary to go through all these suc- 
cessive transformations in order to put the function /"(sin z, cos z) into 
its final form (25). Let a be a value of z which makes the function 
F infinite. We can always calculate, by a simple division, the 
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coefScients of (n — a)-', (* — a)-", - - ■, in the part that ie infioite 
for * = « (I, § 188, 2d ed. ; § 183, 1st ed.). On the other hand, we have 

where P(z — a) is a power series ; equating the coefBcients of the 
successive powers of (z — a)-' in the two sides of the equation (26), 
we shall then obtain easily ^,, Jl^, ■ ■ -, jt^. 

Consider, for example, the function l/(cos« — cos a). Setting 
^ = t, e" = a, it takes the form 

2 at 

a(f + l)-t(a' + iy 

The denominator has the two simple roots t = a, t = X/a, and the 

numerator is of lower degree than the denominator. We shall have, 

then, a decomposition of the form 

1 z—a z+a 
~ C + ^ ctn — 77 \- 3 ctn — ^r— ■ 

cos « — cos a 2 2 

In order to determine j1, let us multiply the two sides by * — a, and 
let us then put z = a. This gives Jt = — 1/(2 sin a). In a similar 
manner, we find 3 =1/(2 sin u). Replacing ^^ and 3 by these values 
and setting » = 0, it is seen that C = 0, and the formula takes the form 



1 /, z±a 
■sii^V ~2 " 



Let us now apply the general method to the integral powers of sinz and 
of COS! . We have, lor example, 

„„„.,(!l±f:_-)-. 

Combining the terms at equal diBtancea from the extremities of the expansion 
of the numerator, and then applying Euler's formulae, we find at once 

(2coas)" = 2cosnw+2mco8(m-2)«+2^^P-^cOB(m-4)« + .... 

If m is odd, the last term contains coaz ; if m la even, the term which ends the 
expansion ia Independent of z and is equal to m '/[(Tn/2) 1]^. In the aame waj, 
if in is odd, 

(2i8inz)"' = 2irfnmz-2imBin(m-2)z + 2t^^^^li-*Bin(m-4)j...j 
and if m is even, 

(2isinz)" = 2co8mz-2mcoa(m-2)«+ ...+(-1)3-^15. 

\2 7 
'these formulie show at once tliat the primitive functions of (eiu2)" and of 
(coaz)" are periodic functions of i when m ia oiid^ and only then. 
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Note. When the function F(sin z, cos z) has the period ir, we can 
express it rationally In terms of t?"* and can take for the simple 
elements ctn (« — a), ctn (« — j8), ■ ■ ■ • 

17. Expulsion of Log (1 -f- 2). The transcendental functions which 
we have defined are of two kinds : those which, like e*, sin s, cos 2, are 
analytic in the whole plane, and those which, like Log z, arc tan s, ■ • - , 
have singular points and cannot be represented by developments in 
power series conTergent in the whole plane. Nevertheless, such 
functions may have developments holding for oertain parts of the 
plane. We shall now show this for the logarithmic function. 

Simple division leads to the elementary formula 

ji-=l_, + .._^+...+(_l)V±^; 

and if |s|<l, the remainder «"+•/(!+«) approaches zero when n 
increases indefinitely. Hence, in the interior of a cii-cle C of radius 1 
we have j 

j-j-^ =1 - « + a« - s" + . . . +(-l)"«- ± . . .. 

Let F(2) be the series obtained by integrating this series term by term : 

F»-i-f+g-f+---+(-i)-5^+---i 

this new series is convergent inside the unit circle and represents 
an analytic function whose derivative -F'(«) is 1/(1+ s). We know, 
however, a function which has the same derivative. Log (1+ «). It 
follows that the difference Log (1 + s) — F(z) reduces to a constant.* 
In order to determine this constant it will be necessary to iix pre- 
cisely the determination chosen for the logarithm. If we take the 
one which becomes zero for s = 0, we have for every point inside C 

(28) L„g(l+,, = i-l' + ^-^ + .... 

Let us join the point A to the point M, which represents « (Fig. 8). 
The absolute value of 1 + s is represented by the length r = AM. 
For the angle of 1 + s we can take the angle a which AM makes 
with AO, an angle which lies between — ir/2 and + w/2 as long as 
the point M remains inside the circle C. That determination of the 



■e tberetare constanta. 
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logarithm which becomes zero for « = is logr + ta; hence the 
formula (28) is not ambiguous. 




Fio. 8 

Changing « to — « in this formula and then subtracting the two 
expressions, we obtain 



Log 



HI+i+5^ 



If we now replaee x by i*, we shall obtain ^aiii the development of 

The series (28) remaina convergent at ereiy point on the circle of conveTgence 
except the point A (footnote, p. IB), and consequently the two series 
„ coa26 , cosStf cos4tf , 



1»» ^ + T i- + -- 

are both conTergent escept for tf = (2A+ l)ir(cf. I, § 166). By Abel's theorem 
the sum of the serieB at W Is the limit approached by the sum of the series at 
a point li i» iS approaches M' along the radius OW. If we suppose always 
between — v and + tr, the angle a will have for its limit S/2, and the absolute 
value ^Jf will have for Its limits cos (tf/2). We can therefore write 



..«(.».«). 



>s2tf , 



584# , 



Bln2tf , sin 30 



If in the last formula we replace b; — x, we obtain agt^n a formula pro- 
Tioualy established (I, §204, 2d ed.; S l^i 1st ed.). 
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18. Extension of tlie binomkl fonnulA. In a fundamental paper on 
power series, Abel set for himself the problem of determining the 
sum of the convei^ent series 



(29) 



*K.) = l+?« + ^^^^^ 



,^(rn-l)...(m-p + l) ^ 

pi 



for all the values of m. and k, real or imaginary, provided we 
have |»| < 1. We might accomplish this by means of a difEerential 
equation, in the manner indicated in the case of real variables 
(I, § 183, 2d ed. ; § 1T9, lat ed.). The following method, which gives 
an application of § 11, is more closely I'elated to the method fol- 
lowed by Abel. We shall suppose s fixed and |s[ < 1, and we 
shall study the properties of <f>(m, e) considered as a function of m. 
If m is a positive integer, the function evidently reduces to the 
polynomial (1+ «)"". If nt and w,' are any two values whatever of 
the parameter m, we have always 

(30) *(m,2)*(m',2)=*(m + m',»). 

In fiict, let us multiply the two series <^(ot, «), ^(m', z) by the ordi- 
nary rule. The coefficient of e" in the product is equal to 

(31) Mip -J- wSp.iJKi' -(- wtp.jmj + ■ ■ • + 'm^m'j.^i -f- wi^, 
where we have set for abbreviation 

m(m-l) .. .rm-k+V) 
"^* Al ■ 

The proposed functional relation will be established it we show 
that the expression (31) is identical with the coefficient of z*" in 
^(m-^ m', z), that is, with (m + m')^. We could easily verify directly 
the identity 

(32) (m + wf)^ = m.^ + m,.,^; -f- . . . -f- m;, 

but the computation is unnecessary if we notice that Ihe relation 
(30) is always satisfied whenever w. and m' are positive integers. 
The two sides of the equation (32) are polynomials in m and m' 
which are equal whenever m and m' are positive inte^rs ; they 
are therefore identical. 

On the other hand, ^(m, a) can be expanded in a power series 
of increasing powers of m. In fact, if we carry out the indicated 
products, ^ (m, s) can be considered as the sum of a double series 
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I*(m,.).l + 2,_|^ + |^_...±^,.:F... 

if we euro it by colomns. This double series is absolutely convergent. 
For, let |«| = p and|m|= tr; if we replace each term by its absolute 
value, the sum of the terms of the new series included in the 
(j> + l)th column is equal to 

pi '^ ' 

which is the general term of a convergent series. We can therefore 
sum the double series by rows, and we thus obtain for ^(m, z) a 
development in power series 

From the relation (30) and the results established above (S 11), 
this series must be identical with that for e°'~. Now for the coeffi- 
cient of m we have 

«=£_lV|-... = Log(l+.)i 

(34) *(m, «)=e-^"+'\ 

where the determination of the logarithm to be understood is that 
one which becomes zero when a = 0. W& can again represent the 
last expression by (1 + z)"; but in order to know without ambiguity 
the value in question, it is convenient to make use of the expression 

Let m = fi + vi; it r and a have the same meanings as in the 
preceding paragraph, we have 

= e"''«'-'™[cos(;*a + i'logr) + i8in(/Mi + ;/logr)]. 

In concluBion, let na study the series on the circle of convergence. Let 77, 
be the absolute value of the general term for a, point z on the circle. The ratio of 
two consecutive terms of the series of absolute values is equal to { (m— n+ 1]/r | , 
that is, if m ^ ^ -(- n, to 

V(^ + l-n)'4-^ ^^ » + l ^ »(n)_ 
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where the functjoa 4>{n,) remains finite when n increases indefinitely. By a 
known rule for convergence (I, § 168) this aeriea is conTergent when » + 1 > 1 
and divei^ent in every other case. The series (29) is Uier^ore absolutely con- 
vergent at aU the poirUi on the circle of convergence when it is positive. 

If ^ -I- 1 is negative or zero, the absolute value of the general term never 
decreases, since the ratio V«+i/Ui, is never less tlian unity. The series is diver- 
gent at all the point* on the circle when /a^ — I. 

It remains to study the case where — 1 < ft ^ 0. Let us consider the series 
whose general terra is U^ ; the ratio of two consecutive terms is equal to 



[l_^ + *^]': 



Pij' + 'i) I »iW 



and if we choose ji large enough so that p(^ + 1)>1, thisseileB will be conver- 
gent. It follows that 17^, and consequently the absolute value of the general 
term U^, approaches zero. This being the case, in the identity 

*(m,z)(l + z) = #{m + l,«) 
let us retain on each side only the terms of degree less than or equal to n ; 
there remains the relation 

mt,). »; + "'"—'■;;,'■— ■^" z-*.. 

where Sn and S^ indicate respectively the sum of the first (n + 1) terms of 
^(m, i) and of ^(m + 1, z). If the real part of m lies between — 1 and 0, the 
real part of m + 1 Is positive. Suppose \z\ = 1 ; when Che number n increases ' 
indefinitely, 8^ approaches a limit, and the last terra on the right approaches 
zero ; it follows that S. also approaches a limit, unless 1 + z = 0. Therefore, 
when — 1< /I ^ 0, (Ae series is convergent at all the pointt on the circle of cmiiier- 
gence, exc^t cd the point z =~1. 

in. CONFORMAL REPRESENTATION 

19. Geometric interpretation of the derivative. Let u = X + yiheBi 
function of the complex variable «, analytic within a closed curve C. 
We shall represent the value of ti by the point whose co6rdinates are 
X, Y with respect to a system of rectangular axes. To simplify the 
following statements we shall suppose that the axes OX, or are par- 
allel respectively to the axes Ox and Oy and arranged in the same order 
of rotation in the same plane or in a plane parallel to the plane xOy. 

When the point a describes the region A bounded by the closed 
curve C, the point m with the coordinates {X, Y) describes in its 
plane a region A'; the relation % =f{x) defines then a certain corre- 
spondence between the points of the two planes or of two portions of 
a plane. On account of the relations which connect the derivatives of 
the functions X, Y, it is clear that this correspondence should possess 
special properties. We shall now show that the angles are unchanged. 
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Let « and z, be two neighboring points of the region A, and u and 
u, the conesponding points of the region j1'. By the original delini- 
tion of the derivative the quotient (w, — «)/(«, — «) haa for its limit 
y(z) when the absolute value of z^ — x approaches zero in any 
manner whatever. Suppose that the point n^ approaches the point 
« along a curve C, whose tangent at the point « makes an angle a 
with the parallel to the direction Ox; the point k, will itself de- 
scribe a curve C passing through u. Let us discard the case in 
which f{x) is zero, and let p and w be the absolute value and the 
angle of /"(s) respectively. Likewise let r and r* he the distances 
«», and ««j, a' the angle which the direction zz^ makes with the 
parallel xx' to Ox, and ^' the angle which the direction m«, makes 
with the parallel uX' to OX. The absolute value of the quotient 



r 10' 

1 



(mj — m)/(«, — «) is equal to rjr, and the angle of the quotient is 
equal to j8' — a'. We have then the two relations 



(35) 



a')^o,-\-2kv. 



Let us consider only the second of these relations. We may sup- 
pose fc = 0, since a change in k simply causes an increase in the 
angle w by a multiple of 2 tt. When the point s^ approaches the 
point s along the curve C, a' approaches the limit a, j3' approaches a 
limit p, and we have /3 = n + ui. That is to say, in order to obtain the 
direction of the tangent to the curve described by the point v, it suffices 
to turn the direction of the tangent to the curve deserihed by e through 
a constant angle w. It is naturally understood in this statement that 
those directions of the two tangents are made to correspond which 
correspond to the same sense of motion of the points s and w. 

Let D be another curve of the plane xOy passing through the point 
«, and let D' be the corresponding curve of the plane XOY. If the 
letters y and 8 denote respectively the angles which the corresponding 
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directions of the tangenta to these two curves make with zx' and 
M^' (Figs. 9(1 and 9fi), we have 

and consequently S — ^ = y — a. The curves C and D' out each 
other in the same angle as the curves C arid D. Moreover, we see that 
the sense of rotation is preserved. It should be noticed that if 
f{z) = 0, the demonstration no longer applies. 

If, in particular, we consider, in one of the two planes xOy or XOY, 
two families of orthogonal curves, the corresponding curves in the 
other plane also will form two families of orthogonal curves. For 
example, the two families of curves X= C, Y = C', and the two 
families of curves 

(36) |/(*)|=C, angle /(«)=C' 

form orthogonal nets in the plane xOy, for the corresponding curves 
in the plane XOY are, in the first case, two systems of parallels to the 
axes of Go&rdinates, and, in the other, circles having the origin for 
center and straight lines proceeding from the origin. 

Example 1. Leti'_=««, where a ia a real poaitive number. Indicating by 
r and 6 the polar coQrdinateB of z, and b; r" and 6" the polar coJjrdinates of z', 
the preceding relation becomes equivalent to theTwiT relations r* = r«, #• = a8. 
We pass then from the point z to the point z" by raising die-radius vector to 
the power a and by multipTyilig lliu anglu by a. The angles are preserved, ex- 
cept those which have their v ertices at tne origin, a nd tliese are multiplied by 
the constant factor a. 

Example 2. Let ns condder thecgneral linear traidfonnation 

(87) 

where a, b, c, d are any constants whatever. In certain particular cases It Is 
eaaly seen how to paas from the point « to the point z'. Take for example the 
transformation ?■ = 2 + 6 ; let i =x + yi,z' = x' ■{■ y'i,b = a + pi; the preced- 
ing relation gives x' = x + a, y' = y + p, whic h shows that we pass from the 
point z to the point z* by a transla tion. 

Let now ! f.= ax ; if p and w indicate the absolute value and angle of a respec- 
tively, then we have r" = pr, #" = 10 + tf. Hence we pass from the point z to the 
points' by multiplying the radius vector by the constant factorp and then turning 
this new radius vector through a constant angle «. We obtain then the transfor- 
mation defined by the formula z' = osby combtningsnespanBion with a rotation. 

Finally, let us consider the relation 



', 9, r', 6" have the same meanings as above. We muet have 17^= 1, 
: 0. The product of the radii vectores ie therefore equal to unity, while 
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the polar angles are equal and of opposite ^gne. Given a circle C nith center 
A and radius R, we shall use the expresaioti insertion with reaped to the given 
cirde U> denote the transformation b7 wllWIl lB« polar angle is unchanged but 
the rad'iuB V£6tor ot the new point is B?/r. We obtain then the transformation 
defined by the relation z'x = 1 by carrying out flrat an inversion with respect to 
a circle of unit radius and with the origin as center, and then taking the sym- 
metric point to the point obtained with respect to the axis Ox. 

The most general transfor mation of th e form (37) can be obtained by com- 
bining the transformations which we have just studied. If c = 0, we can replace 
the tranafonnation (37) by the succession of transfonnatlmis 

If c is no( zero, we can carry out the indicated division and write 



and the transformation can he replaced by the succession of transformations 



AH these speci al tran sformations leave the angles and the sense of rotation 
unchanged ^ anJ^nSngeTTTcI^^iitQ circles. Henpp i.he aa,nip^i,hinr> is then true 
of the gene ral transform atiqri \'^'']^ —'■'"'■ " i l.lTffrMf^ij"uIu!ii JMIed a circular 
Ira n^ormaium.. in the above statement-strai ght lines should be regarded as 
circlee with infin ite radii. 
Example S. Let 

z" = (* - «,)", (« - e,)". .-.(«- ey)-^, 

where e„ ^, ' ■ ', ^ are any quantities whatever, and where the exponents ffij, 
m,, . . ., mp are any real numbefi;' pMitive'orliegative. Let Jtf, E,, £j, ••■,Ep 
be the points which represenflhH qunniltT es t, ?.. e,, ■ ■ ■, Sj, ; let also r,, r,, • ■ -, 
r, denote theHist^icesJtfEjT^^ji '■ 'i ^^p ^"^ ^n^a? ■ "i Sp the angles which 
E,Jtf, EjW, ■ . ■, Epja Dialte with the parallels te Ox. The absolute value and 
the angle of z'are respectively r^''tr^'H ■ ■ ■ rp"i> and m,#j + jn,Pj + ... + mj,9p. 
Then the two families of curves 

jf<T^ . . . tJ^ = C. m,e, + m^e j + ■■■ + mpflp = C 

form an orthogonal system. When the exponents nt,, ni,, ■ ■■,mp are rational 
numbers, all the curves are algebraic. If, for example, jj = 2, in, = Tn, = I, one 
of the families is composed of Casainian ovals with two foci, and the second 
family is a system of equilateral hyperbolas. 

20. Conformal transfonnationB in general. The examination of the 
converse of the proposition which we have just established leads us to 
treat a more general problem. Two surfaces, 2, S', being given, let 
us set up between them any point-to-point correspondence whatever 
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(except for certain broad restrictions which will be made later), 
and let us examine the cases in which the angles are unaltered in 
that transformation. Let x, y, n be the re ctangulaJ_coQtd inate3 of 
a point of S, and let x', y', x' be the lectangular coordinates of a 

point of %'. We shall suppose t he six coordinates x, y, z, x', y', a' 
expressed as functions of two variable parameters u, v in such a way 
that corresponding points of the two surfaces correspond to the same 
pair of values of the parameters «, v : 






-/'C."). 



Moreover, we shall suppose that the functions /, ^, ■ ■ ■ , together with 
their partial derivatives of the first order, are continuous when the 
points (x, y, z) and (x', y\ «") remain in certain regions of the two 
surfaces % and S'. We shall employ the usual notations (I, § 131): 

[E = si^, F = S——, G=:s{—)', 

d^=Edu' + 2Fdu dv + Gd^, 
y da'^= E'du' + 2 F'du dv + G'di?. 

Ijet C and D (Figs. 10 a and 10 fi) be two curves on the surface 3, 
passing through a point m of that surface, and C and D' the corre- 
sponding curves on the surface 2' passing through the point m'. 





Fio. lOa Fio.lOb 

Along the curve C the parameters u, v are functions of a single 
auxiliary variable t, and we shall indicate their differentials by du 
and dv. Likewise, along D, u and v are functions of a variable t', and 
we shall denote their differentials here by 8w and Sc, In general, we 
shall distinguish by the letters d and S the differentials relative to 
a displacement on the curve C and to one on the curve D. The 
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foUoving total difEerentials are proportional to tlie direction cosines 
of the tangent to the curve C, 

dx , , dx , , dy , , dv , , dz , , dz , 
ikB = -r- du + -T- dv, dy = ^ du + if- dv, dx = -^r- du -\- -^ dv, 

oil OV OU CI! cu ov 

and the following are proportional to the direction 
tangent to the curve D, 



Let u be the angle between the tangents to the two curves C and 
D. The value of cos u is given by the expression 

^ dxU+dyhy-^dxhz 

which can be written, making use of the notation (39), in the form 

,,., Edu hi + F(du So + dv&u) + Gdv 8b 

(40) cos u = , ^ — , ' ■ 

■VEdu' + 2Fdudv + Gdv'^E&u' + 2 F&u fo + G ftr" 

If we let u' denote the angle between the tangents to the two 
curves C and D', we have also 

,,.^ , E'du8u + F'(du&v + dv8u) + G'dv&v 

(41) cos oi' = '^ — ■ ■ — ' 



■y/E'du^ + 2F'dudi> + G'dt^^E'Su^+2F'SuSi)+G'Sv' 

In order that the trajis formation considered shall not change the 
value of the angles, it is necessary that cos «' = cos u, whatever du, 
dv, 8w, 8v may be. The two sides of the equality 



are rational functions of the ratios 8o/8u, dv/du, and these functions 
must be equal whatever the values of these ratios. Hence the con-e- 
sponding coefBcients of the two fractions must be proportional ; that 
is, we must have 

w 1=1=1 = *-. 

where X is any function whatever of the parameters «, v. These 
conditions are evidently also sufficient, tor cosoi, for e^iample, is a 
homt^eneous function of E, F, G, of degree zero. 

The conditions (42) can be replaced by a single relation ds* = X'ds*, or 

(43) ds' = Xdt. 
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This relation states that the ratio of two corresponding infinitesimal 
area approach a limit independent of du and of dv, when these two 
area approach zero. This condition makes the reasoning almost 
intuitive. For, let abc be an infinitesimal triangle On the first surface, 
and a'b'c' the corresponding triangle on the second surface. Imagine 
these two curvilinear triangles replaced by rectilinear triangles that 
approximate them. Since the ratios a'b'/ai, a'c'/ae, b'c'/bc approach 
the aame limit \(u, v), these two triangles approach similarity and 
the corresponding angles approach equality. 

We see that any two corresponding infinitesimal figures on the 
two surfaces can be considered as similar, since the lengths of the 
arcs are proportional and the angles equal ; it is on this account that 
the term conformal representation is often given to every correspond- 
ence which does not alter the angles. 

Given two surfaces S, 5' and a definite relation which estaldish'es 
a point-to-point correspondence between these two surfaces, we can 
always determine whether the conditions (42) are satisfied or not, 
and therefore whether we have a conformal repreaentatiou of one 
of the surfaces on the other. 

But we may consider other problems. For example, given the sur- 
faces 2 and 2', we may propose the problem of determining all the 
correspondences between the points of the two surfaces which pre- 
serve the angles. Suppose that the coordinates (x, y, x) of a point 
of S are expressed as functions of two parameters (u, v), and that 
the coSrdinatea (x', y', z") of a point of 2' are expressed as functions 
of two other parameters (m', v*). Let 

d)^ = Edu'' + 2Fdudv + Gdv', ds" = E' du" + 2 1" du' dv' + O' dv"* 

be the expressions for the squares of the linear elements. The prob- 
lem in question amounts to this : To finfl two functions u' =■ Wj(w, v), 
v' = Tj(m, v) suck that we have identically 

K'd-n\ + 2F'dw^dw^+ G' dir^^ = \\E du^ + 2 F du dv + Gdi^, 

X bif'vng any function of the variables n, v. The general theory of dif- 
ferential equations shows that this problem always admits an infinite 
number of solutiona ; we shall consider only certain special cases. 

21. Conformal representation of one plane on another plane. Every 
eorresi)ondenc6 between the iwints of two planes is defined by 
relations such as 
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where the two planes are referred to systems of rectangular coordi- 
nates (a-, i/) and {.V, V). Fromwhatwehave just seen, in order thatthis 
transformation shall preserve the angles, it is necessary and sufficient 

that we have 

dX^ + dY' = X.\dx' + df), 

where A. is any function whatever of x, y independent of the differ- 
entials. Developing the differentials dX, dY&oA. comparing the two 
sides, we find that the two functions P{x, y) and Q(x, y) must 
satisfy the two relations 

The partial derivatives dP/dy, dQ/dy cannot both be zero, for the 
first of the relations (45) would give also dQ/dx = dP/dx = 0, and 
the functions P and Q would be constants. Consequently we can 
write according to the last relation, 

SP . dQ SQ dp 



where fi is an auxiliary unknown. Putting these values in the first 
condition (45), it becomes 



<'--'>[(|)"-©"]-». 



and from it we derive the result /t = ± 1. We must then have 

either 

(46) ^ = ^, ^=_^ 

^ ' dx dy dy dx 

OP 

{i.7\ ?£-_M !P_^ 

*■ ' dx dy' dy dx' 

The first set of conditions state that /* + Qt is an analytic func- 
tion ot x + yL As for the second set, we can reduce it to the first 
by changing Q to — Q, that is, by taking the figure symmetric to the 
transformed figure with respect to the axis OX. Thus we see, finally, 
that to every conformal representation of a plane on a plane there 
corresponds a solution of the system (^6), and consequently an 
analytic function. If we suppose the axes OX and OY parallel re- 
spectively to the axes Ox and Oy, the sense of rotation of the angles 
is preserved or not, according as the functions P and Q satisfy the 
relations (46) or (47). 
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SS. Riemami'i thsotem. Given in the plane of the variable z a region A 
bounded by a single curve (or simple boundary), and in tlie plane of the vari- 
ableua circle C,RieinimnpTovedtliat there exists an analytic function u =/(£), 
analytic in the region A, sucb that to each point of the region A corresponds 
a point of tlie circle, and that, conversely, to a point of the circle corresponds 
one and only one point of A. The function f{s) depends also upon three 
arbitmry real constants, which we can dispose of in such a way that the center 
of the circle corresponds to a given point of the region A, while an arbitrarily 
chosen point on the circumference corresponds to a given point of the boundary 
of A. We shall not give here the demonstration of this theorem, of which we 
shall indicate only some eiamples. 

We shall point out only that tlie circle can be replaced by a half-plane. 
Thus, let us suppose that, in the plane of u, the circumference passes through the 
origin ; the transformation u' = 1/u replaces that circumference by a straight 
line, and the circle itself by the portion of the u'-plane situated on one aide of 
the straight line extended indefinitely in both directions. 

Extanple 1 ■ Let u = z' /', where a is real and positive. Consider the portion 
A at the plane Included between the direction Oz and a ray through the origin 
making an angle of air with Ox (a S 2). Let z = re**, u = B^ ; we liave. 



When the point x describes the portion A of the plane, r varies from b 

+ CD and 6 from to an- ; hence R varies from to + co and u from to n 



V 

A A 

"0 B 




Fio. II 



The point u therefore describes the half-plane ^tuated above the axis OX, and 
to a point of that half-plane corresponds only one point of A, for we have, 
inversely, r = B", S = aui. 

Let us next take the portion B of the j-plane bounded by two arcs of circles 
which intersect. Let z^, z, be the points of intersection ; if we carry outfiratthe 
transformation 



the region B goes over Into a portion A of the s'-plane included between two 
rays from the origin, for along the arc of a circle passing through the points 
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Sg, :,, the angle of (z — Zu)/(z — z,) remi^ns cotiatAnt. Applying i 
ceding tianafDrmation u = (z')'f', we see that tho function 



enables vb to realize the conf ormal repreBentatlon of the region B on a halt* 
plane by suitably choodog a. 

Example 2. Let u = coaz. Let us caum z to describe the Inflnite half-strip 
R, or AOBA' (Fig. II), deflned by the inequaliUes ^ 3 ^ n-, y z o, and let 
ua examine the region described by the point u = ^ -j- Yi. We have here (§ 12) 



(«) 



tr — r 



■ When X Taries from to w, T" la always negative and the point « remains in 
the half-plane below the axis X'OX. Hence, to every point of the region R 
corresponds a point of the u half-plane, and when the point i is on the bonnd- 
ary of fl, vf e have T = 0, for one of the tvfo factors sin * or (e» — e- »)/2 is zero. 
Conversely, to every point of the u half-plane below OX corresponds one and 
only one point of the strip R in the z-plane. In fact, If z* is a root of the equa- 
tion u = cosz, all the other roots are included in the expression 2kw ± t. If 
the coetBcient of i in 2' is positive, there cannot be but one of these points in the 
strip R, for all the points 2jhr — «' are below Ox. There is always one of 
the points 2 Jtr-I- ;' situated in B, for there is always one of these points whose 
abscissa lies between and 2ir. That abscissa cannot be Included between ir 
and % T, for the corresponding value of Y would then be posiUve. The point Is 
therefore located in if. 

It is easilj seen from the formul» (48) that when the point z describes the 
portion of a parallel to Ox In Ji, the point v, describes half of an ellipse. When 
the point z describes a parallel to Oy^ the point u describes a half-branch of a 
hyperbola. All these conies have as foci the points C, C of the axis OX, wit^ 
the absciHsaa -H 1 and — 1. 

Example^. Let „ 

(«) « = §^ 

«!«" + l 

where a is real and positive. In qpler that ju| shall be less than unity. It Is 
easy to show that it is n ecessary and sufficient, t hat cos [(rji)/<2 a)] > 0. \t y 
varies from — a to + a, we se e that to the inflnite st rip included between the 
two straight lines y = — g, y = + a corre sponds i n the u-plane the circle C 
described about the origin as center with unit radius. Conversely, to every 
point of this circle cor reapon ds one and only one point of the infinite strip, for 
the values of e which cor respon d U> a );lvmi VHIU^ oFu form *n arithmetical pro- 
gression with the constant difference of 4 at. Hence there cannot be more than 
one value of z in tlie strip considered. Moreover, there is i^ways one of these 
toots in which tlie coelBcient of i lies between — a and 3o, and tliat coefBcient 
cannot lie between a and 3a,'T5T~tbe corre sponding value of |u| would then be 
greater than unity. 
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23. G«ograpliic maps. To make a conformal map of a surface 
means to make the points of the surface correspond to those of a 
plane in such a way that the angles are unaltered. Suppose that the 
coordinates of a point of the surface S under consideration be ex- 
pressed as functions of two variable parameters (u, v), and let 

ds^ = E du^ + 2 Fdudv + Gdv^ 

be the square of the linear element for this surface. Let (a, j8) be 
the rectangular coordinates of the point of the plane P which cor- 
responds to the point (w, v) of the surface. The problem here is to 
find two functions 

»-7r,(a,«, .-^,(»,« 

of such a nature that we have identically 

Edi^ + 2Fdudv + Gdv^ = \(da^ + dff), 

where \ is any function whatever of a, fi not containing the differ- 
entials. This problem admits an infinite number of solutions, which 
can all be deduced from one of them by means of the conformal 
tmnsformatioDS, already studied, of one plane on another. Suppose 
that we actually have at the same time 

ds' = Xida' + d^, d^=\'{da" + d^") ; 
then we shall also have 

da' + d^ = ^(da'^ + dp'^, 

so that a + pi, or a — pi, will be an analytic function of a' + jS't. 
The converse is evident. 

Example 1. Mercator's projection. We can always make a map of a 
surface of revolution in such a way that the meridians and the paral- 
lels of latitude correspond to the parallels to the axes of coordinates. 
Thus, let 

Xf=pCoaia, y = p sin 10, « =/(p) 

be the co5rdinat^ of a point of a suifaee of revolution about the 
axis Oz; we i 



which can be written 

dir' = p'(dX^ + dY^ 



■.p^(dX'^ + dY^ 
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In tlie case of a sphere of radius R we can write the cofirdinatea in 
the form 

I = if sin ^ coa ^, y — H sin 6 sin ^, z = R cos 0, 

d^ = R\de' + 8iQ*(td^')= R" sm^eLitf,' + -r4^)» 
and we shall set 

We obtain thus what is called Mercator's projection, in which the 
meridians are represented by parallels to the axis or, and the paral- 
lels of latitude by segments of straight lines parallel to OX. To 
obtain the whole surface of the sphere it ia sufficient to let ^ vary 
from to 2 TT, and 6 from to tt ; then X varies from to 2 ir and 1" 
from — 00 to + 00. The map has then the appearance of an infinite 
strip of breadth 2 tt. The curves on the surface of the sphere which 
cut the meridians at a constant angle are called loxodromic curves 
or rhumb lines, and are represented on the map by straight lines. 
Example 2. Stereographic projection. Again, we may write the 
square of the linear element of the sphere in the form 



ds* = 4 cos' I (V + p" rfiB*), 



p = Rtan-, 



But dp* + p'da? represents the square of the linear element of the 
plane in polar coOrdinatea (j>, lu) ; hence it is sufficient, in order to 
obtain a conformal representation of the sphere, to make a pomt of 
the plane with polar co5rdinates (p, <o) correspond to the point (0, ^) 
of the aurfaee of the sphere. It is seen immediately, on drawing the 
figure, that p and a are the polar coSrdinates of the stereographic 
projection of the point ($, ^) of the sphere on the plane of the 
equator, the center of projection being one of the poles.* 

■ Tbe center of projection la the Bonth pole it ff U meaaured from the north pole 
to the radius. Using the north pole as tbe center of projection, the point (If/p, w), 
^mmetric to the flrat point {see Ei, 17, p, 58), would be obtained. —Trans. 
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Example 3. Jlfop of an ancAor rinp . ConBider the anchor ring genemtfid by 
Che revolution of a circle of radius R about an axis dtuated in its own plane at 
a distance a from its center, where a> R. Taking the axis of revolution for the 
axis of z, and the median plane of the anchor ring for the zy-plane, we can 
write the coordinates of a point of tlie surface in the fonn 

x = <a + ficosS)co8*, :/ = <a + flcosff)ein*, e = BfdnS, 
and it la sufficient to let and ^ vaty from — ir to + v.- From these formulea 
we deduce P „ jm ^ 

and, to obtain a map of the Burface, we maj set 



Thus the total surface of the anchor ring cor respon ds point by point to that 
of a rectangle whose sides are 2 w and 2 ire/Vl ~ e^. 

94. Iwtheniua cnrrsi. Let U{x, ^) be a solution of Laplace's equation 

tlie curves represented by the equation 

(60) Uix,y) = G, 

where C is an arbitrary constant, form a family of isotKernuil curves. With every 
solution 17(2, y) of Laplace's equation we can associate another solution, 
V (2, v), such that U + Vi is an analytic function at x + yi. The relations 

Bx &y' dff dx 

show that the two families of isothermal curves 

U{x,y)= C, r{z,v)=C 
are orthogonal, for the slopes of the tangents to the two curves C and C are 

Sx ' &y fte ^ By 

Thus the orthogonal trajectories of a family of isothermal curves form another 
family of isothermal curves. We obtain all the conjugate systems of isothermal 
curves by considering all analytic functions /(z) and taking the curves for 
which Che real part of /(«) and the coefflcient of i have constant values. The 
curves for which the absolute value B and the angle O olf(z) remain constant 
also form two conjugate Isothermal systems i for the real part of the abalytic 
function Log [/(z)] is log it, and the coefBcient of i is it. 

Likewise we obtain conjugate isothermal systems hy considering the curves 
described by the point whose coordinates are X, Y, where f{z) = X + I'i, when 
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we give to x and y oonstanl values, Thia 1h eeen by regarding i + vi as an 
analytic function of X-(- Yi. More generally, every transfoi'uiation of the 
points of one plane on the other, wbich preserves the angles, chBiiges one family 
of iaothermal curves Into a new family of isothermal curves. Let 

be equations defining a transformation which preserves angles, and let F(x', jTi 
be the result obtained on suhBtJtntingp(z',^) and 9 (x', y") for x and v in U{x,y). 
The proof consists in showing that F(x,', ^) is a solution of Laplace's equation, 
provided that U(x, y) is a solution. The verification of this fact does not offer 
any difficulty (see Vol. I, Chap. Ill, Ex. 8, id ed.; Chap. II, Ex. 9, 1st ed.), 
but the theorem can be established without any calcnlaUon. Thus, we can sup- 
pose that the f vinctlons p (x\ ^ and q (z', 1^ satisfy the relations 
-^ — i?. Sp _ Bg 

tO!'""^' a/" ex"' 

for a symmetric transformation evidently changes a family of isothermal curves 
into a new family of isothermal curves. The function x + yi = p + qi\& then 
an analytic function of z* = x' + y% and, after the substitution, U -^ Vi also 
becomes an analytic function F(x', v') + (*(x', y^ of the same variable «' 
{§ 5). Hence the two families of curves 

give a new orthogonal net formed by two conjugate isothermal famillee. 

For example, concentric circles and the rays from the center form two con- 
jugate isothermal families, as we see at once by con^derlng the analytic func- 
tion Logs. Carrying out an inversion, we have the result that the circles 
passing through two fixed points also form an isothermal system. The conjugate 
system is also composed of circles. 

Likewise, confocal ellipses form an isothermal system. Indeed, we have seen 
above that the point u = cosz describes confocal ellipses when the point z is 
made to describe parallels to the axis Ox (| 22). The conjugaui system is made 
up of confocal and orthogonal hyperbolas. 

Note. Inorderthatafamilyof curves represented by an equation P(x,^) = C 
may be isothermal, it is not necessary that the function P (x, v) be a solution of 
Laplace's equation. Indeed, these curves are represented also by the equation 
*[P(x, y)] = C, whatever be the function * ; hence it is sufficient to take for 
the function ^ a form such that U(x, y) = #(P) satisfles Laplace's eqiuttion. 
Making the calculation, we find that we must have 

hence it is necesaary that the quotient 



depend only on P, and if that condition is satisfied, the function ^ 
obt^ned by two quadratures. 



itlsfled, the function 
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1. Determine the analTtic function /(z) = X + Ti whose real part X is 
equal to 2aln2z 

e"» + e-''»-2cos2x' 
Conddei the game queeUon, given that X + T ia equal to the preceding 
function. 

2. Let # (m, p) = be the tangential equation ot a real algebraic curve, that 
is to say, the condition that the straight line y = mx + p be tangent to that 
curve. The roots of the equation ^ (i, — zi) = are the real foci of the curve. 

3. If p and g are two integers prime to each other, the two expressions 
(.Viy and VzF are equivalent. What happens when p and g have a greatest 

n divisor d > 1 ? 



4. rind the absolute value and the angle of t^ + i" by considering It as 
the limit of the polynomial [1 -(- (x -|- yef/nt]" when the Integer m increases 
indefinitely. 

5. Prove the formulae 



a + C0B(a + 6) + . . . + coB(a + nb) = 



a+Bin(a + 6)+ ... + Hin(o+ ni) = - 






'4) 



. 'i*\ 



►!)■ 



6. What is the final value of arc aioz when the variable z describee the seg- 
ment of a straight line from the origin td the point 1 + i, if the initial value of 
arc sin z is taken as ? 

7. Prove the continuity of a power series by means of the formula (12) (§ 8) 

/(,+ A)-/(z) = V,(^) + ^A(^)+--- + ^/»W+---. 
[Take a suitable dominant function for the series of the right-hand side.] 

8. Calculate the integrals 

I x^gox (joa f)x, jx, I I" e"' sin bx iz, 

Jotn {X - a) ctn (x-b)..- ctn (i - Qdz. 

9. Given in the plane xOy a closed curve C having any number whatever of 
double points and described in a determined sense, a numerical coefficient ia 
assigned to each region of the plane determined by the curve according to the rule 
of Volume 1 (§ 07, 2d ed. ; g 06, 1st ed). Thus, let B, If be two contiguous regions 
separated by Che arc ofi of the curve described in the sense of a to b ; the coeffi- 
cient of the region to the left is greater by unity than the coefficient of the 
lef^on to the right, and the region exterior to the curve bas the coefficient 0. 
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Let Zg be a point taken in one of the regions and N the correepoudlng coefB- 
cient. Prove that 2NTr repregenla the variation of the angle of * — i^when 
the point x describes the curve C in the sense chosen. 

10. By studying the development of Log[(l + <)/<! — «}] on the circle of 
convergence, prove that the sum of the series 

BJnfl rin3i9 alnStf rin(2B+I)g 

1 3 5 +■■■■'■ 2n + l 

iBequalt«± ir/4,accoTdingB8^n^^0. (Cf. Vol.I,g204,2ded.; §198,lated.> 

11. Study the curves described by the point Z = z* when the point z describes 
& straight line or a circle. 

12. The relation 2Z = z + c^/z effects the conformal representation of the 
region inclosed between two confocal ellipses on the ring-ehaped region bounded 
by two concentric circles. 

[Take, for example, « = Z + VZ' — ^, make in the Z-plane a straight-line 
cut (— c, c), and choose for the radical a positive value when Z is real and 
greater than c] 

13. Every circular transformation z' = (oz + (')/(cz + d) can be obtained by 
the combination of an even number of inversions. Prove also the converse. 

14. Every transformation defined by the relation z" = (oz, + (')/(cZo "^ <')i 
where Zg indicates the conjugate of z, results from an odd uumber of inversions. 
Prove also the a 



IS. FDCIui«ii trantfonuatlaas. Every linear transformation (§ 19, Ex. 3) 
x" = {az + by{cz + d), where a, b, c, d are real numbers satisfying the relation 
od — 5c = 1, is called a FuciiMaTi Iranafonnati'fn. Such a transformation sets 
up a correspondence such that to every point « situated above Ox corresponds a 
point ;' situated on the same side of Oi'. 

The two definite integrals 



r Vda' + di/' Cf^f 



'» with respect to all these transformations. 
The preceding transformation has two double points which correspond to 
the roots a, p of the equation ci" + (d — o) z — 6 = 0. If a and p are real and 
liistinct, we can write the equation z' = (oz + 6)/(ez + d) in the equivalent form 

z'-P~ z-P 
where k is real. Such a transformation is called hyperbolie. 

If a and p are conjugate imaginaries, we can write the equatioii 



where a and it are real. Such a transformation is called paxiAolic. 
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16. Let z" =f{z) be a Fucluuan tntnsfonnntion. Put 

Prove that all the points *, s, ,«,,■■■,«, are on the circumference of a ciicle. 
Does the point «, approach a limiting position as n increases indefinitel7 ? 

17. Given a circle C with the center O and radius R, two points 2i, IT 
situated on a ra; from the center are said to be tynanelric with respect to 
that circle if 03f x OM" - B^. 

Let now C, C be two circles in the same plane and M any point whatever 
in that plane. Take the point Jf, eymmetiic to M with respect to the circle C, 
then the point JIfJ symmetric to JIf, with respect te C, tlien the point Ifj sym- 
metric to ]lf[ with respect k) C, and so on forever. Study the distribution ot Uie 
points Jtfi , jtf^ , Jf, , Jfi ,--. . 

18. Find the analytic function Z =/(«) which enables us to pass from 

Mercator'a projection to the stereographic projection. 

19*. All the isothermal families composed of circles are made up of circles 
passing through two fixed points, distinct or coincident, real or ImE^nary. 

[Setting j; = I + yi, «(! ^ I — 2/f , the equation of a family of circles depending 
upon a single parameter X may be written in the form 

zzo + uz + teo + = = 0' 
where a, b, c are functions of the parameter \. In order that this family be 
isothermal, it is aecessary that d^\/Szdz^ ^ 0. Making the calculation, the 
theorem stated is proved.] 

20». If !i7| < 1, we have the identity 

(1 + g) tl + 9") . . . (1 + g") ■ ■■■ = ,, ,,, ,. ^ ,, j-TTT— . 

[EULER.] 

[In order to prove this, transform the infinite product on the left into an Infinite 
product with two Indices by putting in the first row the factors \ + q,\ ■\- q^, 
! + ?*>■■■> 1 + 9^1 ■ ■ ■ ; iu the second row the factors 1 + 7*, 1 +9*, ■ ■ ■ t 
1 + (S*)*"- ■ ■ ■ ; and then apply the formula (18) of the text.] 

21. Develop in powers of z the infinite products 

F(z) = (1 + 2Z) (1 + I'z) ■ ■ ■ (1 + *^) ■ ■ ■ , 

♦ (I) = (1 + XZ) (1 + »»Z) - . . <1 + I"" + '2) . . . . 

[It is possible, for example, to make use of the relation 

F{M!)(1 + «:> = F(*), ♦(i%)(I + 3w) = ♦(«).] 
22". Supposing 1* I < 1, prove Euler's formula 
{l-j!)(l-a:»)(l_i»)...(:-x")... 

tn*-. ■■■'+■ 

t=l-x-a:' + ii!«-a:' + a:»»-... + a; " -* » + 

(Bee 3. Bbbtkakd, CeUctd difirentiel, p. 326.) 
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23*. Given a sphere of unit radius, tbe stereographic projection of thut sphere 
is mode on the plane of the equator, the center of projection being one of the 
polee. To a point Jl of the sphere is made to correspond the complex number 
a = X + v>i where x and y are the rectangular codidinates of the projection m of 
M with respect to two rectangular axes of the plane of the equator, the origin 
being the center of the sphere. To two diametrically opposite points of the 
sphere correspond two complex numbers, «, — l/Sg, where a^ Is the conjugate 
intaginarr to «. Ever; linear transformation of the form 

where pa^ + 1 = 0, defines a rotatJon of the sphere about a diameter. To groups 
of rotaUons which mahe a regular polyhedron coincide with Itself correspond 
the groups of Unite order of linear substituliooa of the form (A). (See Elbin, 
Daa Hcoaaeder.) 



sdbvGoO^^lc 



CHAPTER II 

THE GENERAL THEORY OF ANALYTIC FUNCTIONS 
ACCORDING TO CAUCHY 

I. DEFINITE INTEGRALS TAKEN BETWEEN 
IMAGINARY LIMITS 

35. DefinitionB and general principles. The results presented in the 
preceding chapter are independent of the work of Cauchy and, for 
the moat part, prior to that work. We shall now make a system- 
atic study of analytic functions, and determine the logical conse- 
quences of the definition of such functions. Let us recall that a 
function /(z) ia analytic in a region A : 'l) if to every point taken 
in the region A corresponds a definite value of f(z) ; 2) if that 
value varies continuously with « ; 3) if for every point z taken in A 

h 
approaches a limit /*(«) when the absolute value of h approaches zero. 

The consideration of definite integrals, when the variable passes 
through a succession of complex values, is due to Cauchy * ; it was 
the origin of new and fruitful methods. 

Let /(s) be a continuous function of z along the curve AMB 
(Fig. 12). Let us mark off on this curve a certain number of points 
of division «!,, S|, «2, ■ • ■, *,_i, »', which follow each other in the order 
of increasing indices when the arc ia traversed from A to B, the 
points Sj and z' coinciding with the extremities A and B. 

Let us take next a second series of points fj, fj, ■■•,(, on the arc 
AB, the point f,. being situated on the arc «»_]«», and let ua consider 
the sum 

+/(«(-* - ^*-.)+ ■ ■ ■ +/(U(^'- *--.)■ 

When the number of points of division »„ ■ ■ ■, s,_, increases indefi- 
nitely in sueh a way that the absolute values of all the differences 

• Jftmoire aur leg inUgrates d<ffinie«, prinee enire des limites imaginaireg, 1825. 
This memoir ia rBprinted in Volumes VII and VIII of the SuUeiindes Sciences ma(A* 
matigtits (lat series). 
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DEFINITE INTEGRALS 



61 



; and remain smaller than any positive 
number arbitrarily chosen, the sum S approafhes a limit, which is 
called the definite integral of /(z) taken along AMB and which is 
represented by the symbol 



X. 



/«<*»■ 



To prove this, let us separate the real part and the coeflBcient of t 
in S, and let us set 



f(_z)=x + yi, 



k = ^t + !/th £* = f* + Vth 




where X and Y are continuous functions along AMB. Uniting the 
similar terms, we can write the sum S in the form 

S-A'«„1,)(«.-«J+--- 

+ A'(£„,.)C».-«.-.)+---+^(£..v.)('«'-«.-.) 
-[»■«„ iO&, - yj+ • • • + y(i„ vdif,- </,-,) + ■ ■ •] 
+ ''[A«„ i,){y,- !/.)+ • ■ O + 'TJ-K,. •?,)(>:, -"!.)+•■ •]• 

When the number of divisions increases indefinitely, the sum of the 
terms in the same row has for its limit a line integral taken along 
AMB, and the limit of S is equal to the siuu of four line integrals:* 



J (.A MB) JfAMB} J (AM 



(Ydx + Xdy). 



■ In order to avoid useless compllcatioos in the proofs, we suppose tb&t the coor- 
dinatea n, y of a point of the arc AMB are codUddods fiwctioDs z = 0((), y^^(f) of 
a parameter t, which have odI; a finite number of maxima and minima betweeo A 
and B. We cnD tben break up tbe path of integration into a finite number of arcs 
which are each repreaeuted fay itn equation of the form y — F(x}, the fuuctlou F bein^ 
continuous between the corresponding limits ; or into a finite number ol arcs which 
are each represented by an equation of the form x^ 0(y). There is no disadvantage 
in making this hypothesis, tor In all the applications there is always a certaiu amount 
of freedom In the choice of the path of Integration. Moreover, it would suffice to 
suppose that *(>;) and f(x) are functions of limited variation. We have seen that 
In this case the curve ^if£ is then rectlfiable (I, ttus., ^$73, 82, 95, 3ded.). 
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From the definition it results immediatelj that 

f f(z)dz+f f(z)dx = <i. 

It is often important to know an upper bound for the abeolnte value 
of an integral. Let « be the length of the arc AM, L the length of 
the arc AB, Si_i, »t, o-j the lengths of the arcs Az^_^, Ax^, A^t of 
the path of integration. Setting F($) = |/(«)1, we have 

l/(«(<. - ».-,) I = nn) W - '.-.I s F(„)(.. - ,,_.), 

for ]*t — «i_i| represents the length of the chord, and Sj, — s^_^ the 
length of the arc. Hence the absolute value of 5 is less than or at 
most equal to the sum %F(ff^(8i — Si_i) ; whence, passing to the 
limit; we find 



I f /(.)dz\ S f''F(,)d,. 

I iJ(AMB) I Jo 



Let JIf be an upper bound for the absolute value of f(x) along the 
curve AB. It is clear that the absolute value of the integral on the 
r^ht is lees than ML, and we have, a fortiori. 



\L 



26. Chai^ of variables. Let us consider the case that occurs fre- 
quently in applications, in which the coordinates x, y ot a, point of 
the arc AB are continuous functions of a variable parameter t, 
X = ^{t),y = il/(t'), possessingcontinuous derivatives ^'(t),^'(t); and 
let us suppose that the point (x, y) describes the path of integra- 
tion from ^ to £ as f varies from a to fi. Let P(t) and Q{t) be the 
functions of ( obtained by substituting ^(() and ^((), respectively, 
for X and y in X and 1', 

By the formula established for line integrals (I, § 95, 2d ed. ; § 93, 
let ed.) we have 

r Xdx-Ydy^f [P(()*'(0- 0(0^(0]'^'. 

C Xdy+Ydx=C [P(0 ff'(0 + Q(() <^'{ty]dt. 

Adding these two relations, after having multiplied the two sides 
of the second by i, we obtain 

'*' £/«<'«-j['V(')+«(')][*'(')+'*'(')]<«- 
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This is precisely the resalt obtained by applying to the integral 
Jf{x)dz the formula established for definite integrals in the case of 
real functions of real variables; that is, in order to calculate the 
integral Jf(/e)dz we need only substitute ^(0 + ^(0 f'*' s and 
[0'(() + t^'(()]df for dz yaf(z)dz. The evaluation of Jf(»)dz is 
thus reduced to the evaluation of two ordinary definite integrals. If 
the path AHfB is composed of several pieces of distinct curves, the 
formula should be applied to each of these pieces separately. 

Let uB consider, for example, the definite integral 



1 *'' 



We cannot integrate along the axis of reals, since the function Jo be 
integrated becomes infinite for e = 0, but we can follow any path 
whatever which does not pass through the origin. Let z describe a 
semicircle of unit radius about the origin as center. This path is 
given by setting z = e"' and letting t vary from ir to 0. Then the 
integral takes the form 

r -4= f ie-''dt = i C iioatdt+ T sin tdt = - 2. 

This is precisely the result that would be obtained by substituting 
the limits of integration directly in the primitive function — 1/z 
according to the fundamental formula of the integral calculus 
(I, §78,2ded.; S76, Isted.). 

More gener&ll;, let s = ^(u) be a continuouB function o( a new complex 
variable u = f 4 ifi such that, when u describes in Its plane a path CND, the 
variable z describes the curve AMB. To the points of division of the curre 
AMB correspond ou the curve CND the points of division Uj, u,, Uj, ■ ■ - , «t_i, 
ut , ' ■ • , u'. If the f uncUon ^ (u) possegses a derivative ^'(u) along the curve CND, 
we can writ* 

where ^ approaches zero when «» approaches Ut_i along the curve CND. 
Taking ft _i = it_] and replacing z*— zt_i by the expression derived from the 
preceding equality, the sum 8, conddered above, becomes 

S=2)/{zt-l)*>i:-l)(''t-"t-l)+X'»-''(^*-'><"*- "*-■>■ 

The first part of the right-hand side has for its limit the definite integtal 
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Ab for the remaining term, its absolute value is smaller than ijML', where ir is a 
positiTe number greater than each of the absolute values |«i|andvhereX' is tbe 
length of the curve CNB. If the points of division can be taken so close that 
ail the absolute values \n\ will be lees than an arbitraril; chosen positive num- 
ber, the remaining term will approach zero, and the general formula for the 
change of variable wilt be 

JtAMB) JiCSD) 

This toraiula is always appLicabLe when ^ (u) is an analytic function ; in fact, 
it will be shown later that the derivative of an analytic function is also an 
analytic function* (see §84). 

27. The fonnnlB of WeieratraBS and Darlxniz. The proof of the law 
of the mean for integrala {I, § 76, 2d ed. ; § 74, 1st ed.) rests upon 
certain inequalities which cease to have a precise meaning when 
applied to complex quantities. Weierstraas and Darboux, however, 
have obtained some interesting results in this connection by con- 
sidering integrals taken along a segment of the axis of reals. _ We 
have seen above that the case of any path whatever can be reduced 
to this particular case, provided certain mild restrictions are placed 
upon the path of integration. 

Let / be a definite integral of the following form : 



=j['/(0[*(0 + #(')]*, 



* If this property is admitted, the following proposition can easily be proved. 
Letflz) be an analytic/unction in a finite region A qf tke plane. For every posi- 
tive ntimber c another poritivi: number i; can be found audi that 

[■^'"«-^")-rw[<-. 

when X and l + A are tmo points qfAwhofe distance from each other \h\ ii lesi than j/. 
For, let f(!:)''Pix,y)-HQlx,y),h'- Ax + ii.ii. From the calculation made in 5 3, to 
find the conditions tor the existence of a unique derivative, wa can write 

/(z-¥h)-/(t) iP^fx*8Ax,p)-PU'.y)^^ 

A ^ '''''' At + iAj/ 

{P;(x + &x.y + 9i.y)-P;,ix,y))Ay ' 
Ax + iiy 

Since the derivatives P^, P^, 0^, Q^ are continuous in the region A. we can finda num- 
ber 1 su ch that the absolute values of the coefilcleDta of Ax and of Aif are less than (/4, 
when VAj* + Aj/' is less than jj. Hence the inequality written down above will be 
satisfied if we have|A{<i). This being the case, if the function ^(u) is analytic in 
the region^, all the absolnte values |<i| will be smaller than a given positive number c, 
provided the distance between two consecutive points of division of the curve CND 
Is less ttian the corresponding number i;, and the formula (2) will be established- 
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where /((), ^(^j ^(0 are three real functious of the real variable ( 
continuous in the interval (a, ;9). From the very definition of the 
integral we evidently have 



= f m<^{t)dt+ij f(t)i,{t)dt. 



Let U3 suppose, for definiteness, that a<fi; then t — ais the length 
of the path of integration measured from a, and the general formula 
which gives an upper bound for the absolute value of a definite 
integral becomes 

l'|a_£'l/WWC') + *(0]|*, 

or, supposing that/(i) is positive between a and /3, 
l|*(()+i^(0|*. 



s _£'/(') I* 



Applying the law of the mean to this new integral, and indicating 
by ^ a value of t lying between a and j8, we have also 

|/|a|*«) + i*(f)|jr'/{0<«. 

Setting F(t) = if,(t') + itlr(t), this result may also be written in the 
form 

(3) I-\F(f,J'flf,dt, 

where \ is a complex number whose absolute value is less than or 
equal to unity; this is Darboux's formula. 

To Weierstraas is due a more precise expression, which has a rela- 
tion to some elementary facts of statics. When t varies from a to /3, 
the point with the coordinates x = i^ (t), y = f^(t) describes a certain 
curve L. Let (x^, y^, (x^, y,), . ■ . , (x^.i, j/t_,), - ■ - be the pomts of 
L which correspond to the values a, (,,■■■, (i_i, - ■ ■ of (; and let 

"*"" V s^fe-0/('.-)('.-'-.) , 

V('.-,)('.-'.-) 
,, a»('»-\/-('.-.)('.-'.-.) 
V(',-)('.-<.-,) 

According to a tnown theorem, X and Y are the coordinates of the 
center of gravity of a system of masses placed at the points (a:,,, y^, 
(a;,, y^, ■•■ , {x^_^, yt-,), ■ ■ ■ of the curve L, the mass placed at the 
point {x^-i,yt-{) being equal to f(ti_,)(t^— tt_,), where /(() is 
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still supposed to be positive. It is clear that the center of gravity 
lies within every closed convex curve C that envelops the curve L. 
When the number of intervals increases indefinitely, the point (X, Y) 
will have for its limit a point whose cooi'dinates (u, v) are given by 
the equations 

which is itself within the curve C. We can state these two formulse 

as one by writing 



(4) 



/ _ (» + i,)J'/(l)dt - zj'f(t)dt. 



where Z is a point of the complex plane situated within every closed 
convex curve enveloping the curve L. It is clear that, in the general 
case, the factor Z of Weiersti'ass is limited to a much more restricted 
region than the factor AF(f) of Dai'boux. 

28. Integrals token along & closed curve. In the preceding para^ 
graphs, it sufBcea to suppose that /(z) is a continuous function of 
the complex variable z along the path of integration. We shall now 
suppose also that /(«) is an analytic function, and we shall first con- 
sider how the value of the definite integral is affected by the path 
followed by the variable in going from ^1 to B. 

If a function /(s) ia analytic within a closed curve and also on the 
curve itself, the integral ^f{z)dz, taken around that curve, is equal 
to zero. 

In order to demonstrate this fundamental theorem, which is due 
to Cauchy, we shall first establish several lemmas : 

1) The integrals Jdz, fz dz, taken along any closed curve what- 
ever, are zero. In fact, by definition, the integral jdz, taken along 
any path whatever between the two points a, h, ia equal to 6 — a, 
and the integral is zero if the path ia closed, since then b — a. As 
for the integral /s dz, taken along any curve whatever joining two 
points a, b, if we take successively l^ = a^-n then ^^ = z^ (S 26), 
we see that the integral is also the limit of the sum 



2^ 



(»,„-»,)+».^,(»„,-^.) 



5;^ 



hence it is equal to zero it the curve is closed. 

2) If the region bounded by any curve C whatever be divided 
into smaller parts by transversal curves drawn arbitrarily, the sum 
of the integrals Jf{z)dz taken in the same sense along tlie boundaiy 
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of each of these parts is equal to the integral //(*)d« taken along 
the complete boundary C, It is clear that each portion of the auxil- 
iary curves separates two contiguous regions and must be described 
twice in integration in opposite senses. Adding all these inte- 
grals, there will remain then only the integrals taken along the 
boundary curve, whose sum ia the integral J[o/(*) ''*■ 

Let us now suppose that the region A is divided up, partly in 
smaller regular pai'ts, which shall be squares having their sides 
parallel to the axes Ox, Oy ; partly in irregular parts, which shall be 
portions of squares of which the remaining part lies beyond the 
boundary C. These squares need not necessarily be equal. For ex- 
ample, we might suppose that two sets of parallels to Ox and Oy 
have been drawn, the distance between two neighboring parallels 
being constant and equal to I ; then some of the squares thus obtained 
might be divided up into smaller squares by new parallels to the 
axes. Whatever may be the manner of subdivision adopted, let us 
suppose that there are N regular parts and JV' irregular parts ; let 
us number the regular parts in any order whatever from 1 to iV, and 
the irregular palrts from 1 to JV'. Let ?,- be the length of the aide of 
the rth square and l'^ that of the aquare to which the A^th irregular 
part belongs, i the length of the boundary C, and Jl the area of a 
polygon which containa within it the curve C. 

Let abed be the ith square (Fig. 13), let s, be a point taken in its 
interior or on one of ita sides, and let z be any point on its boundary. 
Then we have 

(6) /W-/W ,^(,j+^ 



^-f-'~ 


>! 


»N. 


/ 




k'elK 




i 


vii 





K, 


-/ 
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^- 


-^'^ 





where \ti\ is small, provided that the side of the square is itself 
small. It follows that 
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J /(«) d^ =f(^df^ « rf« + [/(«<) - ^■■/'(^')] J] rf^ +f^ •<(* -^) ''*. 

where the integrals are to be taken along the perimeter C( of the 
square. By the first lemma stated above, this reduces to the form 

(6) ff(z)dz=f^(z-z,)d^. 

Again, let pqrst be the tth irregular part, let «^ be a point taken 
in its interior or on its perimeter, and let z be any point of its 
perimeter. Then we have, as above, 

where t^ is infinitesimal at the same time as l^ ; whence we find 

(8) ff(z)dz=f.',(z-z;)dz. 

Let ij be a positive number greater than the absolute values of 
all the factors €,■ and t^. The absolute value of a — »; is leas than 
li V2 ; hence, by (6), we find 



IX, 



/(s) (/« < 4 Zf, V2 = 4 , V2 oti, 



where tti; denotes the area of the ith regular part. From (8) we find, 
in the same way, 

r /(») rfs < ^; ^^ (4 ;; + arc ra) = 4 , V2 «i + ^^^ V2 arc ra," 

where tuj is the area of the square which contains the Ath irregular 
part. Adding alt these integrals, we obtain, a fortiori, the inequality 

(9) f fi^) d^\< -,,14:^2 (^^ + -Su,i) + \^L'], 

I ''(C) I 

where X is an upper bound for the sides II.. When the number of 

squares is increased indefinitely in such a way that all the sides Ij 
and li approach zero, the sum Swj + 2<»i finally becomes less than ^. 
On the right-hand side of the inequality (9) we have, then, the product 
of a factor which remains finite and another factor jj which can be 
supposed smaller than any given positive number. This can be true 
only if the left-hand side is zero ; we have then 



L 



/(=) di = 0. 
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29. In order that the preceding concluiion ma; be legitimate, we must make 
sure that we c&u take the squares so small that the absolute valuea of all the 
quautities Cj, ti will be less than a positive number q given in advance, if the 
points Zf and zj are suitably chosen.* We shall say tor brevity that a region 
bounded by a closed curve y, situated in a region of the plane inclosed by the 
curve C, satisfleB the coudition (a) with respect to the number i| if it la possible 
to find in the interior of the curve y or on the curve itself a points' Boch that 
we always have 

(«) |/W-/(iO-(^-rl/(e1| Sis-flu, 

when z deecri)>es the curve y. The proof depends on showing that we am ehoote 
the aquarta so small that all the parts considered, regukcr and irregular, tatitfy the 
co-ndUioii (a) viiLh reaped, to the number q. 

We shall establish this new lemma by the well-knovm process of successive 
subdivisions. Suppose Uiat we have first drawn two sets of parallels to the axes 
Ox, O]/, the distance between two adjacent parallels being constant and equal 
to I. Of the parts obtained, some may satisfy the condition (a), while others 
do noL Without changing the parts which do satisfy the condition (a), we shall 
divide the others into smaller parts by joining the middle points of the opposite 
sides of the squares which form these parts or which incioae them. If, after 
this new operation, there are still parts which do not satisly the condition [a), 
we will repeat the operation on those parts, and so on. Continuing in this way, 
there can be only two cases : either we shall end by having only regions which 
satisfy the condition (a), in which case the lemma is proved ; or, however far 
we go In the succession of operations, we shall always find some parte which do 
not satisfy that condition. 

In the latter case, in at least one of the regular or irregular parts obtained 
by the first division, the process of subdivision just described never leads us to 
a set of regions all of which satiaf; the condition {a) ; let J., be such a part. 
After the second subdivision, the part Aj contains at least one But>division A^ 
which cannot be subdivided into regions all of which satisfy the condition (a). 
Since it Is possible to continue this reasoning indefinitely, we shall have a suc- 
cession of regions 

A^,A,,A^,..-,A^,-- 

which are squares, or portions of squares, such that each Is included In the pre- 
ceding, and whose dimeusions approach zero as n becomes infinite. There is, 
therefore, a limit point z, situated in the interior of the curve or on the curve 
itself. Since, by hypothesis, the fnnctiou /(z) posBesses a derivative /'(«,) for 
e = z,, we can find a number p such that 

provided that |z — Zo| Isleffltbanp. Let e be the circle with radius p described 
about the point z^ as center. For large enough values of n, the region A, will 
lie within the circle e, and we shall have for all the points of the boundary of A, 

l/W -/«-(■ - ',)«•.) I a l» - '.h- 

■ QoDBSAT, Traniactiom t^ the AmerUxm Mathematical Soeielv, 1900, Vol. I, p. U. 
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Moreover, it isclearlhatthepoint ig is in the interior o[^. or on the boundary; 
hence that repon must satisfy the condition {a) with respect to ij. We are 
therefore led to a contradiction in supposing that the lemma is not true. 

30. By me^as of a suitable convention aa to the sense of integra- 
tion the theorem can be extended also to boundaries formed by 
several distinct closed curves. Let us consider, for example, a func- 
tion /(a) analytic within the region A bounded by the closed curve C 
and the two interior curves C, C", and on these curvea themselves 
(Fig. 14). The complete boundary r of the region A is formed by 
these three distinct curves, and we shall say that that boundary is 
described in the positive sense if the region 
A ia on the left hand with respect to this 
sense of motion ; the arrows on the figure 
indicate the positive sense of description 
for each of the curves. With this agree- 
ment, we have always 




/ 



f(z)dz = <i. 



FiQ. 1* the integral being taken along the complete 

boundary in the positive sense. The proof 
given for a region with a simple boundary can be applied again 
here ; we can also reduce this case to the preceding by drawing the 
transversals ab, cd and by applying the theorem to the closed curve 
abmbandcpedqa (I, S 153). 

It is sometimes convenient in the applications to write the preced- 
ing formula in the form 



J(C} •/(C) Jf,c"t 



:)&, 



where the three integrals are now taken in the same sense ; that is, 
the last two must be taken in the reverse direction to that indicated 
by the arrows. 

Let us return to the question proposed at the beginning of § 28 ; 
the answer is now very easy. Let /(s) be an analytic function in a 
region^ of the plane. Given two paths AMB, ANB,hznQ.Q%ha same 
extremities and lying entirely in that region, they will give the same 
value for the integral ff(z')ds if the function _/■(«) is analytic within 
the closed curve formed by the path AMB followed by the path 
BNA. We shall suppose, for definiteness, that that closed curva 
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does not have any double points. Indeed, since the sum of the two 
integrals along AMB and along BNA ia zero, the two integrals along 
AMB and along ANB must be equal. We can state thia result again 
as follows : Two pat/is AMB and ANB, having the same extremities, 
give the same value for the integral ff(z)dK if we can pass from one 
to the other hy a continuous deformation without encountering any 
point where the function ceases to be analytic. 

This statement holds true even wheii the two paths have any num- 
ber whatever of common points besides the two extremities (I, § 152). 
From this we conclude that, when f(z) is analytic in a region 
bounded by a single closed curve, the integral ^f(z)dz is equal to 
zero when taken along any closed curve whatever situated in that 
region. But we must not apply this result to the case of a region 
bounded by several distinct closed curves. Let us consider, for exam- 
ple, a function f(z) analytic in the ring-shaped region between two 
concentric circles C, C Let C" be a circle having the same center 
and lying between C and C; the integral Jf(z)dz, taken along C", 
is not in general zero. Cauchy'a theorem shows only that tlie value 
of that integral remains the same when the radius of the circle C" 
is varied.* 



■Caochy's tbeorem remnlns true without any hypothec upon the existence of 
the funclion/(i) heyond the region A limited liy the curve C, or upon the existence 
of a derivative at each point of the cnrve C itselt. Itissutlicientthattbe function/(i) 
Bhall be analytic at ever; point oE the region A, and coitfinuoiu on the boundary C, 
that ia, that the value /(Z) of the function Id a point Z of C varies continuoualy with 
the position of Z on that boundary, and that the ditference/(Z)-/(2), where i ia an 
interior point, approaches zero uniformly with |Z- z| , In fact, let us first suppose 
that every straight line from a fixed point a ol A meeCa the boundary in a single 
point. When the pohit i describes C, the point a + tf(l-o) (where 01s a real number 
between and 1> describes a closed curve C situated in A. The difference between 
the two integials, along the curves C and C, Is equal to 






Since the integral along C ia iero, we have, then, also 



In the case of a boundary of any ft.--m whatever, we can replace this boundary by a 
sQCcee^on of closed curves that fuVJU the preceding condition by drawing siUtably 
placed trausversala. 
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31. Genenlluitlon of tbe fonnnls of the integna calcnlus. Let f(z) 
be an analytic function in the region A limited bj a simple boundary 
curve C. The definite integral 



♦w =/'/(•)*•, 



taken from a fixed point x^ up to a variable point Z along a path 
lying in the region A, is, from what we have just seen, a definite 
function of the upper limit Z. We shall now show that this function 
*(Z) is also an analytic function of Z whose derivative is/(Z). 
For let Z + hhea. point near Z ; then we have 



t(Z + 4)-t(Z)-j^ /(z)d., 

and we may suppose that this last integral is taken along the seg- 
ment of a straight line joining the two points Z and Z + h. If the 
two points are very close together, /(«) differs very little from/(Z) 
along that path, and we can write 

where |8| is less than any given positive number ij, provided that \h\ 
is small enough. Hence we have, after dividing by k, 



HZ + ^) - 



1 r^** 



The absolute value of the last integral is less than ri\k\, and there- 
fore the left-hand aide has for its limit f{Z~) when h approaches zero. 
If a function F(Z) whose derivative \sf{Z) is already known, the 
two functions ^{Z) and F(Z) differ only by a constant (footnote, 
p. 38), and we see that the fundamental formula of integral calculus 
can be extended to the case of complex variables : 



(10) rv(,)d«=/'(«o~F(*j. 



This formula, established by supposing that the two functions /(«), 
F(2) were analytic in the region A, is applicable in more general 
cases. It may happen that the function ¥{>), or both/(») and F(«) 
at the same time, are multiple-valued; the integral has a precise 
meaning if tbe path of integration does Dot pass through any of the 
critical points of these functions. In thCj application of the formula 
it will be necessary to pick out an init'il determination FQi^ of the 
primitive function, and to follow th( continuous variation of that 
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function when the variable x describea the path of integration. 
Moreover, if /(%) is itself a multiple-valued function, it will be neces- 
sary to choose, among the determinations of F{ii), that one whose 
derivative is equal to the determination chosen tot f(z). 

Whenever the path of integration can be inclosed within a region 
with a simple boundary, in which the branches of the two functions 
/(«), F(z) under consideration are analytic, the formula may be 
regarded as demonstrated. Now in any case, whatever may be the 
path of integration, we can break it up into several pieces for which 
the preceding condition is satisfied, and apply the formula (10) to 
each of them separately. Adding the results, we see that the for- 
mula is true in general, provided that we apply it with the necessary 
precautions. 

Let us, for example, calculate the definite integral C'v^dx, taken 
along any path whatever not passing through the origin, where m is 
a real or a complex number different from — 1. One primitive func- 
tion ia af +y(fft +1), and the general formula (10) gives 



X" 



t*dx = 



-«? + ' 



1-1-1 



In order to remove the ambiguity present in this formula when t, 
is not an integer, let ns write it in the form : 



X' 



a^ites 



*-l-l 



The initial value Log(«g) having been chosen, the value of «~ ia 
thereby fixed along the whole path of integration, as is also the final 
value Log (sj. The value of the integral depends both upon the 
initial value chosen for ijog (x^ and upon the path of integration. 
Similarly, the formula 



X' 



m^= 



/» 



<& = Log [/(«,)]- Log [/W] 



does not present any difBculty in interpretation if the function /(«) 
is continuous and does not vanish along the path of integration. 
The point u =/(«) describes in its plane an arc of a curve not pass- 
ing through the origin, and the right-hand side is equal to the vari- 
ation of Log(u) along this arc. Finally, we may remark in passing 
that the formula for integration by parts, since it is a consequence 
of the formula (10), can be extended to integrals of functions of a 
complex variable. 
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32. Another proof of the ptecedlng results. The properties of the 
integral Jf(x)dz present a great analogy to the properties of line 
integrals when the condition for integrability is fulfilled (I, % lfi2). 
Biemann has shown, in fact, that Canchy's theorem results im- 
mediately from the analogous theorem relative to line integrals. 
Let /(«) = X + Yi be an analytic function of » within a region A 
with a simple boundary ; the integral taken along a closed cuTTe C 
lying in that region is the sum of two line integrals : 

r /(»)d« = r Xdx -Ydy + i C ydx + Xdy, 

and, from the relations which connect the derivatives of the func- 



we see that both of these line integrals are zero * (I, § 152), 

It follows that the integral J'fi'O^"' tak^n from a fixed point «^ 

to a variable point a, ia a single- valued function * (z) in the region A . 

Let us separate the real part and the coefficient of i in that function : 

*(z) = P(x,y)+iQ(x,y), 

P(x,y)= \ ' Xdx-Ydy, Q(x,y)= f Ydx + Xdy. 

The functions P and Q, have partial derivatives, 

^± = x ^ = -Y ^=r ^=x 

dx ' dy ' dx ' dy ' 

which satisfy the conditions 

9p_aQ ^__^ 

dx dy dy dx 

Consequently, P + Qi is an analytic function of a whose derivative 
is X+ri or /(«). 

If the function /(z) is discontinuous at a certain number of points 
of A, the same thing will be true of one or more of the functions X, 
Y, and the line integrals P (x, y), Q (x, y) will in general have periods 
that arise from loops described about points of diacontinuity (I, § 153). 
The same thing will then be true of the integral J'f(z)dz. We shall 
resume the study of these periods, after having investigated the nature 
of the singular points of /(s). 

•■a the coDtinuity of the derive 
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To give at least one example of this, let ub consider the integral f^'dz/z. 
After separating the real part and the ooefflclent of i, we h&ve 



3!'+ J/» 



The real part is equal to [lag(z* + y*)]/2, whatever maj be the path followed. 
As for the coefQcient of i, we have seen that it has the period 2v, it is equal 
to the angle through which tbe radius vector joining the origin to the point 
{X, y) has turned. We thus find again tbe various detenninations of Log(i). 



II. CAUCHY'S INTEGRAL. TAYLOR'S AND LAURENT'S 
SERIES. SINGULAR POINTS. RESIDUES 

We shall now present a aeries of new and important results, which 
Cauchy deduced from the conBideration of definite integrals taken 
between imE^naiy limits. 

33. Tbe fandunental fonnula. Let/(2) be an analytic function in 
the finite region A limited by a boundary r, composed of one or of 
several distinct closed eiirves, and continuous on the boundary itself. 
If X is a point * of the region A, the function 

is analytic in the same region, except at the point » = x. 

With the point x as center, let us describe a circle y with the 
radius p, lying entirely in the region A ; the preceding function is 
then analytic in the region of the plane limited by the boundary r 
and the circle y, and we can apply to it the general theorem (§ 28). 
Suppose, for definiteness, that the boundary r is composed of two 
closed curves C, C (Fig. 15), Then we have 



tegrals are taken in the si 
ite this in the form 



dz 



where the three integrals are taken in the sense indicated by the 
arrows. We can write this in the form 



* In what follows we shall often have to condder several complex quanUties at the 
same time. We shall denote them IndifFerentl; b; the letters z, i, u, - - - . Unless itts 
expressly stated, the letter x will no longer be reserved to denote a real variable. 
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where the integial j^ denotes the integral taken along the total 
botmdary r in the positive sense. If the radius p of the circle y is 
very small, the value of /(a) at any point of this circle differs very 
littlefrom/W: /(.)./(.) +8, 

where |8| is very small. Replacing /(a) by this value, we find 






The first integral of the right-hand side is easily evaluated; if we 
put g = x + pe**, it becomes 



Xdx /""tpe^dB . 



The second integral [ Bdz/ijc — x) is therefore independent of the 
radius p of the circle y\ on the other hand, if |S| remains less than 




a positive number i;, the absolute value of this int^ral is less than 
(i)//)) 2 wp = 2 iTij. Now, since the function f(x) is continuous for 
z = x, we can choose the radius p so small that rj also will be as 
small as we wish. Hence this integral must be zero. Dividing the 
two sides of the equation (11) by 2 Trt, we obtain 



ital formula. It exp 

X whatever within tl 
function taken only 
iar X, which, for exai 
ircle y of radius p. 

' 2 TTI ^j^ jS — x — Aj 



This b Cauchy's fundamental formula. It expresses the value of the 
function f(z) at any point x whatever within the boundary by means 
of the values of the same function taken only along that boundary. 
Let X + Ax be a point near x, which, for example, we shall suppose 
lies in the interior of the circle y of radius p. Then we have also 
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and coasequently, subtracting the sides of (12) from the correspond* 
ing sides of this equation and diriding by Ax, we find 

fix + 1^)- fix) _ 1 f f(z)dz 

When Ax approaches zero, the function under the integral sign ap- 
proaches the limit /(«)/(« — x)\ In order to prove rigorously that 
we have the right to apply the usual formula for differentiation, let 
US write the integral in the form 

f f{»)d^ ^ r f('')dz r Axf{»)dz 

J^r,i^-x)(z~x-&x) Jt^Q'-xy J^(^-x)\z-x-Ax) 

Let Af be an upper bound for | /(«) | along r, L the length of the 
boundary, and 8 a lower bound for the distance of any point what- 
ever of the circle y to any point whatever of r. The absolute value 
of the last integral is less than ML\Ax\/&* and consequently ap- 
proaches zero with |Aa;|. Passing to tie limit, we obtain the result 



(13) /(:r) 



^j_ r f(^)dz 

2 TiX, («-=«)' 



It may be shown in the same way that the usual method of differ- 
entiation under the integral sign can be applied to this new integral • 
and to all those which can be deduced from it, and we obtain 
successively 

and, in general, 

Hence, if a function /(«) is analytic in a certain region of the plane, 
the sequence of successive derivatives of that function is unlimited, 
and all these derivatives are also analytic functions in the same 
region. It is to be noticed that we have arrived at this result by 
assuming only the existence of the first derivative. 

2fote. The reasoning of this paragraph leads to more general con- 
clusions. Let ^(s) be a continuous function (but not necessarily 
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analytic) of the complex variable « along the curve r, closed or not. 
The integral 






has a definite value for every value of x that does not lie on the 
path of integration. The evaluations just made prove that the limit 
of the quotient [^P{x + Ax) — F(x)']/Ax is the definite integral 






when |Aa:|,approaches zero. Hence F(x) is an analytic function fc 
every value of x, except for the points of the curve T, which are i 
general singular points for that function (see g 90). Similarly, w 
find that the nth derivative F'">(a!) has for its value 






e of Cauchy's fundamental theorem which 
was first proved by Morera may be stated as followa ; If a fwiuition f(z) of a 
torr^le£earial>UzUc(nUiwirm»iriar^gionA,andifthed^wteirUegraif^cyf{z)dz, 
taken aiojig arty closed cume C lyiag in A, is zero, then fiz) is an aiiaJytic fttne- 
tian in A. 

For the definite integral F{z) =J'/(()dt, taken between the two points z,, z 
of the region A along any path whatever lying in that region, has a definite 
value independent of the path. If the point z^ is suppoaed fixed, the Integral 
IB a function of z. The reasoning of g 31 ehowe that the quotient AF/Az has 
f{z) for ila limit when 4* approacbea zero. Hence the function P(z) is an 
analyt[c function of z having /(«) for its derivative, and that derivative is 
therefore also an analytic function. 

35. Taylor's BCTiea. Let f{x) be an analytic function in the interior 
of a circle with the center a ; the value of that function at any point 
X within the circle w equal to the sum of the convergent series 



(16) 



'-/■>(»)+■ 



In the demonstration we can suppose that the function fiz) is 
analytic on the circumference of the circle itself ; in fact, if x is any 
point in the interior of the circle C, we can always find a circle C", 
with center a and with a radius less than that of C, which contains 
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the point X within it, and we would reason with the circle C joBt as 
we axe about to do with the circle C. With this understanding, an 
being an interior point of C, we have, by the fundamental formula, 

(12') /(.)_A^r^i^ 

Let Tu DOT write l/(» — ie) in the following way : 
111 



or, carrying out tlie division up t» the remainder of degree n + 1 in 

^^-rr; + (^^:^- + (.r.)- + --- 



Let us replace l/(« — x) in the formula (12") by this expression, 
and let us bring the factors x — a, (z — of, •■-, independent of s, 
outside of the integral sign. This gives 

/(a;) = J, + /.(x-a)+...+J.(x-a)- + ii., 

where the coefficients J^, ./„ ■ - •, J^. and the remainder fl, have the 
Tallies 



(16) 



As n becomes infinite the remainder fl, approaches zero. For let 
>/ be an upper bound for the absolute value of /(s) along the circle 
C, if the radius of that circle, and r the absolute value atx — a. We 
have \z — x\ £R — r, and therefore |l/(s — x)\^\j{R — r), when z 
describes the circle C. Hence the absolute value of A, ia less than 

and the fector (r/R)'*^ approaches zero as n becomes infinite. From 
this it follows that/(x) is equal to the convergent series 

/(x) ./. + /,(«-.)+•■■+/.(«-»)■ + ■•■ . 
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Now, if we put x =3 a in the formolse (12), (13), (14), the boundary 
r being here the circle C, we find 

■'.•=/("). ■',=/(»). ■■•. •'.='^> ■■■■ 

The series obtained is therefore identical with the series (15) ; that 
is, with Taylor's series. 

The circle C is a circle with center a, in the interior of which the 
function is analytic; it is clear that we would obtain the greatest 
circle satisfying that condition by taking for radius the distance 
from the point a to that singular point of /(«) nearest a. This is 
also the circle of convergence for the series on the right.* 

This important theorem brings out the identity of the two defini- 
tions for analytic functions which we have given (I, § 197, 2d ed. ; 
S 191, Ist ed. ; and II, § 3). In fact, every power series represents 
an analytic function inside of its circle of convergence (§ 8) ; and, 
conversely, as we have just seen, every function analytic in a circle 
with the center a can be developed in a power series proceeding 
according to powers of a: — a and convergent inside of that circle. 
Let us also notice that a certain number of results previously estab- 
lished become now almost intuitive ; for example, applying the 
theorem to the functions Log(l + s) and (1 + a)", which are ana^ 
lytic inside of the circle of unit radius with the origin as center, 
we find again the formtdse of §g 17 and 18. 

Let US now consider the quotient of two power series f(x)/ift(x), 
each convergent in a circle of radius R. If the series <^(x) does not 
vanish for x = Q, since it is continuous we can describe a circle of 
radius r ^ i; in the whole interior of which it does not vanish. The 
function f{x)/^ (x) is therefore analytic in this circle of radius r and 
ean therefore be developed in a power series in the neighborhood 
of the origin (I, g 188, 2d ed. ; g 183, 1st ed.). In the same way, the 
theorem relative to the substitution of one series in another series 
can be proved, etc. 

JVbfe. Let /(«) be an analytic function in the interior of a circle C 
with the center a and the radius r and continuous on the circle 
itself. The absolute value |/(z)| of the function on the circle is a 
continuous function, the maximum value of which we shall indicate 
by ^W(r). On the other hand, the coefficient a, of (x — a)" in the 
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deTelopment of /(«) is equal to/'»»(a)/a!, that is, to 
1 r f(z)dz . 
27rtj(o(«-«)-+'' 
we have, then, 

ao that Jir(r) is greater than all the products Aj*.* We could nse 
iK(r) instead of M in the expression for the dominant function 
(I, S 186, 2d ed. ; § 181, lat ed.). 

36. UouTiUe'a theorem. If the function /(x) is analytic for every 
finite value of x, then Taylor's expansion is valid, whatever a may be, 
in the vbole extent of the plane, and the function considered is called 
an integral function. From the expressions obtained for the coefB- 
cients we easily derive the following proposition, due to LiouviUe : 

Every integral function whose abaolute value it alway» lest than a 
fixed number M it a. eonitant. 

For let us develop f{x) in powers of a; — a, and let a, be the 
coefficient of (a: — o)". It is clear that 3K(t) is less than M, what- 
ever may be the radius r, and therefore | a,, [ is less than M/r'. But 
the radius r can be taken just as large as we wish \ we have, then, 
o, = if n ^ 1, and /(x) reduces to a constant /(a)- 

More generally, let f(x) he an integral function such that the 
absolute value of f(x)/af remains less than a fixed number M for 
values of z whose absolute value is greater than a positive number 
R ; then the function f(x) is a polynomial of degree not greater than 
m. For suppose we develop f{x) in powers of x, and let a. be the 
coefficient of x". If the radius r of the circle C is greater than R, we 
have X(r) < Jtfr", and consequently |tt,| < Mr"-'. If n > m, we 
have then a. = 0, since Mr°'~' can be made smaller than any given 
number by choosing r large enoi^h. 

37. Lttueat'B seriM. The reasoning by which Cauchy derived 
Taylor's series is capable of extended generalizations. Thus, let 
/(e) be an analytic function in the ring-shaped region between the 

* The ioequ&IltiM (IT) are interestiDg, especially since they estsbUsh a relation 
between the order of magnitude of the coefflcienta ol a power Beries and the order of 
QWgnitude of the function; ^(r) Is not, In general, bowever, the smaUest number 
. which satisfies these Inequalities, as Is seen at once when all the .coefficients a, are 
real and podtive. Tbssa Inequalities (IT) can be established without making use ot 
Cauchj'g Integral (HtisAr , Le^one nouv«lIw «iir ranalyge iti/imlitimale, Vol. I, p. 99). 
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two coueentrie circles C, C haviDj the common center a. We shall 
show that the value /(x) of the function at any point x taken in that 
region is equal to the sum of two convergent series, one proceeding in 
positive powers ofx — a, the other in positive powers ofl/(x — a).* 

We can suppose, just as before, that the function /(*) is analytic 
on the circles C, C themselves. Let R, R' be the radii of these circles 
and r the absolute value of a; — a ; if C ia the interior circle, we have 
R' < r < R. About x as center let us describe a small circle y lying 
entirely between C and C. We have the equality 






the integrals being taken in a suitable sense ; the last integral, taken 
along y, is equal to 2 irif(x), and we can write the preceding relation 
in the form 



where the integrals are all taken in the same sense. 
Repeating the reasoning of § 35, we find ^ain that we have 

(") 2^ r'^^-J. + ^,(a,-»)+. .. + /.(«-«)■ + •■■, 

where the coefficients J^, ■',1 ■ ■ ■, ^,, ■ ■ ■ are given by the formulES 
(16), In order to develop the second integral in a series, let us 
notice that 



and- that the integral of the complementary term, 



2fnJ^^,^\se — al x — z 

\ n increases indefinitely. ] 
)lute value off(z) along C 

i than 



. approaches zero when n increases indefinitely. In fact, if M' is the 
maximum of the absolute value of /(«) along C, the absolute value 
of this integral is less than 
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and the factor R'fr is leas than unity. We have, then, also 

^ > 2 iri J,„ « - « I - • ^ (» - «)■ ^ ^ (« - oy + • 
where the coefficient f, is equal to the deiinite integral 

Adding the two developmente (19) &nd (20), ve obtain the propteed 
development of /(x). 

In the formula (16) and (21), which give the coefficienta ./, and K„ 
we can take the integrals aJong any circle T whatever lying between C 
and C and having the point a for center, for the functions under the 
integral sign are analytic in the ring. Hence, if we agree to let the 
index n vary from — oo to + oo, we can write the development of 
/(x) in the form 

(22) ' /(x)=2/.(a!-o)-, 

where the coefficient J„ whatever the sign of n, is given by the 
formula 



(23) ■'. = S^. { -fi 



«)"■ 



Example. The same tutictiou/(j!) can have deTslopmenU! which are entirely 
diSerent, according to the regloD considentd. Let us take, for example, a 
Tatjonal fraction /(i), of which the denominator has only eimple roots with 
different absolute values. Let a, b, c, • • ., 1 be these roots arranged in the order 
of increasing absolute values. Disregarding the integral part, which does not 
interest ns here, we have 

In the circle of radius a about the origin as center, each of the simple frac- 
tions can be developed in positive powers of ■, and the development of /(i) is 
identical with that given by Maciaurin's expan^on 

In the ring between the two circles of radii |a| and |6| the fractions l/(z— 6), 
l/(x— c), ■• ', l/(z — t) can be developed lu positive powers of x, but l/(x — a) 
must be developed in positive powers of 1/x, and we have 
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Id the Dezt ring we shall have ui analogoos development, and ao on. finally, 
r to the circle of radius 1 1\, we shall have only podtive powers of 1/z : 
i-\---+LAa+-- + U Aaf-^ + - ■ ■ + Lt"i 



SI. Othar HilM. The proofs of Taylor's series and of Laurent's series are 
hased eaaentially on a particular developnieiit of the simple fraction l/(z — z) 
when the point x reuains inside or outside a fixed circle. Appell has shown that 
we can again generalize these fonnnlce by conaideriDg a lunotioo /{x) analytic 
ia the interior of a region A bounded by any Dumber whatever of arcs of 




Fio. 16 

circles or of entire circumferences.* Let us consider, for example, a function 
/(z) analytic in the curvilinear triangle PQB (Fig. 16) formed by the three 
arcs of circles FQ, QR, RF, belonging respectively to the three circumferences 
C, C, C". Denoting by t any point within this curvilinear triangle, we have 



/(«)(fe 




Along the arc FQ we 

where a is the center of C ; hut when z describes the arc PQ, the absolute value 
of (z — a)/(z — a) Is less than unity, and therefore the absolute value of the 

B n becomes infinite. We have, therefore. 



approach* 

<■>) 



j_ r /Wife . 



'Acta malhematica, Vol. I 
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where the coefBcients are 
out. Similarly, along the 

^ = J- + ^iiJ-+... + ('-^)— 4_!_/illJ\-, 

i-z «-6 (1-6)' (*-6)» x-rU-ft/ 

where b is the center of C. Since the abeolute value of (2 — (i)V(x ~ ^)* i^P- 
proaches zero as n becomes infinite, we can deduce from the preceding equation 
a development for the second integral of the form 

(P) 



(7) 




^^■- 



where e is the center of the circle C". Adding the three expressions {a), ffl), 
(7)1 ^6 obtain foTf{x) the sum of three series, proceeding respectively accord- 
ing to positive powers of x — a, of l/(x — b), and of l/(z — e). It ia clear that 
we can transform this sum into a series of which all the terms are rational func- 
tions of X, for example, by uniting all the terms of the same degree in x — a, 
l/{x — ti), l/{x — c). The preceding reasoning applies whatever may be the 
number of arcs of circles. 

It is seen in the preceding example that the three series, (a), (fi), (7), are 
still convergent when the point x is in«de the triangle P'Q^If, and the sum of 
these three series ia again equal to the integral 



m 



taken along the boundary of the triangle PQR in the positive sense. Now, when 
the point * is in the triangle P'Q'fi', the function /(z)/(z- i) ia analytic in 
the interior of the triangle PQR, and the preceding integral is therefore zero. 
Hence we obtain in thia way a series of rational fractions which is convergent 
when X ia within one of the two triangles PQR, P'Q^B', and for which the mm 
is aputl tof(x) or to zero, according as the point x ia in the triangle PQR or in the 
triangle P'Q'R'. 

Painlev^ has obtained more general results along the same lines.' Let us con- 
rider, in order to limit ourselves to a very simple case, a convex closed curve r 
having a tangent which changes continuously and a radius of curvature which 
remains under a certain upper bound. It is easy to see that we can associate 
with each point JIf of r a circle. C tangent to r at that point and inclosing that 
curve entirely in its interior, and this may be done in such a way that the center 
of the circle moves in a continuous manner with M. Let/(e) lie a function ana- 
lytic in the Interior of the boundary r and continuous on the boundary itself. 
Then, In the fundamental formula 

(4d5 



/W = 



_i_ r fmdi 
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where z is an interior point to r, we can write 

where a denotes the center ot the circle G which corresponde to the point z ol 
the boundary ; a is no longer constant, as in the caae aJready examined, but it 
is a continuous function of x when the point M describes the curve r. Never- 
tbeless, the atwotute value of (z — a)/{s — a), which Is a continuooB function of 
I, remaJne less than a fixed number p leas than unity, since it cannot reach the 
value unity, and therefore the integral of the last term approaches zero as n 
becomes infinite. Hence we have 

and it is clear that the general term of this eeries is a polynomial P^iX) ot 
degree not greater than n. The Junction /{x) i» ilien decelopoAIe in a tenet (if 
jn^tfnomialt in the interior (if the ftouTidory r. 

The theory of conformal transformations enables us to obti^n another kind 
of series for the development of analytic functions. Let /{x) be an analytic 
function In the Interior of the region^, which may extend teinfiDlty. Suppose 
that we know bow to represent the region A conlormally on the region inclosed 
by a circle C such that to a point of the region A corresponds one and only 
one poiut of the circle, and conTereely ; let tt = *(») be the analytic function 
which establishes a correspondence between the region^ and the circle C hav- 
ing the point u = for center in the u-plane, When the variable u describes 
this circle, the corresponding value of ; Is an analytic function of u. The same 
is true of f{t), which can therefore be developed in a convergent series of 
powers of u, or of ^(x), when the variable z remains In the Interior of A. 

Suppose, for example, that the region A consists of the Infinite strip Included 
between the two parallels to the axis of reals )/ = ± a. We have seen ({ 22) 
that by putting u = {e'"^" — l)/(e"'3'' + 1) this strip is made to correspond to 
a circle of unit radius having ite center at the point u = 0. Every function 
analytic in this strip can therefore be developed in this strip in a conve^ent 
series of the following f onn ; 

39- SeriM of analytic fnnctiona. The sum of a uniformly conver- 
gent aeries whose terms are analytic functions of 2 is a continuous 
function of z, but we could not say without further proof that that 
sum is also an analytic function. It must be proved that the sum has 
a unique derivative at every point, and this is easy to do by means 
of Cauchy's integral. 

Let UB first notice that a uniformly convergent series whose tenns 
are continuous functions of a complex variable z can be integrated 
term by term, as in the case of a real variable. The proof givan in 
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the case of the real variable (I, S 114, 2d ed. ; § 174, Ist ed.) applies 
here without change, provided the path of integration has a finite 
length. 

The theorem which we wish to prove is evidently included in the 
following more general proposition ; 

Let 

(26) /.(«)+/,(*)+ ■ ■ • +/.(*)+ ■ -■ 

be a series all of whose terms are analytic functions in a region A 
bounded by a closed curve V and continuous on the boundary. If the 
series (26) ia uniformly convergent QnT,ii is convergent in every point 
of A, and its sum is an analytic function F{z) whose pth derivative 
is represented by the series formed by (Ae^th derivatives of the terms 
of the series (26). 

Let ^(«) be the aum of (26) in a point of T; ^(«) is a continuous 
function of « along the boundary, and we have seen (§ 33, Note) 
that the definite integral 



(27) P(=>). 

where x is any point of A, represents an analytic function i 
region A, whose ^th derivative is the expression 



n analytic functic 
press ion 

(28) F-.(a,)=^ r *^'1'' -^ /-£^& 

uniformly convergent c 
led by dividing each oi 



Since the series (26) is uniformly convergent on r, the same thing 
is true of the series obtained by dividing each of its terms by « — a;, 
and we can write 

F(x). 



or again, since /,(«) is an analytic function in the interior of r, 

we have, by formula (12), 

^W=/,W+/,(«)+ ■ ■ ■ +/,w+ ■ ■ ■■ 

Similarly, the expression (28) can be written in the form 

F''->(x) = f\p->{x)-\-.-. +/<''>(x)+ .... 

Henee, if the series (26) is uniformly convergent in a region A of 
the plane, x being any point of that region, it suffices to apply the 
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preceding theoram to a dosed curve r lying in A and surrounding 
the point x. This leads to the following proposition : 

Every teries uniformly convergent in a region A of the plane, who»e 
terms are all analytic functiojta in A, represents an analytic function 
F(z') in the same region. The pth derivative of F (z) is equal to the 
series obtained by differentiating p times each term of the series 
which represents F(a).* 

40. Poles. Every function analytic in a circle with the center a is 
equal, in the interior of that circle, to the sum of a power series 

(29) /(*) = ^^ + ^^(s _ a) + . . . + A„ (z - a)~ + . . . . 
We shall say, for brevity, that the function is regular at the point a, 
or that a is an ordinary point for the given function. We shall call the 
interior of a circle C, described about a as a center with the radius p, 
the neighborhood of the point o, when the formula (29) is applicable. 
It is, moreover, not necessary that this shall be the largest circle in the 
interior of which the formula (29) is true ; the radius p of the neigh- 
Inrhood will often be defined by some other particular property. 

If the first coefficient A^ is zero, we have /(o) = 0, and the point 
a is a zero of the function /(z). The order of a zero is defined in the 
same way as for polynomials ; if the development of /(s) commences 
with a term of degree m in a — a, 

/« = '!.(»-«)■ + -J.*. (»-•)-*'+•••. (»'>0), 
where A^ is not. zero, we have 

/W = o, /■(«) = «■ ■•■, /-»(») = 0, /-<(«) ¥.0, 

and the point a is said to be a zero of order m.. We can also write 
the preceding formula in the form 

/W-('-«)-*W. 

^(s) being a power series which does not vanish when z = a. Since 
this series is a continuous function of s, we can choose the radius p 
of the neighborhood so small that ^(z) does not vanish in that 
neighborhood, and we see that the function f{x) will not have any 
other zero than the point a in the interior of that neighborhood. 
The zeros of an, analytic function are therefore isolated points. 

Every point which is not an ordinary point for a single-valued 
function /(a) is said to be a singular point. A singular point a of the 

* This pTopoaitlon U osuallf attributed to Weierstiasa. 
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function /(«) ia a pole if that point ia an ordinary point for the re- 
ciprocal function l//(z). The development of l/f(ii) in powers of 
X — a cannot contain a constant term, for the point a would then be- 
an ordinary point for the function /(«). Let us suppose that the 
development commences with a term of degree m in 2 — a, 

(30) ^ = (,-»)-♦«, 

where ^(z) denoteB a regular function in the neighborhood of the 
point a which is not zero when z = a. From this we derive 



(31) /W- 



1 ■>(') 



'('-«)■*(«) («-•)- 
where ^(z) denotes a regular function in the neighborhood of the 
point a which is not zero when z = a. This formula can be written 
in the equivalent form 

(31-) /(g)= , ^-,, + , ^'V— 1 + --- + -^ + ^(^-'^)> 
\ I j\i (z^a)" (a — a)" ' z — a ^ ' 

where we denote by P(s — a), as we shall often do hereafter, a 
regular function for z = a, and by B^, B„_i, — , Bj certain con- 
stants. Some of the coefficients £,, £,,■■-, £„_| may be zero, but 
the coefficient B^ is surely different from zero. The integer m is 
called the order of the pole. It ia seen that a pole of order m of /(*) 
is a zero of order m of !//(«), and conversely. 

In the neighborhood of a pole a the development of /(») is com- 
posed of a regular part P(z —a) and of a polynomial in l/(« — a); 
this polynomial ia called the principal part of f{x) in the neighbor- 
hood of the pole. When the absolute value ofz — a approaches zero, 
the absolute value off(z} becomes infinite in whatever way the point 
z approaches the pole. In fact, aince the function ^(a) is not zero for 
z = a, suppose the radiua of the neighborhood so small that the 
absolute value of ^(z) remains greater than a positive number M in 
this neighborhood. Denoting by r the absolute value of a — «, we 
have |/(«)| > ^l/'", and therefore |/(«)| becomes infinite when r 
approaches zero. Since the function ^(z) is regular for z = a, there 
exists a circle C with the center a in the interior of which ^(2) ia 
analytic. The quotient ili(z)/(z — a)" ia an analytic function for all 
the points of this circle except for the point a itself. In the neigh- 
borhood of a pole a, the function /(a) has therefore no other singular 
point than the pole itself; in other words,^fos are isolated singular 
poifUs. 
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41. Functions analytic except for poles. Every function which is 
analytic at al! the points of a region A, except only for singular 
points that are poles, is said to be anaiytic eixcept for polet in that 
region.* A function analytic in the whole plane except for poles 
may have an infinite number of poles, but it can have only a finite 
number in any finite region of the plane. The proof depends on a 
general theorem, which we must now recall : If in a finite region A 
of the plane there exiat an infinite number of points possessing a 
particular property, there exists at least one limit point in the region 
A or on its boundary. (We mean by limit point a point in every 
neighborhood of which there exist an infinite number of points 
possessing the given property.) This proposition is proved by the 
process of successive subdivisions that we have employed so often. 
For brevity, let us indicate by (E) the assemblage of points con- 
sidered, and let us suppose that the region A is divided into squares, 
or portions of squares, by parallels to the axes Ox, Oy. There will 
be at least one region A^ containing ao infinite number of points of 
the assemblage (E). By subdividing the region A^ in the same way, 
and by continuing this process indefinitely, we can form an infinite 
sequence of regions ^,, A^, • ■ -, A,, ■ ■ • that become smaller and 
smaller, each of which is contained in the preceding and contains 
an infinite number of the points of the assemblage. All the points of 
A„ approach a limit point Z lying in the interior of or on the bound- 
ary of A. The point Z is necessarily a limit point of (£), since there 
are always an infinite number of points of (E) in the interior of a 
circle having Z for center, however small the radius of that circle 
may be. 

Ijet us now suppose that the function /(*) is analytic except for 
poles in the interior of a finite region A and also on the boundary r 
of that legion. If it has an infinite number of poles in the region, 
it will have, by the preceding theorem, at least one point Z situated 
in A or on T, in every neighborhood of which it will have an infinite 
number of poles. Hence the point Z can be neither a pole nor an 
ordinary point. It is seen in the same way that the function /(a) 
can have only a finite number of zeros in the same region. It follows 
that we can state the following theorem : 

Every function analytic except for poles in a finite region A and on 
its boundary has in that region only a finite number of aieros and only 
a finite nwrnftw of poles. 

• Such AmctionB aie said b; some writers to be tneromorphlc. — Tbaks. 
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In the neighborhood of any point a, a function /(*) analytio 
except for poles can be put in the form 

(32) /(.) = (, -o)-*W, 

where ^(x) is a regular function not zero for )c = a. The exponent 
ft is called the order of /(«) at the point a. The order is zero if the 
point a is neither a pole nor a zero for /(*) ; it is equal to m if 
the point o is a zero of order m for /(a), and to — n if a is a pole 
of order n for /(z)- 

42. Ewentially Blngulor points. Every singular point of a single- 
valued analytic function, which is not a pole, is called an esset^- 
tially singular jioint. An essentially singular point a is isolated 
if it is possible to describe about a as a center a circle C in the 
interior of which the function /(a) has no other singular point 
than the point a itself; we shall limit ourselves for the moment 
to such points. 

Laurent's theorem furnishea at once a development of the func- 
tion /(«) that holds in the neighborhood of an essentially singular 
point. Let C be a circle, with thecenter a, in the interior of which 
the function /(«) has no other singular point than a ; also let c be a 
circle concentric with and interior to C. In the circular ring included 
between the two circles C and c the function /(«) is analytic and 
is therefore equal to the sum of a series of positive and negative 
powers of « — a, 

(33) f(.)=^A.{^ -,.)'. 

This development holds true for all the points interior to the circle 
C except the point a, for we cjin always take the radius of the circle 
c less than |« — a| for any point z whatever that ia different from a 
and lies in C, Moreover, the coefficients A^ do dot depend on this 
radius (§ 37), The development (33) contains first a part regular 
at the point a, say P(z — a), formed by the terms with positive 
exponents, and then a aeries of terms in powers of l/(« — a), 

This is ttie principal part ot f(z) in the neighborhood of the singular 
point. This principal part does "not reduce to a polynomial in 
(z — a)"', for the point z = a would then be a pole, contrary to the 
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hypothesis.* It is an integral transcendental function of 1/(8 — a). 
In fact, let r be any positive number less than the radius of the 
circle C; the coefficient A_^ of the series (34) is given by the 
expression (§ 37) 



2iriX 



(8 -«)-•/(«) i«, 



the integral being takau along the circle C with the center a and 
the radius r. We have, then, 

<35) |v(_|<ar(r)^, 

where ■^(r) denotes the maximum of the absolute value of f(e) 
along the circle C. The series is then convergent, provided that 
|z — a| is greater than r, and since r is a number which we may 
suppose as small as we wish, the series (34) is convergent foi every 
value of X different from a, and we can write 



fe). 



where /■(« — a) is a regular function at the pointa,and(?[l/(8 — a)] 
an integral transcendental functiont of l/(s — a). 

When the absolute value ot z — a approaches zero, the value of 
/(a) does not approach any definite limit. More precisely, if a circle 
C is described with the point a as a center and with an arbitrary 
radius p, there always exists in the interior of this inrele points zfor 
which fi«) differs as little as we please from any number given in 
advance (Weiebsteass), 

Let us first prove that, given any two positive numbers p and M, 
there exist values of z for which both the inequalities, |a — a| < p, 
[/(z)| > M, hold. For, if the absolute value of /(s) were at most 
equal to M when we have |* — ffl| < p, ,ar(r) would be leas than 
or equal to M for r < p, and, from the inequality (35), all the coeffi- 
cients vl_„ would be zero, for the product Jir(r)r" giV//*" would 
approach zero with r. 

Let us consider now any value A whatever. If the equation 
f(z) = A has roots within the circle C, however small the radius p 

■ To avoid overlooking any hypothesis, it would be necessary to examine also the 
case In which the development of /(i) in the interior of C contains only poaitive 
powers of X- a, the value /(a) of the function at the point a being liiiferent from the 
t«nn independent of j-a in the series. The point z = a would be a point of diwon- 
tinvUs toc/(i). We shall diaragard this kind ot singularity, which is of an enMrely 
artificial character (see below. Chapter IV). 

t We shall frequently denote an integral function of x by G{x). 
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may be, the theorem is proved. If the equation /(«) = A does not 
have an infinite number of roots in the neighborhood of the point a, 
we can take the radius p so small that in the interior of the circle C 
with the radius p and the center a this equation does not have any 
roots. The function ^(*) = l/[/(iB) — ^4] is then analytic for every 
point 2 within C except for the point a ; this point a cannot be any- 
thing but an essentially singular point for 4(«), for otherwise the 
point would be either a pole or an ordinary point for /(a). There- 
fore, from what we have just proved, there exist values of « in the 
interior of the circle C for which we have 

!*«!>; « l/W-*l«. 

however small the positive number c may be. 

This property sharply distinguishes poles from essentially singu- 
lar points. While the absolute value of the function /(s) becomes 
infinite in the neighborhood of a pole, the value of /(a) is completely 
indeterminate for an essentially singular point. 

Picard * has demonstrated a more precise proposition by showing 
that every equation /(s) = ^ has an infinite number of roots in the 
neighborhood of an essentially singular point, there being no excep- 
tion except for, at most, one particular value of A. 

Example. The point x = ia an easentiaJly nngular point for the fancUon 

It la easy to prove that the equation e'" = A has an infinite number of roota 
with absolute values less than p, however stnali p may be, provided that A is 
not zero. Setting J = r(cos0 + isin^, we derive from the preceding equation 



We shall have \i\ < p, provided that 

(logr)»+(S+2tir)"^l. 
P 

There are evidently aa infinite number of values of the intefcer k which satisfy 
this condition. In this example there is one exceptional value of A, that is, 
^ = 0. But it may also happen that there are no exceptional values ; such is 
the case, for example, for the function sin (I/z), near 2 = 0. 



* Anwtle* dt P^wU Jformate ivpirii 
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43. Reridoea. Let a be a pole or an isolated essentially sing^nlar 
point of a function /(*). Let ub consider the question of evaluating 
the integral //(*) dz along the circle C drawn in the neighborhood 
of the point a with the center a. The regular part P(z — a) gives 
zero in the integration. As for the principal part G[l/(a — a)], we 
can integrate it term by term, for, even though the point a ia an 
essentially singular point, this series is uniformly convergent. The 
integral of the general term 

is zero if the exponent m is greater than unity, for the primitive 
function — J_„/[(wi — 1)(* — a)""'] takes on again its original 
value after the variable has described a closed path. If, on the con- 
trary, m = l, the definite integral A.^fdx/(z — a) has the value 
2 TriA.i, as was shown by the previous evaluation made in S 34. We 
have then the result -, 

which is essentially only a particular case of the formula (23) for 
the coefficients of the Laurent development. The coefBcient A_, is 
called the residue of the function f(z) with respect to the singular 
point a. 

Let us consider now a function /(«) continuous on a closed 
boundary curve T and having in the interior of that curve r only a 
finite number of singular points a, h, e, • ■ ■, I, Let ^, B, C, ■ ■ ■, £ be 
the corresponding residues ; if we surround each of these singular 
points with a circle of very small radius, the integral ff(x)dii, taken 
along r in the positive sense, is equal to the sum of the integrals 
taken along the small curves in the same sense, and we have the 
very important formula 

<36) f f{z)dz = 2 ir{(A + B + C + ■ ■ ■ + L), 

which says that the integral ff(e) de, taken along T in the positive 
sense, ia equal to the product of 2 iri and the sum of the residues with 
respect to the singular points off(z') within the curve T. 

It is clear that the theorem is also applicable to boundaries T com- 
posed of several distinct closed curves. The importance of residues 
is now evident, and it is useful to know how to calculate them rapidly. 
If a point « is a pole of order m for/(z), the product (a — a)''f(x) 
is regular at the point a, and the residue of /(») is evidently the 
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coefScient of (* — a)*~* in the development of that product. The 
rule becomes simple in the case of a simple pole ; the residue ia then 
equal to the limit of the product (« — <'■)/{') for « = a. Quite fre- 
quently the function /(«) appears under the form 



/« 



«(•) 



■where the functions P(*) and (i(«) are regular for « = a, and P{a) 
is different from zero, while a is a simple zero for Q(«). Let 
Q (z) = (si~ a)R (z) J then the residue is equal to the quotient 
P(a)/R (a), or again, as it ia easy to show, to P(a)/Q'(a). 

UI. APPLICATIONS OF THE GENERAL THEOREMS 

The applications of the last theorem are innumerable. We shall 
now give some of them which are related particularly to the evalua- 
tion of definite integrals and to the theory of equations, 

44, Jntrodnctory remarks. I>et f(z) be a function such that the 

■ product (x — a)y(z) approaches zero with \s — a\. The integral of 

this function along a circle y, with the center a and the radius p, 

approaches zero with the radius of that circle. Indeed, we can write 

JiVl -Jiyi 

If i; is the maximum of the absolute value of (z — a) /(«) along the 
circle y, the absolute value of the integral is less than 2 v^, and con- 
sequently approaches zero, since 7 itself is infinitesimal with p. We 
could show in the same way that, when the product (s — n)/(a) 
approaches zero as the absolute value of a — o becomes infinite, the 
integral jfc,/(«)(^«, taken along a circle C with the center a, ap- 
proaches zero as the radius of the circle becomes infiqite. These 
statements are still true if, instead of integrating along the entire 
circumference, we integrate along only a part of it, provided that 
the product (z — a)f(z) approaches zero along that part. 

Frequently we have to find an upper bound for the absolute value 
of a definite integi'al of the form f^f(x) dx, taken along the axis of 
reals. Let us suppose for definiteness a<b. We have seen above 
(g 25) that the absolute value of that integral is at most equal to the 
integral f^\f(x)\<h:, and, consequently, is less than M(b — a) if itf 
is an upper bound of the absolute value of /(a;). 
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45. Eraloatlon of elementaty definite Integrala. TIlc definite inte- 
gral f*^F(x)dx, taken along the real axis, where F(x) ia a rational 
function, has a sense, provided that the denominator does not vanish 
for any real value of x and that the degree of the numerator ia less 
than the degree of the denominator by at least two units. With the 
origin as center let na describe a circle C with a radius R large 
enough to include all the roots of the denominator of P'(x), and let 
us consider a path of integration formed by the diameter jB^, traced 
along the real asia, and the semioircumference C, lying above the 
real axis. The only singular points of F(z) lying in the interior of 
this path are poles, which come from the roots of the denominator 
of F(z) for which the coefficient of i ia positive. Indicating by 
SRj the sum of the residues relative to these poles, we can then write 

f F(t)dx + f F(z)dz = ZwtiRt. 

As the radius R becomes infinite the integral along C approaches 
zero, aince the product zFiz) is zero for s infinite; and, taking the 
limit, we obtain 

F(x)dx = 2-n-i%R^. 
We easily reduce to the preceding case the definite integrals 
f (sina;, co&x)dx, 



i: 



r 



where F is a rational function of sin x and cos x that does not 
become infinite for any real value of x, and where the integral is to 
be' taken along the axis of reals. Let us first notice that we do not 
change the value of this integral by taking for the limits x^ and 
x^ + 2ir, where x^ is any real number whatever. It follows that we 
can take for the limits — ir and + w, for example. Now the classic 
change of variable tan (x/2)= t reduces the given integral to the 
integral of a rational function of t taken between the limits — oo 
and + 00, for tan (x/2) increases from — oo to + oo when x increases 
from — TT to + w. 

We can also proceed in another way. By putting e^ = z we hare 
dx = dz/ix, and Baler's formulee give 
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80 that the given integral takes the form 

J ^\2iz 2z Jix 
As for the new path of integration, when x increases from to 2 w 
the variable « describes in the positive sense the circle of unit radius 
about the origin as center. It will suffice, then, to calculate the resi- 
dues of the new rational function of a with respect to tho poles 
whose absolute values are less than unity. 

Let us take for example the integral J^"'ctn[(a!— a — bi)/2']dx, 
which has a finite value if & is not zero. We have 

*(-T-;-7iHi3)— <EP^' 

or 

«"■( 2 )°- .>-.-»^ - 

Hence the change of variable e^ = z leads to the integral 

The function to be integrated has two simple poles 

and the corresponding residues are — 1 and +2. If 6 is positive, 
the two poles are in the interior of the path of integration, and the 
integral is equal to 29ri; if ft is negative, the pole a = ia the only 
one within the path, and the integral is equal to — 2 wi. The pro- 
posed integral ia therefore equal to ± 2 iri, according as 5 is posi- 
tive or negative. We shall now give some examples which are 
less elementary. 

48. Vuioni definite Integi*!*. Example 1. The function e™'/(I ■(- 1') haa tbe 
two poles + i and — i, with the rcBidues e~ "/2 i and — e*/2 i. Let ua suppose 
for defiDlteaesB that m ia positive, and let ns con^der the boundary formed by 
a lai^ semicircle ol radius B about the origin as center and above the real 
axis, and by the diameter which falls aloi^ the axis of reals. In the interior of 
this boundary the function ^'•/(1 + z*) has the single pole z = i, and theintegral 
taken along the total boundary is equal to ire-". Now the integral along the 
semicircle approaches zero as the radius B becomes infinite, for the absolute 
value of the product iie*"/(l + *^ along that curve approaches zero. Indeed, 
If wereplacezby ii(coBtf -Hisin^, we have 
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and the absolute valae g'^"'*** remaJna lesH than unity when S variee from 
to V. As for the absolute value of the factor z/(l -|- 2*), [t approaches zero as 

t becomsB infinite. We have, then, in the limit 






If ire replace ^'^ by 00a mz -|- i sin mx, the coefSoient of f on the left-hand side 
is evidently zeio, for the elements of the Integra cancel out in pairs. Since we 
have also cos(— mx) = cosnu, we 
the preceding formula in 



/-t-cosmx ir 

^ ' Jo l + x'' 2 

Exampk 2. The function c^/z is 
analytic in the interior of the bound- 
ary ABMB'A'NA (Fig. 17) formed 
by the two semiciroies SMB', A'NA, 
described about the origin as center 




/?ldx+ f — ife+ j — di+ C — d« = 0, 
which we can write also in the form 

^ — ^~dx+ i ~dz+ I —dz = 0. 

* JlBMB-i ^ Jid-JfJ) ^ 

When r approaches zero, the last integral approaches — in ; we have, in fact, 

f=i + p(.), 

where P(z) is a regular function at the origin, so that 

The int«gral of the regular part P(z) becomes Inflnite^mal with the length of 
the path of integration ; a^ for the last integral, It is equal to the variation of 
Log (() along A'SA, that is, to — iri. 

The integral along SUB! approaches zero as R becomes infinite. For If we 
puts - ii(cos« + (Bin$), we find 



L 



+ ifl«.edS, 



and the absolute value of this Integral is less than 



/;.-.«..*, =2^.- 
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When 9 increases from to v/3, tbe quotient sin 6/9 decraases fn>m 1 f 
2/r, and we have 

flBinS>-KS; 



r-- 



</.'"' 



which esUtblifhes the propoaition stated above. 

PsBwng to the limit, we have, then (see I, § 100, 2d ed.}, 



r 



Example S. The integral of the Integral tranBcendental function e-*" along 
the Itoundary OABO formed bj the two radii OA and OB, making an angle of 
46°, and b; the arc of a circle AB (Fig. 18), is 
equal to zero, and tliis fact can be expreased 
as follows : 



r e-^di+ r e-''dz= f 



'<oa> 



•-••dz. 



When the radius R of the circle to which 
the arc AB belongs becomes infinite, the in- 
tegral along the arc AB approaches zero. In 
fact. If we put z = K[cos(4/2)-i-idn(«/2)], 
that integral becomes 

xR r- ** 

and its Absolute value is less than the integral 

Ab in the previous example, we have 

The last Integral has the value 

4fiL Jo 4B' ' 

ftud approaches zero when R becomes infinite. 
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[II. S « 



Along the ndius OB ne can put s = p[cos(r/4)+ f sin («r/4)], which gives 
e"' = e-4>*, and as J{ becomes [nfluite we have at the limit (seel, $136, ad ed.; 
S 184, 1st ed.) 









B obt&in the values of 



Equating the real parts and the coefficients of t 

Freanel'B iDtegrals, 

4T. SralnatlonDf r(;)r(l— p). The definiu Integral 

where the variable x and the exjKinent p are real, has a finite value, provided 
that p is positive and leas than one ; It is equal to the product r (p) r (I — p).» 
In order to evaluate this integral, let 
us consider the functionsJ>~V(l + 2)1 
which has a pole at the point z=— I 
and a branch point at the point 
z = 0. Let us consider the boundarj 
alanb'a'iM (Fig. 19) formed hj the 
two circles^C and C, described about 
the origin with the radii r and p re- 
spectively, and the two straight lines 
ab and a'V, lying as near each other 
as we please above and below a cut 
along the axis Oz. The function 
*j>-i/(l + «) is single-valued within 
this boundary, which contains only 
one singular point, the pole « = — 1. 
In order to calculate the value of the 
integral along this path, we shall agree to take for the angle of * that one ' 
which lies between and 2ir. If R denotes the residue with respect to the 




Fio. 19 



pole z=-l, V 



: have then 



dz+ I + I dz+ I = 2iirR. 

The integrals along the circles C and C approach zero as r becomes Infinite 
and as p approaches zero lespectively, for the product f/il + z) approaches 
zero in either case, since < p < 1. 

• Replugs t by 1/(1 + x) In the last tonuala of J 13S, Vol. 1, 2d ed. ; $ 134, lit ed. 
Thelonunla (39), derived by auppo^spto be real, is correct, provided the real part 
of p lies between and 1. 
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Along ab, xlB real. For simplicity let us replace z by x. Since the angle of 
a is zero along o(j, zr-^ is equal to the numerical value of xp-^. Along al/ 
also z is real, but unce its angle is 2 ir, we have 

zp-i = eCp-iXWi + s**) = ^tip-iixP-i. 
Tlie sum of the two integrals along ab and along fr'a' therefore haa (or its limit 



J, 1 + ' 



The retidne R 1b equal to (— 1)^-', that is, to c(p-i>m jf , \b taken as the 
angle of — 1. We have, then, 

X*" '""' dx - ^'^^''~"'' ?J^ -T 
1 + « ~ 1_ ^"(J—i) ~ e-'J— »-' - «<»'-')« ~ Bin<p - !)»■' 

or, flnallr, 

X + - rp-l -r 
± dX = —^ 
1 + 1 BinpiT 

48. Application to fanctionB analytic except for polea. Given tvo 

functions, /(s) and -^(s), let us suppose that one of them, /(z), is 
analytic except for poles in the interior of a closed curve C, that the 
other, ^ (s), is everywhere analytic within the same curve, and that the 
three functions /(«), /'(s), ^ («) are continuous on the curve C ; and 
let us try to find the singular points of the function ^ (*)/'(«)//(«) 
within C. A point a which is neither a pole nor a zero for f{it) is 
evidently an ordinaiy point for the function f'iz^jfiz) and conse- 
quently for the function <^ (s)/'(s)//(2). If a point a is a pole or a 
zero oif(z), we shall have, in the neighborhood of that point, . 

/(')=(«-«)'♦«, 

where ii denotes a positive or negative integer equal to the order of 
the function at that point (g 41), and where ^(«) is a regular func- 
tion which is not zero for x = a. Taking the logarithmic derivatives 
on both sides, we find 

Since, on the other hand, we have, in the neighborhood of the point a, 

*w=*(.)+(^ -«)*'(«)+■■., 

it follows that the point a is a pole of the first order for the product 
(*)/'(z)//(z), and its residue is equal to /*0(a), that is, to w^(o), 
if the point a is a zero of order m for/(»), and to — m^(a) if the 
point a is a pole of order n ioif(!t). Hence, by the general theorem 



sdbvGoo^^lc 



102 THE GENERAL CAUCHY THEORY [ll,S« 

of residues, provided there are no roots of f(z) on the curve C, we 
have 

W 2^/*W7^'*^ = 2*(«)-2*(S), 

where a is any one of the zeros of /(s) inside the boundary C, b any- 
one of the poles of /(«) within C, and where eaeh of the poles and 
zeros are counted a number of times equal to its degree of multi- 
plicity. The formula (40) furnishes an infinite number of relations, 
since we may take for ip(s) any analytic function. 

Let us take in particular ^(«) = 1; then the preceding formula 



— i^I^g-' 



where N and P denote respectively the number of zeros and the 
number of poles of /(z) within the boundary C. This formula leads 
to an important theorem. In fact, f'(x)/f(i!) is the derivative of 
Log Q/'Cz)] ; to calculate the definite integral on the right-hand aide 
of the formula (41) it is therefore sufficient to know the variation of 

logl/WI+iansleiyW] 
when the variable z describes the boundary C in the positive sense. 
But |/(z)| returns to its initial value, while the angle oi f(e) increases 
by 2 Kw, K being a positive or negative integer. We have, therefore, 

that is, the difference N — P is equal to the quotient obtained by the 
division of the variation of the angle off(ti) by2iT when the variable 
z describes the bouj\dary C in the positive sense. 

Let us separate the real part and the coefficient of i in /(z) : 

f(z)=X+yi. 

When the point z = x + yi describes the curve C in the positiva 
sense, the point whose co&rdinates are X, Y, with respect to a system 
of rectangular axes with the same orientation as the first system, 
describes also a closed curve C^, and we neetl only draw the curve 
C, approximately in order to deduce from it by simple inspection 
the integer K. In fact, it is only necessary to count the number of 
revolutions which the radius vector joining the origin of coordinates 
to the point (A*, Y) has turned through in one sense or the other. 
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We can also write the formula (42) in the form 

Since the function Y/X takes on the same value after « has described 
the closed curve C, the definite integral 



./(C) 



TC+y 



is equal to ■n-I(Y/X), where the symbol I (Y/X) means the index of 
the quotient Y/X along the boundary C, that is, the excess of the 
number of times that that quotient becomes infinite by passing from 
+ 00 to — 00 over the number of times that it becomes infinite by 
passing from - 00 to+oo (I, §§ 79, 154,2ded.; §§ 77,164,lsted.). 
We can write the formula (43), then, in the equivalent form 



(44) jv-P = i/(|). 



19. Applic&tion to the theory of equatiouB. When the function /(c) 
is itself analytic within the curve C, and has neither poles nor zeros 
on the curve, the preceding formulce contain only the roots of the 
equation /(*) = which lie within the region bounded by C. The 
formulffi (42), (43), and (44) show the number N of these roots by 
means of the variation of the angle of /(«) along the curve or by 
means of the index of Y/X. 

If the function f(z) is a polynomial in a, with any coeflScients 
whatever, and when the boundary C is composed of a finite number 
of segments of unicursal curves, this index can be calculated by ele- 
ment^y operations, that is, by multiplications and divisions of 
polynomials. In fact, let AB be an arc of the boundary which can be 
represented by the expressions 

x^4,(t), y = ^(0, 

where 0(t) and ■/'(<) are rational functions of a parameter t which 
varies from a to ^ as the point (x, y) describes the arc AB in the 
positive sense. Replacing * by *(()+ i^(() in the polynomial /(«), 

"^^'^ /(,)=i?(0 + tfi.(0. 

where R(t) and R-y{t) are rational functions of t with real coefficients. 
Henoe the index of Y/X along the arc AB is equal to the index of 
the rational function RJR as t varies from aXo p, which we already 
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know how to calculate (I, § 79, 2d ed. ; § 77, Ist ed.). If the bound- 
ary C is composed of segments of unicuraal curves, we need only 
calculate the index for each of these segments and take half of their 
sum, in order to have the number of roots of the equation f(z) = 
within the boundary C. 

Note. D'Alembert'a theorem is easily deduced from the preceding 
results. Let us prove first a lemma which we shall have occasion to 
use several times. Let -F(«), *(«) be two functions analytic in the 
interior, of the closed curve C, continuous on the curve itself, and 
such that along the entire curve C we have |4>(a)|< |F(s)|; under 
these conditions the two equatuins 

F(z)=0, F(«) + *(»)=0 
have the tame number of roots in the interior of C, For we have 



FW + t(.) = F(,)[l + |ffi]. 



As the point z describes the boundary C, the point Z =s 1 + ^(x)/F(z) 
describes a closed curve lying entirely within the circle of unit radius 
about the point Z = 1 as center, since | Z — 1 1 < 1 along the entire 
curve C Hence the angle of that factor returns to its initial value 
after the variable z has described the boundary C, and the variation 
of the angle of /'{«)+*(«) is equal to the variation of the angle of 
F(«). Consequently the two equations have the same number of 
roots in tlie interior of C. 

Now let /(*) be a polynomial of degree ire with any coefficients 
whatever, and let us set 

F(z) = A^, *(2) = ^,z"-'+...+^„ /(«) = /•(«) + *(*). 
Ijet us choose a positive number R so large that we have 

Then along the entire circle C, described about the origin as center 
with a radius greater than R, it is clear that |*/F| < 1. Hence the 
equation f(x) = has the same number of roots in the interior of 
the circle C as the equation F(z) = 0, that is, m. 

60. Janaan'a fannnla. Let/fz) be an anaJftic function exc«pt for poles in the 
Interior of the circle C with ttie radius r about the origin as center, and ana- 
lytic and without zeros on C. Let Oj, a,, . ■ ■, a, be the zeros, Eind6j,(j, •■■,b^ 
the poles, of /(z) in the interior of this circle, each being counted according to 
iU degree of multiplicity. We shall suppose, moreover, that the origin is neither 
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a pole nor a zero lor/(j). Let us evaluate the definite integral 

(45) I=J^^^Log[/(*)]^, 

taken along C in the positive sense, supposing that the variable z starts, for 
example, from the point t = r oa the real axis, and that a definite detemiina- 
tion of ttie angle of f(z) has been selected in advance. Integrating by parts, 

(46) I={Log(^)Logi;/{i)])tc)-J^^Log{j)^U, 

where the first part of the right-hand aide denotes the increment of the product 
Log (z) Log [/(«)] when the variable z describes the circle C. If we talte zero 
for the initial value of the angle of z, that increment is equal to 

Oogr+ 2xi)(Log[/(r)] + 2)ri(n- m)} - logrLog[/(r)] 

= 2^Log[/(r)] + 25ri(n-m)logr-4(„-m)»*. 

In order to evaluate the new definite integral, let us consider the closed 
curve r, formed by the circumference C, by the circumference c described 
about the origin with the infinitesimal radius p, and by the two borders ab, 
aV of a cut made along the real axis from the point z = p to the point t =t 
(Fig. 19). We shall suppose for definiteness that /(z) has neither poles nor 
zeros on that portion of the axis of reals. If it has, we need only make a cut 
making an infinitesimal angle with the axis of reals. The function Logz is 
analytic in the interior of r, and according to the general formula (40) we 
have the relation 

The integral along the circle c approaches zero with p, for the product 
2 Logz is infinitesimal with p. On the other hand, if the angle of z is zero 
along ab, it is equal to 2 ir along aV, and the sum of the two corresponding 
integnJs has for limit 

- r2m^dz=-2»iLog[/(r)] + 2,riLog[/(0)]. 
Jo /(«) 

The remaining portion is 

and the formula (46) becomes 
I = 2^(n-m)logr + 2iriLog[/(0)]-2mLog(^l|s^l^)~4(n-m)it^. 

In order to integrate along the circle C, we can put e = ref* and let ^ vary 
from0to2ir. It follows that ii(/z = id*. Let/(a)=s Re**, where H and ♦ are 
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oontlniionB foacUoni of ^ ilong C. Eqaating tbe coeEBcientsof i in the preced- 
ing lelatlon, we obtain Jenwn's tonnola* 

(47) ^ r*'iogBd* = iog|/(0)|+iog|T— ^i^^i:^!, 

2-wJ» I <iia,...a,| 

In which there ftppear obIj ordinaiy IJapierian logarithms. 

When the tonction /(i) is anal^c la the interior of C, it is clear that the 
prodnct bjb, • ■ ■ \ ahould be replaced by unity, and the formula becomes 



(48) j^f''l<vBd* = log 1/(0)1+ log I ^-^ 



This relation is Interesting in that it contafns only the absolute values of the 
roots of /(2) within the circle C, and the abeolute value of /(z) along that circle 
and for the center of the same circle. 

51. Lagnnge'i fonnoU. Lagrange'sformula, which we hare already 
established by Laplace's method (I, § 195, 2d ed.; § 1S9, 1st ed.), 
can be demonstrated also very easily by means of the general 
theorems of Cauchy. The process which we shall use is due to 
Hermite. 

Let/(«) be an analytic function in a certain reg:ion D containing 
the point a. The equation 

(49) FW=^-.-»/(.)_0, 

where a: is a rariable parameter, has the root « = a, for a = O.t Let 
OS suppose that a -^ 0, and let C be a circle with the center a and 
tbe radius r lying entirely in the region D and such that we have 
along the entire circumference |a/(a)| < |« — ra|. By the lemma 
proved in § 49 the equation f(z)= has the same number of roots 
within the curve C as the equation a — a = 0, that is, a single root. 
Let £ denote that root, and let n (x) be an analytic function in the 
circle C. 

The function Tl(t)/F(x) has a single pole in the interior of C, at 
the point « = {, and the corresponding residue is n (0/F'(J). From 
the general theorem we have, then. 






z~a~af(_z) 



In order to develop the integral on the rigbt in powers of a, we 
shall proceed exactly as we did to derive the Taylor development, 

* Acta motAemohca, Vol. XXII. 

t It U aunmed that/ (a) Is not zero, for otherwise ^(i) would vanish when z- a for 
any value of a and the following develojonents would not yield any resolts ol 
interaat — Tkiks. 
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and we shall write 



-^+ja^+- 



Substituting tliis value in the integral, we find 

"jZj- rzin^, ... J 1 r r/wi-nwj. 

2 TTt J,(.}« - a — a/(«) La — aj 
Let m be the maxinium value ot the absolute value of «/"(«) along 
the circumference of the circle C ; then, by hypothesis, m is less 
than r. If A/ is the maximum value of the absolute value of n(*) 
along C, we have j ,^-y +, g ^^f 



IK+iK 



•.ir\r/ r- 



vhich shows that R,+i approaches zero when n increases indefinitely. 
Moreover, we have, by the definition of the coefficients J^, J^, • • •, J„ 
■ ■ > and the formula (14^), 

J, = n(a-), "..., ^. = i^{[/(.)]-n(.))! 

whence we obtain the following development in series : 

m F|-nW+|S£.(nW[/W]-). 

We can write this expression in a somewhat different form. If we 
take n(is)— *(«)[! — «/*(=:)], where *(b) is an analytic function in 
the same region, the left-hand side ot the equation (50) will no longer 
contain a and will reduce to *({). As for the right-hand side, we 
observe that it contains two terms of degree n in a, whose sum is 

"■ £ {»<«)[/W]->- t;:^ S (*(<.)[/(<.):-/«} 



•tld,'^^'^-"-'^ '(„-!)], 



-B.S^dn'XA'm, 
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and we find again Lagrange's formula in its nsnal form (see I, 
formula (52), § 196, 2d ed. ; § 189, Ist ed.) 

(61) *(0=*(«) + f*'(a)/(a)+ ■ ■ ■ + 2 ^ {*'W[/(»)]"> + ■ ■ - 

We have supposed that we have \af(z)\<r along the circle C, 
which 13 true if |a| is small enough. In order to find the maximum 
value of |o|, let us limit ourselves to the case where /(«) is a poly- 
nomial or an integral function. Let .3r(r) be the maximum value of 
|/(«) I along the circle C described about the point a as center with the 
radius r. The proof will apply to this circle, provided \a\X(r)<r. 
We are thus led to seek the maximum value of the quotient r/X{r), 
as r varies from to + «. This quotient is zero for r = 0, for if 
iK(r) were to approach zero with r, the point z = a would be a zero 
for /(*), and f (z) would vanish for x = a. The same quotient is 
also zero for r = so , for otherwise /(«) would be a polynomial of the 
first degree (S 36). Aside from these trivial cases, it follows that 
r/M(r) passes through a maximum value /i for a value r^ of r. The 
reasoning shows that the equation (49) has one and only one root £ 
such that IJ — a|<rj, provided |q;|</*. Hence the developments 
(50) and (51) are applicable so long as |tt| does not exceed /*, pro- 
vided the functions n(«) and *(e) are themselves analytic in the 
circle C, of radius rj. 

Example. L«t/(x) = («'- l)/2; the equation (49) has the root 



which approaches a when a ftpproaches zero. Let ua put II {;) = 1. Then the 
formula (50) takes the form - 

(62, ' =l-.Vg!^r <°'-^>" 1^.xV^T_/»), 

Vl-2oa+<t* ^nlda-l 2* J ^ ^' 

where X, ie the nth Legendre'a polynomial (see I, §§ 00, 180, 2d ed. ; §§ 88, 
184, Ist ed.). In order to find out between what limits the formula is valid, let 
us suppose that a is real and greater than unity. On the circle of radius r we 
have evidently M(r) = [(o + r)" — l]/2, and we are led to seek the maximum 
value of 2r/[(a + rJ^l] aa r increases from to + tc . This maximum is 
found for r = vo* — 1, and it is equal to a — Va' — 1. If, however, a lies 
between — 1 and + 1, we find by a quite elementary calculation that 

.»(,)=''+'-■". 

2Vl-a' 
The maximum of 2 r Vl - a.*/{r' + I — a*) occurs when r = Vl - a«, and it ia 
equal to unity. 
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It is easy to verify these results. In fact, the radical Vl — 2aa + a\ oon- 
sidered as a function of a, has the two criti cal poi nts a ± Va" — 1. If a > 1, 
the critical point nearest the origin is a — Va* — 1, When a lies bet ween — 1 
and + 1, the absolute value of each of the two critical points a ± i Vl — a* is 

In the fourth lithographed edition of Hermite's lectures will be found (p. 186) 
a very complete discussion of Kepler's equatioo z — a = sinz by this method. 
His process leads to the calculation of the root of the transcendental equation 
^(r— 1) = e-''(r + 1) which lies between 1 and 2. Stleltjes has obtained the 
Talues 

r, = 1.109678040267734, ^ = 0.6027434103402. 

52. Study of functions for infinite ralnes of tlie variable. In order 
to study a function ./(«) for values of the variable for which the 
absolute value becomes infinite, we can put z = 1/a' and study the 
function /(I/2') in the neighborhood of the origin. But it is easy to 
avoid this auxiliary transformation. We shall suppose first that we 
can find a positive number R such that every finite value of e whose 
absolute value is greater than J( is an ordinary point for/{«). If we 
describe a circle C about the origin as center with a radius R, the 
function /(s) will be regular at every point z at a finite distance 
lying outside of C. We shall call the region of the plane exterior 
to C a neighborhood of the point at infinity. 

Let ua consider, together with the circle C, a concentric circle C' 
with a radius R' > Ji. The function /(a), being analytic in the 
circular ring hounded by C and C', is equal, by Laurent's theorem, 
to the sum of a aeries arranged according to integral positive and 
negative powers of s, 

(53) ■''^'^'S.'*-'"' 

the coefficients A_„ of this series are independent of the radius E', 
and, since this radius can be taken as large as we wish, it follows 
that the formula (53) is valid for the entire neighborhood of the point 
at infinity, that is, for the whole region exterior to C. We shall now 
distinguish several ca^es : 

1) When the development of /(a) contains only negative powers 
of*, 

(54) f{^)= A^ + A^- + A^\+ . . . + A„\ + . . ., 

the function f(z) approaches A^ when \z\ becomes infinite, and we 
say that the function /(«) is regular at the point at infinity, or, 
again, that the point at infinity is an ordinary point for fiz). If the 
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coefficients A^^, A^, • ••, A^_i are zero, but A^ is not zero, the point 
at infinite/ ia a zero of the mth order for /(a). 

2) When the development of /(«) contains a finite number of 
positive powers of «, 

(66) /(«)= B.«" + B«_,s— ' + ■ ■ ■ 

+ B^z + A^ + A^^ + A^^+ . . ., 

where the first coefficient B^ is not zero, we shall say that the point 
at infinity is a pole of the mth order for /(*), and the polynomial 

Bji" + h B,« is the principal part relative to that pole. When 

\x\ becomes infinite, the same thing is true of |/(s)|, whatever may 
be the manner in which z moves. 

3) Finally, when the development of /{«) contains an infinite 
number of positive powers of », the point at infinity is an essentially 
singular point for fix). The series formed by the positive powers of 
X represents an integral function G(z), which is the principal part 
in the neighborhood of the point at infinity. We see in particular 
that an integral transcendental function has the point at infinity as 
an essentially singular point. 

The preceding definitions were in a way necessitated by those 
which have already been adopted for a point at a finite distance. 
Indeed, if we put s s= 1/a', the function /(«) changes to a function of 
z', ^(z')=/(l/s'), and it is seen at once that we have only carried 
over to the point at infinity the terms adopted for the point s' = Q 
with respect to the function ^(s*). Reasoning by analogy, we might 
be tempted to call the coefficient A_^ of a, in the development (63), 
the residue, but this would be unfortunate. In order to preserve the 
characteristic property, we shall say that the residue with respect to 
the paint at infinity is the coefficient of 1/s with its sign changed, 
that is, — Ay This number is equal to 



2^ij-' 



f{z)dz, 



where the integral is taken in the positive sense along the boundary 
of the neighborhood of the point at infinity. But here, the neighbor- 
hood of the point at infinity being the part of the plane exterior to 
C, the corresponding positive sense is that opposite to the usual 
sense. Indeed, this integral reduces to 



1 r A,dx A, ^ ^ 
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and, when « describes the circle C in the desired sense, the angle of 
X diminishes by 2 ir, which gives — ^, as the value of the integral. 

It is essential to observe that it is entirely possible for a function 
to be regular at the point at infinity without its residue being zero; 
for example, the function 1 + 1/z has this property. 

If the point at infinity is a pole or a zero for /(a), we can write, 
in the neighborhood of that point, 

where /* is a positive or negative integer equal to the order of the 
function with its sign changed, and where i^(«) is a function which 
is regular at the point at infinity and which is not zero for « = oo. 
From the preceding equation we deduce 

where the function ^'(a)/<^(e) is regular at the point at infinity but 
has a development commencing with a term of the second or a higher 
degree in \/z. The residue oSf(z)//(z) is then equal to — /*, that 
is, to the order of the function /(«) at the point at infinity. The state- 
ment is the same as for a pole or a zero at a finite distance. 

Let/(2) be a single-valued analytic function having only a finite 
number of singular points. The convention which has just been 
made for the point at infinity enables us to state in a very simple 
form the following general theorem : 

The sum of the residues of the function f(x) in the entire plane, 
the point at infinity included, is zero. 

The demonstration is immediate. Describe with the origin as 
center a circle C containing all the singular points of /(s) (except 
the point at infinity). The Integral ff(x)dx, taken along this circle 
in the oi-dlnary sense, is equal to the product of 2 iri and the sum 
of the residues with respect to all the singular points of f(z) at a 
finite distance. On the other hand, the same integral, taken along 
the same circle in the opposite sense, is equal to the product of 2 iri 
and the residue relative to the point at infinity. The sum of the two 
integrals being zero, the same is true of the sum of the residues. 

Cauchy applied the term total residue (risidu integral) of a func- 
tion /(z) to the sum of the residues of that function for all the 
singular points at a finite distance. When there are only a finite 
number of singular points, we see that the total residue is equal to 
the residue relative to the point at infinity with its sign changed. 
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Example. Let p, •. 



where P(») and Q(«) are two polynomials, the first of degree p, tbe 
second of even degree 2 ?. If £ is a real number greater than the 
absolute value of any root of Q(»), the function is single-valued out- 
side of a circle C of radius R, Mid we can write 

where ^(e) is a function which is regular at infinity, and which is 
not zero for a = oo. The point at infinity is a pole for/(s) Up > q, 
and an ordinary point if p S q. The residue will certainly be zero 
if p is less than ^ ■— 1. 

rV. PERIODS OF DEFINITE INTEGRALS 

63. Polar periods. The study of line integrals revealed to us that 

such integrals possess periods under certain circumstances. Since 
every integral of a function /(«) of a complex variable « is a sum of 
line integrals, it is clear that these integrals also may have certain 
periods. Let us consider first an analytic function /{s) that has only 
a finite number of isolated singular points, poles, or essentially 
singular points, within a closed curve C. This case is absolutely 
analogous to the one which we studied for line integrals (I, § 1E3)| 
and the reasoning applies here without modification. Any path that 
can be drawn within the boundary C between the two points s^, Z 
of that region, and not passing through any of the singular points 
of /(«), is equivalent to one fixed path joining these two points, 
preceded by a succession of loops starting from z^ and surrounding 
one or more of the singular points o^, fflj, ■ • •, o, otf(x). JjetA^,A^, 
• • ■, A^he the corresponding residues of /(z); the integral ff(x)ds, 
taken along the loop surrounding the point a,, is equal to ± 2iriA^, 
and similarly for the others. The different values of the integi-al 
J//(a)d* are therefore included in the expression 



(66) I /(z)dg=F(Z)+2Ti(m,A^ + m^^+-.-+m,A,), 

where F(Z) is one of the values of that integral corresponding to 
the determined path, and m,, m^ ■ ■ ■ are arbitrary positive or nega- 
tive integers ; the periods are 

2 viA^, 2 wiA^ ■■; 2 Trt^,. 
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In most cases the points a,, a^, — , a, are poles, and the periods 
result from infinitely small circuits described about these poles; 
Tphence the term polar periods, which is ordinarily used to distin- 
guish them from periods of another kind mentioned later. 

Instead of a region of the plane interior to a closed curve, ve may 
consider a portion of the plane extending to infinity ; the function 
/{«) can then have an infinite number of poles, and the integral an 
infinite number of periods. If the residue with respect to a singu- 
lar point « of /(«) is zero, the corresponding period is zero and the 
point a is also a pole or an essentially singular point for the integral. 
But if the residue is not zero, the point a is a logarithmic critical 
point for the integral. If, for example, the point a is a pole of the 
»tth order toif(a), we hare in the neighborhood of that point 



aaid therefore 


:+(.-;;- 


— + ■■■ + - 


1 + 

2 


...+B,Log(« 
. + ..., 


-a) 




!)(.-»)- 
-«)+^.^ 



where (7 is a constant that depends on the lower limit of integration 
Kji and on the path followed by the variable in integration. 

When we apply these general considerations to rational functions, 
many well-known results are at once apparent. Thus, in order that 
the integral of a rational function may be itself a rational function, 
it is necessary that that integral shall not have any periods ; that is, 
all its residues must be zero. That condition is, moreover, sufficient. 
The definite integral «, , 

has a single critical point z = a, and the corresponding period is 
2iri; it is, then, in the integral calculus that the true origin of the 
multiple values of Log(« — a) is to be found, as we have already 
pointed out in detail in the case of j^dx/z (§31). 
Let us take, in the same way, the definite integral 



-«=i'rf: 



it has the two logarithmic critical points + i and — t, but it has only 
the single period it. If we limit ourselves te real values of the 
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variable, the different determinations of arc tan x appear as so many 
distinct functions of the variable x. We see, on the contrary, how 
Cauchy's work leads us to regard them as so many distinct branches 
of the same analytic function. 

Note. When there are more thfto three peritMls, the value of the definite 
integral at any point z may be entirely Indeterminate. Let us recall first the 
following result, taken from the theory of continued fractions ■ : Given a real 
irrational number a, we can always find two integers p and g, positive or nega- 
tive, such that we have \p + qa\ <; where t is an arhitrariiy preassigned 
podtive number. 

The numbers p and g having been selected in this way, let us aappose that 
the sequence of multiples of p + g<r is formed. Any real number A is equal to 
one of these multiples, or lies between two consecutive multiples. We can 
therefore find two integers m and n such that \m+ na — A] shell be leas than (, 

With this la mind, let us now consider the function 



m-- 



2mV -a^z-b^ z-c t-d/ 



where a, b, e, d are four distinct poles and a, p are real irrational numbeis. 
The integral f^/(z)dz has the four periods 1, a, i, ip. Let I(x) be the value of 
the integral taken along a particular path from Zg to t, and let M-^ Ni denote 
any complex number whatever. We can always find four integers m, n, m', n' 
such that the absolute value of the difference 

I(z) + m + na + i(m'+ n'p)- (Jlf + Wi) 
will be lees than any preassigned positive number «. We need only cboose 
these integers so that 

where 3f + JTi— 7{z) = J + Bi. Hence we can make the variable describes 
path joining the two points given in advance, z^, z, so that the value of the inte- 
gral //(z)d2 taken along this path differs as little as we wi^ from any pre- 
assigned number. Thus we see again the decisive influence of the path followed 
b; the variable on the final value of an analytic function. 

54. A study of the int^Tnl J^'<fe/ Vl — 2*. The integral calculus 
explains the multiple values of the function arc sin is in the simplest 
manner by the preceding method. They arise from the different 
determinations of the definite integral 



('') ^«-i"vfe 



according to the path followed by the variable. For definiteness we 
shall suppose that we start from the origin with the initial value -|- 1 

• A little Carther on a direct proof will be found <{ 66). 
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for the radical, and we shall indicate by / the value of the integral 
taken along a determined path (or direct path). For example, the 
path shall be along a straight line if the point s is not situated on 
the real axis or if it ties upon the real axis within the segment from 
— 1 to + 1 j but when « is real and \z\ > 1, we shall take for the 
direct path a path lying above the real axis. 

Jtow, the points «= + l, z=— 1 being the only critical points of 
Vl — z*, every path leading from the origin to the point « can be 
replaced by a succession of loops described about the two critical 
points + 1 and — 1, followed by the direct path. We are then led 
to study the value of the ^^ 

integral along a loop. Let ^_^ ^^ 

us consider, for example, /T^ *— j" . ^-<£3 ^T!^ 

the loop OamaO, described ~ -^ " 

about the point a = + l; »io-20 

this loop is composed of the segment Oa passing from the origin to 
the point 1 — i, of the circle ama of radius c described about a = 1 
as center, and of the segment aO. Hence the int«gi'al along the loop 
is equal to the sum of the integrals 

ds 



lyfe^r.; 



The integral along the small circle approaches zero with t, for the 
product (*~l)/(s) approaches zero. On the other hand, when s 
has described this small circle, the radical has changed sign and in 
the integra l along the segment aO the negative value should be 
taken for Vl — x*. The integra l along the loop is therefore equal to 
the limit of 2j^^~'dx/Vl — x* as t approaches zero, that is, to w. 
It should be observed that the value of this integral does not depend 
on the sense in which the loop is described, but we return to the 
origin with the value — 1 for the radical. 

If we were to describe the same loop around the point a= + l 
with — 1 as the initial value of the radical, the value of the integral 
along the loop would be equal to — tt, and we should return to the 
origin with + 1 as the value of the radical. In the same way it is 
seen that a loop described around the critical point « = — 1 gives 

— V or + w toT the integral, according as the initial value + 1 or 

— 1 is taken for the radical on starting from the origin. 

If we let the variable describe two loops in succession, we return 
to the origin with + 1 for the final value of the radical, and the 
value of the integral taken along these two loops will be + 2 tt, 0, or 
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~ 2 TT, according to the order in which these two loops are described. 
An eveu number of loops will give, then, 2 mw for the value of the 
integral, and will bring back the radical to its initial value + 1. 
Anodd number of loops will give, on the contrary, the value (2 m + 1) w 
to the integral, and the final value of the radical at the origin will 
be — 1. It follows from this that the value of the integral F(x) will 
be one of the two forms 

/ + 2m7r, (2m. + r)ir-I, 

according as the path described by the variable can be replaced b; 
the direct path preceded by an even number or by an odd nimiher 
of loops. 

55. Periods of hyperelliptic integrals. We can study, in a similar 
manner, the different values of the definite integral 



(68) 

where P(«) and J( (a) are two polynomials, of which the second, R(z}, 
of degree n, vanishes for n distinct values of z : 

We shall suppose that the point 2, is distinct from the points e„ e,, 
■ ■ -, e, ; then the equation u^ = R (z^ has two distinct roots + «„ and 
— M„. We shall select m„ for the initial value of the radical R (s). If 
we let the variable z describe a path of any form whatever not pass- 
ing throu gh an y of the critical points e„ e,, ■ ■ ■, «„ the value of the 
radical Vir(z) at each point of the path will be determined by con- 
tinuity. Let us suppose that from each of the points e^ e^, ■ ■ ■, e, 
we make an infinite cut in the plane in such a way that these cuts do 
not cross each other. The integral, taken from z^ up to any point z 
along a path that does not cross any of these cuts (which we shall 
call a direct path), has a completely determined value /{a) for each 
point of the plane. We have now to study the influence of a loop, 
described from s, around any one of the critical points e„ on the 
value of the integral. Let 2£, be the value of the integral taken 
'■ """ a closed curve that starts from a^ and incloses the single criti- 
int Cj, the initial value of the radical being u^. The value of 
itegral does not depend on the sense in which the curve is 
bed, but only on the initial value of the radical at the point a^. 
t, let us call 2 E'f the value of the integral taken along the same 



sdbvGoo^^lc 



11.555] 



PERIODS OF DEFINITE INTEGRALS 



117 



curve in the opposite sense, with the same initial value w, of the 
radical. If we let the variable « describe the curve twice in succes- 
sion and in the opposite senses, it is clear that the sum of the inte- 
grals obtained is zero ; but the value of the integral for the first turn 
is 2 £,-, and we return to the point z^ with tlie value — tt^ for the radi- 
cal. The integral aloi^ the curve described in the opposite sense is 
then equal to — 2 EJ, and consequently i'j = £,-. The closed curve 
considered may be reduced to a loop formed by the straight line z^a, 
the circle c, of infinitesimal radius about e^, and the straight line az^ 
(Fig. 21) ; the integ ral along c^ is infinitesimal, since the product 
(s — ej)P(«)/Vfi(«) approaches zero with the absolute value of* — e,. 
If we add together the integrals 
along e^a and along az^ we find 







where the integral is taken along 
the straight line and the initial 
value of the radical is u^. 

This being the case, the inte- 
gral taJcen along a path which 
reduces to a succession of two 
loops described about the points 
e«, eg is equal to 2 £„ — 2 Ep, 
for we return after the first loop Fio. 21 

to the point z^ with the valne 

— u^ for the radical, and the integral along the second loop is equal 
to —2 Eg. After having described this new loop we return to the 
point «u with the original initial value m,,. If the path described by 
the variable z can be reduced to an even number of loops described 
about the points e^, e^, e^, e^, ■ ■ ■, e„ e^ successively, followed by the 
direct path from z^ to «, where the indices a, ff, ■ ■ ■, k, X are taken 
from among the numbers 1, 2, — , n, the value of the integral along 
the path is, by what precedes, 

F(z) = I-\-2(E. - £p)+ 2(E^ _£,)+... + 2(£. - E^. 

If, on the contrary, the path followed by the variable can be reduced 
to an odd number of loops described successively around the critical 
points e„ e^, ■ ■ ■ , e„ e,, e^, the value of the integral is 

F(x)=2(E„- Eg)-\ + 2{E. — E^)+2E^ -I. 
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Hence the integral under consideration has as periods all the espres- 
sions 2 (E, — £»), but all these periods reduce to (n — 1) of them : 

o., = 2(E,-E,), o., = 2(E,-£,), -.-, •B,_, = 2(E,_,-£.), 
for it is clear that we can write 

2(Ei - E»)= 2(E,- - £.)- 2(£» -E,) = ^- »,. 

Since, on the other hand, 2 E^ = m^ + 2 £,, we see that all tlie values 
of tlie definite integral F(ii) at the point z are given by the two 
expressions 

F{z)= I + m,», + ■ ■ ■ + m—i",.,, 
fIz)=2 E, - 7+ m,o,, + . . . + m._i",_„ 
where wi^, m^, ■ ■ -, m._, are arbitrary integers. 

This result gives rise to a certain number of important observa- 
tions. It is ahnost self-evident that the periods must be independent 
of -the point «„ chosen for the starting point, and it is easy to verify 
this. Consider, for example, the period 2 E( — 2 Ej ; this period is 
equal to the value of the integral taken along a closed curve r pass- 
ing through the point z^ and containing only the two critical points 
e„ ej. If, for definiteness, we suppose that there are no other critical 
points in the interior of the triangle whose vertices are «„, e,-, e^, this 
closed curve can be replaced by the boundary Wno'cmh (Fig. 21) ; 
whence, making the radii of the two small circles approach zero, we 
see that the period is equal to twice the integral 

r'''P(z)dz 

taken along the straight line joining the two critical points Cf, e^. 

It may happen that the (n — 1) periods tu,, Uj, ■ ■ -, tu„_, are not 
independent. Tins occurs whenever the polynomial R(s) is of even 
degree, provided that the degree ofP^s) is less than n/2 — 1. With 
the point z^ as center let us draw a circle C with a radios so large 
that the circle contains all the critical points ; and for simplicity let 
us suppose that the critical points have been numbered from 1 to n 
in the order in which they are encountered by a radius veotot as it 
turns about «, in the positive sense. 

The integral „ , , , 

J v^' 

ta^en along the closed boundary x^A ^fAz^, formed by the radius z^A, 
by the circle C, and by the radius Az^^ described in the negative sense, 
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is zero. The integrals along x^A and along Ax^ cancel, for the circlo 
C contains an even number of critical points, and after having 
described this circle ve return to the point A with the same value 
of the radical. On the other hand, the integral along C appro aches 
zero as the radius becomes infinite, since the product «P(«)/Vii(*) 
approaches zero by the hypothesis made on the degree of the poly- 
nomial P(«). Since the value of this integral does not depend on the 
radius of C, it follows that that value must be zera 

Now the boundary x^AMAk^ considered above can be replaced by 
a succession of loops described around the critical points e^, «,,■■-,«. 
in the order of these indices. Hence we have the relation 

2£i-2E, + 2B, -2£^H + 2E,., - 2£, = 0, 

which can be written in the fprm 

<o,— <9, + »^ — o>^+ ■ ■ ■ -J-«,_i = 0; 
and we see that the n — 1 periods of the integral reduce to » — 2 
periods u,, u,, — , <"■ _ j. 

Consider noir the more general form of Integral 



^'""X 



<i(r)V55) 



where P, Q, fi are three polynomials of which the last, R((), has only simple 
roots. Among the toots of Q(x) there may be some that beloDg to K(i); let a,, 
a%, ■■•, a, be the roots of Q(x) which do not cause R(€) to vanish. The Integral 
F{?) has, as above, the periods 3 (E( — i:j), where 2 E,- denotes always the Inte- 
gral taken along a closed curve starting from z^ and Inclosing none of the roots 
of either of the polfnomialB Q(z) and R(z) except Gf. But f (z) has also a cer- 
tain number of polar periods arising from the loops described about the poles 
I'll iXti •"iCc,. The total number of these periods Is again diminished by unity 
if £(x) is of even degree n, aod If 

p<! + 5-i, 

where -p and 9 are the degrees of the polynomials P and Q respectively. 

^xompte. Let £(2) be a polynomial of the fourth degrae having a multiple 
root. Let us find the number of periods of the integral 






If Hf«) has a double raot t^ ftnd two simple roots e,, (^, the Ihtegnl 

r(s). r " 



,db,GoOglc 



120 THE GENERAL CAUCHY THEORY [n, § 56 

has the period 2Ej— 2f,, and nlso a polar period arising from a loop around 
the pole ej. B; the remark made just above, these two periods are equal. If 
R{t) has two double roots, it is seen immediately that the integral has a single 
polar period. 

If R (;) has a triple root, the Integral 



F(z)= f— 



e,)V<i -«,)<«-«,) 



has the period 2 £, — 2E^, but, b; the general remark made above, that period 
is zero. The same thing is true if R(z) has a quadruple root. In r^sum^ we 
have ; If E{z) has oneoTtvioil(iu^TW>ta,lheirUegrathaa a period; if B{z) has a 
triple OT quadruple root, the integrid does not have periods. All these results are 
easily verified by direct integration. 

56. Periods of elUptic Integrals of the first kind. The elliptic integral 
of tlie first kind, 

where fi («) is a polynomial of the third or the fonrth degree, prime to 
its derivative, has two periods by the preceding general theory. We 
shall now show that the ratio of these two periods is. not real. 

We can suppose without loss of generality that R(z) is of the 
third degree. Indeed, if S^ («) is a polynomial of the fourth degree, 
and if a is a root of this polynomial, we may write (I, § 105, note, 
2d ed. ; § 110, Ist ed.) 

/_ dz _ r_ dy 

where s = a + 1/y and where R{i/) is a polynomial of the third 
degree. It is evident that the two integrals have the same periods. 
If R (z) is of the third degree, we may suppose that it has the roots 
and 1, for we need only make a linear substitution z = a + fy to 
reduce any other case to this one. Hence the proof reduces to 
showing that the integral 

where a is different from zero and from unity, has two periods whose 
ratio is not real. 

If (I is real, the property is evident. Thus, if a is greater than 
unity, for example, the integral has the two periods 

2 r "" 2 r ''' 

J. VKl-«)(.-«) J. V,(l-^)(e-;,) 
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of which the first is real, while the second is a pure imaginary. 
Moreover, none of these periods can he zero. 

Suppose now that a is complex, and, for example, that the coeffi- 
cient of i in a is positive. We can again take for one of the periods 



0=2 C- 



dz 



V;.(l--s)(«-*) 

We shall apply Weierstrass's formul a (§ 27) to this integral. When 
* varies from to 1, the f actor 1/Vz(l — a) remains positive, and 
the point representing 1/Vo — s deacrihes a curve L whose general 
nature is easily determined. Let A 
be the point representing a ; when 
« varies from to 1, the point a — z 
desciibea the segment AB parallel 
to Ox and of unit length (Fig. 22). 
Let Op and Oj he the bisectors of 
the angles which the straight lines 
OA and OB make with Ox, and let 
Op' and Oq' be strMght lines sym- 
metrical to them with respect to Ox. 
If we select that determination of 
Va — a whose angle lie s betw een 
O and 7r/2, the point Va — a de- 
scribes an BJCa0 from a point ti on Op to a point j8 
point 1/ Va — a describes an arc a'^' from a point a 
jS* of Oq'. It follows that Weierstrass's formula gives 





V 




B 




■* j» 


r 




^■■^ 


\ 


I 


/P^.-P 


t» 


\ 


■■/. ' 




/ 

a 


K.- 



Oq ; hence the 
Op' to a point 



"■-'^■f 



v^r^ 



where Z^ is the complex ntmiber corresponding to a point situated in 
the interior of every convex closed curve containing the arc a'/J'. It 
is clear that this point Z^ is situated in the a.ng\e p'Oq', and that it 
cannot be the origin ; hence the angle of Z^ lies between — irj2 and 0. 
We can take for the second period 



O. 



1 



rfa 



Va(l-a)(a-a)" 



^r 



& 



-^.(l-.)(a-z) 



J, V((l-()(l-ol) 
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In order to apply Weieretrasa'a formula to this integral, let ua notice 
that as t increases from to 1 the point at describes the segment 
OA and the point 1 — at describes the equal and parallel segment 
from a = 1 to the point C. Choosing suitably the value of the 
radical, we see, aa before, that we may write 

O, = 2 Z, f '-pJL= = 2 7rZ„ 

where Zj is a complex number different from zero wkoae angle lies 
between and w/2. The ratift of the two periods n^/O, or Z,/Z, is 
therefore not a real number. 



1. Develop the function 

, - 1(. +^?3T)- + 1(, _ V5i^r 

in powers at x, m being any number. 

Find the radius of the circle of convergence. 

2. Find the different developments of the function l/[(£' + !)(£ — 2)] in pod- 
tive or negative powers of «, according to the position of the point « in the plane. 

3. Calculate the definite integral j'c*Log[(2 + !)/(« — !)](!; taken along a 
circle of radius 2 about the origin as center, the initial value of the logarithm at 
the point z = 2 being taken as real. 

Calculate the definite integnd 



h 



taken over the same boundaiy. 

4. Let/(«) be an analytic function in the interior of a closed curve C con- 
taining the origin. Calculate the definite integral ^^(,^'(z)XlOgzdi, taken along 
the curve C, starting with an initial value z^. 

6. Derive the relation 

X"^' dt _ 1.8.5---(an-l) 
(1 + P)»-H~ 2.4.fl---2n 

and deduce from it the definite integrals 

X*~ dt r*" d[ 

^ [((-a)» + ^]'. + l' J__ (4(' + 2B(+0-+'' 

6. Calculate the following definite integrals by means of the theory of residues : 

X** rintwedn! , ^ , , 

— -T —, m and a being real, 

a being real, 



X. '+^ 
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dx, a and 6 being real and posltiTe. 

{To evaluate the last integral, integrate th« function (e^ — ^)/z* along the 
boundary indicated by Fig. 17.) 

7. The definite integral f^'d,^/[A + C — {A — C) oon ii] 'a equal, when It 
baa any finite value, to rv/VAC, wher e « i s equal to ± 1 and is chosen In 
such a way that the coefficient of i in ri VAC /A is positive. 

8. Let F (j) and G («) be two analytic f unctiona, and ; = a a double root of 
(?(z) = that 1b not a root of F{z). Show that the corresponding residue of 
f(i}/G(i}isequalto 

ffg) P"(n) - 2 F(a) G'"(a) 
3[G--(a)]» 
In a rimllar manner show that the residue of F{t)/[0(xy\' for a dmide root 
a of GU) = is equal to 

F'^a)G■{<l)-F^a)G"(a) 

[G'<«)]' 

9. Derive the formula 



r 



the Integral being taken along the real axis with the positive value of the 
radical, and a being a complex number or a real number whose absolu te valu e 
is greater than unity. Determine the value that should ho taken for Vl — a'. 

10. Consider the integrals _/J^,dt/Vl + «», JIj,/(z/Vi + z», where S and S, 
denote two boundaries formed as follows : The boundary S is composed of a 
stnUght-line sejnnont OA on Oz (which is made to expand indefinitely), of the 
circle of radius OA about as center, and finally of the straight line AO. The 
boundary S, is the succession of three loops which inclose the points a, 6, e 
which represent the roots of the equation j:* + 1 — 0. 

Establish the relation that exists between the two integrals 
(to 
vT+T" 
which arise in the course of tlie preceding consideration. 

11. By integrating the function e-'* along the boundary of the rectangle 
formed by the straight lines y = 0, v = 6, z = + A, x = — R, and then making 
R become Infinite, establish the relation 



c 



'e-*'coa26a;d3;=-Ae-*'. 
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12. IntegTAU the fonction e-i"-!, where n ib kaI uid pocitiTe, ftlong a 
boundary formed by a radius OA placed along Qc, by an arc of a circle AB of 
ndliu OA about as center, and by a radios fiO Bach that the angle a = AOB 
Ilea between and */2. Making OA become Infinite, deduce from the preced- 
ing the Talnee of the definite tntegnlH 



/; 



iftudu, I w"-'e-"Bin6u(Ju, 




where a and b are real and positive. The resalts obtained are valid for a = w/2, 
provided that we bare n < 1. 

13. Let m, m', n be poaitive inUgera (in< n, m' < n). Establish the formula 



14. Deduce from the preceding result Euier's formula 

■+- tf-dt I 

1+f"' 



r 



2nBin|- 



15. If the real part of a Is positive and less than unity, we have 
1 + c ~ rin air 



x: 



(This can be deduced from the fonnula <S0) (§ 47) or by integrating the 
function «"■/(! + ^) along the boundary of the rectangle formed by the straight 
lines V = 0, V = 2ir, as =4- if, x=— it, and then making R become infinite.) 

16. Derive In the same way the relation 



r 



l-ff: 



-dx = V (ctn air — ctn 6»), 



where the real parts of a and b are po^tive and less than unity. 

(Take for the path of integration the rectangle formed by the straight lines 
y = 0, V = «■, X = R, * =— fi, and make use of the preceding exercise.) 

17. From the formula 



r a + i)- .._„_. n(n-l)---(n-t + l) 



, ^*.--^=- 



whore n and I; are positive Integers, and C is a circle having the origin as 
center, deduce the relations 

/;(2coe»)-^*cos(n-t)udu = ><"-^^)t"+^f ■■'"+*>, 

' ■^"'^^ 1.3.0--(2n-l) 



/: 



<Put « = «»*■, then cos u = z, and replace n by n -f 1:, and fc by n.) 
18*. The definite integml 



= r — - 
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when it has a finite value, is equal to ± »/Vl — 2ax + a\ where the sign 
depeods upon the relative positions of the two pointe a and x. Deduce from 
this the expression, due to Jacobi, for the nth Legendre's polynomial. 



-■'lf> 



3S*)"d*. 



19. Study in the some waj the definite integral 



I- 



and deduce from the result Lapiac 



=1 r ^*' 

'Jo (x+Vx»-lC08*>+l' 



where < = ± 1, according aa the real part of x is poritive or ne, 
20*. Establish the last result b; integrating the function 



idong a circle about the origin as center, whose radlua is made to become infinite. 
21*. Gansi'B luma. Let T, = e^ ■''''•, where n and a are integers; and let 
5, denote the sum T, + T, + 1- r,_i . Derive the formula 

(i+w±i^v:. 

2 
(Apply the theorem on residues to the fonction *(z) = e'"'''^/{e"'' — 1), taking 
for the Iwundary of integration the «des of the rectangle formed by the stn^ght 
lines * = 0,x = n,y=+R,y=—R, and inserting two Hemicircumferences of 
radius e about the points z = 0, i = n as centers, in order to avoid the poles 
a = and z = n of the function ^ (z) ; then let R become infinite.) 

22. Let/(z) be an analytic function in the interior of a closed curve V con- 
taining the points o, 6, c, • ■ . , i. If a-, j3, ■ ■ ■ , X are positive integers, show that 
the sum of the residues of the function 





*w 


_/b) 


m 


■feT 


-f^ 


^T 






with respect 


to the pol( 


a ., S, , 


!,.--, iie 




degree 


aatisfying the relations 


" 


+ ?+•■ 


■ + X-1 












=/w. 


J- (a). 

r-m. 


-fit). 








= /(»■ 





(Make use of the relation F{x)=f{x) + [Jfy^<Kz)dz'\/2vi.) 

23*. Let /(s) be an analytic function in the interior of a circle C with center 
o. On the other hand, let a,, a,, ■■-, On, ■■■be an infinite sequence of points 
within the circle C, the point a, having the center a for limit as n becomes in- 
finite. For every point z within C there exists a development of the form 

/»=/(.,)+ ■•■+(.-.,)fe-s)---('-»-i)2^+--. 
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f;(*) = (*-a,)(*-a,>...(a-o,). 
[Laubknt, Journal de matMmaliqve$, 6th series, Vol. VIII, p. 326.] 
(Make use of the following fomrnla, which Is easily verified, 

(j;-ai)---(B-a,„i) 1 (a-g,) •■■ (a- a,) 

'^(t-<i,)---(z-a,-t)(z-a.) z-i(z-a,)...(!-o.)' 
and follow the method used in establishing Taylor's fonnula.) 

24. Let !„ = a + M he a root of the equation /(«) =s X + K = of muiti- 
plicitj n, where the fuuctjon f{z) Is analytic in its neighhorhood. The point 
x=a, y = 6 is a multiple point of order n for each of the two curves X = 0, 
Y — 0. The tangents at this point to each of these curves form a set of lines 
equally inclined to each other, and each ray of the one bisects the angle betweeo 
the two adjacent rays of the other. 

26. Let/(*) = X + Yi = A^" + .4,2"-' + ■ ■ ■ + J« be a polynomial of the 
mth degree whose coefficients are numbers of any kind. All the asymptotes of 
the two ourres Jr = 0, F=0 pass through the point —Aj/mA^ and are 
arranged like the tangents in the preceding exercise. 

26*. Bnniian's seiies. Given two functions /(x), F(x) of a variable x. 
Barman's formula gives the development of one of them in powers of the other. 
To make the problem more definite, let us take a simple root a of the equation 
F{x) = 0, and let us suppose that the two functions /(z) and F(x) are analytic 
in the neighborhood of the point a. In this neighborhood we have 



the'function <p(x) being regular for i = a if a is a wmple root of F{z) = 0, 
Representing F{x) by y, the preceding relation is equivalent to 

X-a-y.p{i) = n, 
and we are led to develop /(z) in powers of y (Lagrange's formula). 

27*. Seplei's equation. The equation z — a— esinz = 0, where a and e are 
two po«tive numbers, a or, e < 1, has one real root lying between and ir, 
and two roots whose real parts lie l>etween mir and (m + l)x, where m is any 
positive even integer or any ne^'ative mid integer. If m is positive and odd, 
or negative and even, there arc no roots whose real parts lie between mv and 
(m+l))r. 

[Bhiot et Bouquet, TfUorie desfoncticns eUiptiquea, 2d ed., p. 199.] 

(Study the curve described by the point u = z— a— e sinz when the vari- 
able z describes the four sides of the rectangle formed by the straight lines 
X = var, a: = (m + l)ir, V = + R, y = — fi, where R is very large.) 

28*. For very large values of n the two roots of the preceding exercise 
whose real parts lie between 2m«-and (2m + l)ir are approximately equal to 
8mjr + 5r/2 ± i[los(2/e) + log(2mir + ir/2)]. 

[GouBiBR, Annaks de VScoie Normale, 2d series, Vol. VII, p. 73.] 
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CHAPTER in 
SnrGLB-TALUBD ANALTHC FUITCTIONS 

The firat part of this chapter ia devoted to the demonstration of 
;he general theorems of Weieratraas' and of Mittag-LefBer on inte- 
gral functions and on aingle-valued analytic fimctiona with an 
infinite number ot singular points. We shall then make an applica- 
ion of them to elliptic functions. 

Since it aeemed iinposaible to develop the theory of elliptic func- 
ions with any degree of cqmpletenesB in a small number of pages, 
:he treatment is limited to a general discussion of the fundamental 
principlea, ao as to give the reader some idea of the importance of 
these functions. For those who wish to make a thorough study of 
elliptic functions and their applications a simple course in Mathe- 
matical Analysis would never suffice ; they will always be compelled 
to turn to special treatises. 

I. WEIERSTRASS'S PRIMARY FUNCTIONS. MITTAG-LEFFLER*S 
THEOREM 

67. Ezpieeslon of an integral function as a product of primary 
functions. Every polynomial of the mth degree is equal to the prod- 
uct of a constant and m equal or unequal factors of the form x — a, 
and this decomposition displays the roots of the polynomial. Euler 
was the first to obtain for sin e an analogous development in an 
infinite product, but the factors of that product, as we shall see far- 
ther on, are of the second degree in x. Cauchy had noticed that we 
are led in certain cases to adjoin a suitable exponential factor to 
each of the binomial factors such aa x — a. But Weierstrass was 
the first to treat the question with complete generality by showing 
that every integral function having an infinite number of roots can 
be expressed as the product of an infinite number of factors, each 
of which vanishes for only a single value of the variable. 

■ The theoreiDB of Weierstrass which bk to be presented here were first publiahed 
in a paper entitled Zur Tkeorie der eindeutigen analyfucAcn Fvitclionen (Bert. 
Abhan^ungen, 1876, p. 11 - Werke, Vol. JI, p. 77). Picard gave a translation of this 
paper Id the Annalts de VEcoh NormaU luperteure {1879} . The collected researches 
of Hlttsg-Leffler are to be found in a memoir Id the Acta mathemaiica. Vol. II. 
127 
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We already know one integral function whicli does not vanish for 
any value of z, that is, e*. The same thing is true of «"'>, where g{>:) 
is a polynomial or an integral transcendental function. Conversely, 
every integral function which does not vanish for any value of » is 
expressible in that form. In fact, if the integral function G(«) does 
not vanish for any value of z, every point 2 = a is an ordinary point 
for G'(z)/G(e), which is therefore another integral function ff,(«) ; 

Integrating both sides between the limits x^, e, we find 



imn 



^8h^r ?.«''»-!'«-»(«.). 



where ^(e) is a new integral function of z, and we have 

The right-hand side is precisely in the desired form. 

If an integral function G («) has only n roots a,, a,, ■ - ■ , ««, distinct 
or not, the function G(z) is evidently of the form 

Let us consider now the case where the equation (?(«)= has an 
infinite number of roots. Since there can be only a finite number of 
roots whose absolute values are less than or equal to any given num- 
ber R (§ 41), if we arrange these roots in such a way that their 
absolute values never diminish as we proceed, each of these roots 
appears in a definite position in the sequence 

(1) «„•„•••, «.,•.,!,■•■, 

where |«„I ^ Km-ili ^^^ where |a,| becomes infinite with the index n. 
We shall suppose that each root appears in this series as often as is 
required by its degree of multiplicity, and that the root s = is 
omitted from it if (?(0)= 0. We shall first show how to construct 
an integral function <i,(s) that has as its roots the numbers in the 
sequence (1) and no others. 

The product (1 — z/a,)e°''*", where Q„(«) denotes a polynomial, is 
an integral function Vhich does not vanish except for z = a,. We 
shall take for Qy(sc) a polynomial of degree v determined in the fol- 
lowing manner : write the preceding product in the form 
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and replace Log (1 — «/«,) by its expansion in a power series ; then 
the development of the exponent will commence witii a term of 
degree v + 1, provided we take 

Q,(«) = ~ + ^ + ...+-2l. 

The integer v is still undetermined. We shall show that this number f 
can be chosen as a function of n in such a way that the infinite product 

(2) |j(l_i)e<..... 

will be absolutely and uniformly convergent in every circle C of 
radius R about the origin as center, however large R may be. The 
radius R having been chosen, let a be a positive number less than 
unity. Let ns consider separately, in the product (2), those factors 
corresponding to the roots d, whose absolute values do not exceed 
R/a. If there are q roots satisfying this condition, the product of 
these q factors 

^.w=n(i-t)'"-"' 

evidently represents an integral function of z. Consider now the 
product of the factors beginning with the (q + l)th : 

If z remains in the interior of the circle with the radius R, we 
have I a I S R ; and since we have |(i, | > R/a when n>q, it follows 
that we also have \z\ <a\a„\. A factor of this product can then be 
written, from the manner in which we have taken Q„(«), 



i-f . 



.,_ -5i,(i)'"-i45©'*' 



if we denote this factor by 1 + m„ we have 

..=,-^.(i)-"-A0'"--_i. 

Hence the proof reduces to showing that by a suitable choice of the 
number v the series whose general term is J7, = | m„ [ is uniformly 
convergent in the circle of radius R(l, § 176, 2d ed.). In general, 
if m is any real or complex number, we have 

|e-_l[^ei-i_l. 
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We have then, a fortiori, 

or, noticing that |z|<a|a,|, Then \z\ is less than R, 

Bat if a; is a real positive Dambet, e* — 1 is less than ate'; hence 
we have . , 

^"-M^kl r^*""°* '"'-r+iy r^' 

In order that the series whose general term is U^ shall be nni- 
formly convergent in the circle with the radius R, it is aufflcieot 
that the series whose general term is |*/a,|'+' converge nniformly 
in the same circle. If there exists an integer p such that the series 
5]l/a,|' converges, we need only take v = ^~ 1. If there exists no 
integer p that has this property,* it is sufficient to take v = n — 1. 
For the series whose general term is !«/",]' is uniformly convergent 
in the circle of radius K, since its terms are smaller than those of 
the series 2|R/a.|", and the nth root of the general term of this last 
aeries, or |R/a,|, approaches zero as n increases indefinitelj.t 

Therefore we can always choose the integer v bo that the infinite 
product Fj(z) will be absolutely and uniformly convergent in the 
circle of radius R. Such a product can be replaced by the sum of a 
uniformly convergent series (§ 176, 2d ed.) whose terms are all 
analytic. Hence the product Fj(z) is itself an analytic function 
within this circle (§ 39). Multiplying Fj(z) by the product -F,(«), 
which contains only a finite number of analytic factors, we see that 
the infinite product 

(3) o,W=n(i-|;)««'"' 

is itself absolutely and uniformly convergent in the interior of the 
circle C with the radius R, and represents an analytic function within 
this circle. Since the radius R can be chosen arbitrarily, and since 

• For example, let a>>1ogii(n^2). The series whose general term is (log")-!' 
U divergent, whatever may be the positive DumbeT p, lor the sum ot the flnt (n - 1) 
terms is greater than <r - l)/(log n)P, an eipresaiou which becomes infinite with n. 

t Borel has pointed out tliat it is auflicieDt to take tor r a number such that r+ 1 
shall be greater tbnn logn. In fact, the series S| R/onl'"*' U coovei^nt, tor the 
general term can be written etot.io»iJiM.|_„io,|j(/im. ^fter a sufficiently large 
value of n, \aa\/R will be greater than e*, and the general term less than l/n*. 



sdbvGoo^^lc 



m.SOT] PRIMARY FUNCTIONS 131 

F does not depend on R, thia product is an integral function G,(«) 
which has as its roots precisely all the various numbers of the 
sequence (1) and no others. 

If the integral function G^z) has also the point « s= as a root of 
the ptii order, the quotient 



is an analytic function which has neither poles nor zeros in the 
whole plane. Hence this quotient is an integi-al function of the form 
e"", where g(z) is a polynomial or an integral ti'anscendental func- 
tion, and we have the following expression for the function G(z): 



(*) 



G(2)= e"*>*pn(l - j)e*''"*. 



The integral function g(z) can in its turn be replaced in an infinite 
variety of ways by the sum of a uniformly convergent series of 
polynomials 

s'(^) = ?i W + y.C^ + ■ ■ ■ + ?,(«) + • ■ > 

and the preceding formula can be written again 

(?(,)= ^n(i-f_)»''''"*'-°'- 

The factors of this product, ea«h of which vanishes only for tme 
value of z, are called primary functions. 

Since the product (4) is absolutely convergent, we can arrange the 
primary functions in an arbitrary order or group them together in 
any way that we please. In this product the polynomials Q,{z) 
depend only on the roots themselves when we have once made a 
choice of the law which determines the number v as a function of n. 
But the exponential factor e"'* cannot be determined if we know 
only the roots of the function G(z). Take, for example, the function 
sin TTS, which has all the positive and negative integers for simple 
roots. In this case the aeries S'|l/<i„l^ is convergent; hence we can 
take V = 1, and the function 

eW-"n'(i-i)<'. 

where the accent placed to the right of n means that we are not to 
give the value zero* to the index n, has the same roots as sin in. 
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We have then sinirz = e'<">G(^), but the reasoning does not tell us 
anything about the factor e"'"'. We shall show later that this factor 
reduces to the number nr. 

58. The cUbb of «D integral' function. Given an infinite sequence 
ftj, ftj, -•-,«„,■■ ■, where |a,| becomes infinite with n, we have just 
seen how to construct an infinite number of integral functions that 
have all the terma of that sequence for zeros and no others. When 
there exists an integer p such that the series 2|a«[~' is convergent, 
we can take all the polynomials Q„ (a) of degree p — 1. 

Given an integral function of the form 

where P («) is a polynomial of degree not higher than p — 1, the 
number j> — 1 is said to be the class of that function. Thus, the 
function 



n{-l) 



is of class zero ; the function (sin 'irz)jir mentioned above is of class 
one. The study of the class of an integral function has given rise in 
recent years to a large number of investigations.* 

59. Single-ralued analytic functions with a finite number of singular 
points. When a single-valued analytic function F(x) has only a 
finite number of singular points in the whole plane, these singular 
points are necessarily isolated ; hence they are poles or isolated 
essentially singular points. The point z = oo is itself an ordinary 
point or an isolated singular point (§ 52). Conversely, if a single 
valued wacdytic fuju:tion has only isolated singular points in the entire 
plane (including the point at infinity'), there can be only a finite 
nUTnier of them. In fact, the point at infinity is an ordinary point 
for the function or an isolated singular point. In either case we can 
describe a circle C with a radius so large that the function will have 
no other singular point outside this circle than the point at infinity 
itself. Within the circle C the function can have only a finite number 
of singular points, for if it had an infinite number of them there 
would be at least one limit point (§ 41), and this limit point would 
not be an isolated singular point. Thus a single-valued analytic 

;» fonctiojts eittier 
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function which has only poles has necessarily only a finite number 
o/thent, for a pole ia an isolated amgular point. 

Every single-valued analytic function which is regular for every 
finite value of z, and for x = ix,is a constant. In fact, if the func- 
tion were not a constant, since it is reg^ilar for every finite value of 
K, it would be a polynomial or an integral function, and the point at 
infinity would be a pole or an essentially singular point. 

Now let F{z) be a single-valued analytic function with n distinct 
singular points a,, a^, ■ ■ -, a, in the finite portion of the plane, and 
let G,[l/(st — Oj)] be the principal part of the development of F(e) 
ia the neighborhood of the point a, ; then G, is a polynomial or an 
integral transcendental function in l/(s — a^). In either case this 
principal part is regular for every value of z (including « = oo) 
except * = af. Similarly, let P(s) be the principal part of the devel- 
opment of F(z) in the neighborhood of the point at infinity. P(s) 
is zero if the point at infinity is an ordinary point for F(x). The 



2)-F(»)-PW-|je,(^ 



is evidently regular for every value of x including « = oo ; it is there- 
fore a. constant C, and we have the equality* 



(5) f(^) = f(,)+JjG,(^)+C 



which shows that the function F(z) ia completely determined, except 
for au additive constant, when the principal part in the neighbor- 
hood of each of the singular points is known. These principal parts, 
a^ well as the singular points, may be assigned arbitrarily. 

When all the singular points are poles, the principal parts G, are 
polynomials; P(z) is also a polynomial, if it is not zero, and the 
right-hand side of (5) reduces to a rational fraction. Since, on the 
other hand, a single-valued analjrtic function which has only poles 
for its singular points can have only a finite number of them, we 
conclude from this that a single-valued ajtalytic function, all of whose 
singular points are poles, is a rational fraction. 

' We might obtfdii the same fonnula by equating to zero the sum of the residues 
o( the [unction 

wheie z and z„ ore conalderod ns conatants and x as the variable (see J 62). 
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60. Slngle-Tolued analytic functions with an infinite nnmber of aingn- 
lar points. If a single-valued analytic function has an infinite num- 
ber of singular points in a finite region, it must have at least one 
limit point within or on the boundary of the region. For example, 
the function l/sin(l/2) has as poles all the roots of the equation 
Bin(l/*)= 0, that is, all the points * = I/Att, where A is any integer 
whatever. The origin is a limit point of these poles. Similarly, the 
function i 



Isin- 



has for singular points all the roots of the equation sin (l/«) = l/ikir), 
among which are all the points 



2 k'tr + arc i 



it) 



where k and k' are two arbitrary integera. All the points 1/(2 ftV) 
are limit points, for if, k' remaining fixed, k increases indefinitely, 
the preceding expression has 1/(2AV) for its limit. It would be 
easy to construct more and more complicated examples of the same 
kind by increasing the number of ain symbols. There also exist, as 
we shall see a little farther on, functions for which every point of a 
certain curve is a singular point. 

It may happen that a single-valued analytic function has only a 
finite number of singular points in every finite portion of the plane, 
although it has an infinite number of them in the entire plane. Then 
outside of any circle C, however great its radius may be, there are 
always an infinite number of singular points, and we shall say that 
the point at infinity is a limit point of these singular points. In the 
following paragraphs we shall examine single-valued analytic func- 
tions with an infinite number of isolated singular points which have 
the point at infinity as their only limit point 

61. Mittag-Leffler's theorem. If there are only a finite number of 
singular points in every finite portion of the plane, we can, as we 
have already noticed for the zeros of an integral function, arrange 
these singular points in a sequence 

(6) «„ .„ ..., .., ... 

in such a way that we have | a, | S ] o, +, | and that | a, | becomes infinite 
with n. We may suppose also that all the terms of this sequence 
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are different To each term cif of the sequence (6) let ns assign a 
polynomial or an integral function in l/(a— a^), Cj[l/(a — a,)], 
taken in an entirely arbitrary manner. Mittag-LefBer's theorem may 



There exists a single-valued analytic function which is regular for 
every finite value of» that does not occur in the sequence (6),atidfor 
which the principal part in the neighborhood of the point x = a, is 

We shall prove this by showing that it is possible to assign to 
each function G,[l/(fi — «()] a polynomial Pj(«) such that the series 



U"- 



+^.w 



defines an analytic function that has these properties. 

If the point s « occurs in the sequence (6), we shall take the 
corresponding polynomial equal to zero. Let us assign a positive 
number e,- to each of the other points a, so that the series 1^ shall be 
convergent, and let us denote by a a positive number less than unity. 
Let C, be the circle about the origin as center passing through the 
point «i, and CJ the circle concentric to the preceding with a radius 
equal to a\a,\. Since the function <?([l/(z — a,)] is analytic in the 
circle C^, we have for every point within C, 

''■(^)-'"+«»' + ■■■+'"•♦■+■■■■ 

The power series on the right is uniformly convergent in the circle 
C{ ; hence we can find an integer y so large that we have, in the 
interior of the circle CJ, 



« H^y 



fo-«fl« «(,«'< tj. 



Having determined the number v in this manner, we shall take for 
Pi(s) the polynomial "— a„ — a^z — ... — Oj,*'. 

Now let C be a circle of radius R about the point z = as 
center. Let U3 consider separately the singular points a^ in the 
sequence (6) whose absolute values do not exceed R/a. If there 
are ; of them, we shall set 
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The remaining infinite series, 

is absolutely and uniformly convergent in the circle C, since for 
every point in this cilcle \z\< R < a\a^\ if the index x is greater 
than q. From the inequality (7), and from the manner in which we 
have taken the polynomiaJs f,(z), the absolute value of the general 
term of the second aeries is less than t,. when z is within the circle C, 
Hence the function ^j(*) is an analytic function within this circle, 
and it is clear that if we add t\(!!) to it, the sum 



(8) f.„=|[c.(-l_)H 



?.» 



wUl have the same singular points in the circle C, with the same 
principal parts, as Fi(z). These singular points are precisely the 
terms of the sequence (6) whose absolute values are less than R, and 
the principal part in the neighborhood of the point Oj is G.f l/(g — a,)]. 
Since the radius R may be of any magnitude, it follows that the 
function Fix) satisfies all the conditions of the theorem stated above. 
It is clear that if we add to F(s) a polynomial or any integral 
fmiction whatever G(z), the sum /"(«) + <?(e) will have the same 
singular points, with the same principal parts, as the function F{z). 
Conversely, we have thus the general expression for single-valued 
analytic functions having given singular points with correap>onding 
given principal parts; for the difference of two such functions, being 
regular for every finite value of s, is a polynomial or a transcendental 
integral function. Since it is possible to represent the function G(x) 
in turn by the sum of a series of polynomials, the function F{s) + G(z) 
can itself be represented by the sum of a series of which each term 
is obtained by adding a suitable polynomial to the principal part 

a,[_y(z-a!,\ 

If all the principal parts Gf are polynomials, the function is 
analytic except for poles in the whole finite region of the plane, and 
conversely. We see, then, that every function analytic except for 
poles can be represented by the sum of a series each of whose terms 
is a rational fraction which becomes infinite only for a single finite 
value of the variable. This representation is analc^ous to the decom- 
position of a rational fraction iikto simple elements. 

Every function *(s) that is analytic except for poles can also be 
represented by the quotient of two integral functions. For suppose 
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that the poles of 4(«) are the terms of the sequence (6), each being 
counted according to its degree of multiplicity. Let G{«) be an 
integral function having these zeros; then the product *(a) G(s) 
has no poles. It is therefore an integral function (>,(«), and we have 
the equality 

62. Certain special cases. The preceding demonstration of the 
general theorem does not always give the simplest method of con- 
structing a single-valued analytic function satisfying the desired 
conditions. Suppose, for example, it is required to construct a func- 
tion 4>(s) having as poles of the first order all the points of the 
sequence (6), each residue being equal to unity ; we shall suppose 
that a = is not a pole. The principal part relative to the pole a^ is 
l/(js — flj), and we can write 



—r + 



^©■- 



-Pi(*) = 7 + ^ + ---+~' 

the proof reduces to determining the integer !> as a function of the 
index t in such a way that the series 



^^^y-lqt 



shall be absolutely and uniformly convergent in every circle de- 
scribed about the origin as center, neglecting a sufficient number of 
terms at the beginning. For this it is suf&cient that the series 
S(«/aj)''*' be itself absolutely and uniformly convergent in the same 
region. If there exists a number j? such that the series SIl/oJ" is 
convergent, we need only take v=p—\. If there exists no such 
integer, we will take as above (S 67) v = i — 1, or v -I- 1 > log i. The 
number v having been thus chosen, the function 



(9) t(.)=g[^-i-- + i4 



which is analytic except for poles, has all the points of the sequence 
(6) as poles of the first order with each residue equal to unity. 
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It is easy to deduce from this a new proof of Weierstrass's theorem 
on the decomposition of an integral function into primary functions. 
In fact, we can integrate the series (9) term by term along any path 
whatever not passing through any of the poles ; for if the path lies 
in a circle C having its center at the or^in, the series (9) can be 
replaced by a series which is uniformly convergent in this circle, 
together with the sum of a finite number of functions analytic except 
for poles. This results from the demonstration of formula (9). If 
we integrate, taking the point » = f or the lower limit, we find 

jr'»w<i.-|;[w(i-i)+i+i+...+^]. 

and consequently 

(10) ,^-*»-=n(i-i)ei*.-5* -S. 

It is easy to verify the fact that the left-hand side of the equation 
(10) is BA integral function of z. In the neighborhood of a value a 
of « that does not occur in the sequence (6) the integral J^'^(z)dz 
is analytic ; hence the function 

is also analytic and different from zero for s = a. In the neighbor- 
hood of the point a, we have 

* («) d* = Log (« -a,) + Q(z~ at), 
e-ft'**'"'' =(a - a.)e''<'— <>, 

where the functions P and Q are analytic. It is seen that this inte- 
gral function has the terms of the sequence (6) for its roots, and the 
formula (10) is identical with the formula (3) established above. 

The same demonstration would apply also to integral functions hav- 
ing multiple roots. If Oj is a multiple root of order r, it would suffice 
to suppose that *(«) has the pole s = a, with a residue equal to r. 

Let us try again to form a function analytic except for poles of 
the second order at all the points of the sequence (6), the princi- 
pal part in the neighborhood of the point o,- being l/(s — a,-)'. Wo 
shall suppose that « = is an ordinary point, and that the series 
S|l/af|'isconve^nt; it is clear that the series Sll/oil* will also 



fr 
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be convergent. Limiting the development of l/(« — aj* in powers 
of « to its first term, we can write 

and the series 



aj 



satisfies all the conditions, provided it is uniformly convergent in 
every circle C described about the origin aa center, neglecting a 
sufficient number of terms at the beginniDg. Now if we take only 
those terms of the series coming from the poles a,- for which we have 

1 Oj I > R/a, R being the radius of the circle C and a a positive num- 
ber less than unity, the absolute value of (1 — z/Oj)"' will remain 
less than an upper bound, and the series whose general term is 

2 «/a{ — «*/«{ ia absolutely and uniformly convergent in the circle C, 
by the hypotheses made concerning the poles a^ 

63. Cauchy' 8 method. If ^(2) is a function analytic except for poles, 
Mittag-LefBer's theorem enables us to form a series of rational terms 
whose sum F^(z) has the same poles and the same principal parts 
as F(s). But it still remains to find the integral function which is 
equal to the difference F(ti) — J''i(*)- Long before Weierstrass's work, 
Cauchy had deduced from the theory of residues a method by which 
a function analytic except for poles may, under very general condi- 
tions on the function, be decomposed into a sum of an infinite number 
of rational terms. It is, moreover, easy to generalize his method. 

Let F(a) be a function analytic except for poles and regular in the 
neighborhood of the origin ; and let C,, C^, ■ ■ ■ , C^, ■ ■ ■ be an infinite 
succession of closed curves surrounding the point s = 0, not pass- 
ing through any of the poles, and such that, beginning with a value 
of n sufficiently large, the distance from the origin to any point what- 
ever of C, remains greater than any given number. It is clear that 
any pole whatever of F{«) will finally be interior to all the curves 
^01 C'li+ii • ■ 'I provided the index n is taken large enough. The 
definite intetrral 

where X is any point within C, different from the poles, is equal 
to F(x) increased by the sum of the residues of F(z')/(z — x) with 
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*-£, + e..a-«t)+- 



-(^=-(^)- 



In itiM wtiiUUityfA lA tLU yhtX we 'an also write 
) _ ) 1 8 — a^ iz —at)* _ 

* .*■ V II t U — II.,,) y.—a,, (x — a,/ (x — a^y 

WtiiUiit mi Ui'< tirixUii* wf. i^-m that the residue of F(z)/{z — x) 
Wifit H'ojMii^i Ui thif \tiiit; 11,1, iif e<]tial to 

^, /f„ , 

„. », ■■■ ■ U ■",)-' 
Wt> liMV«, thi'ii, Mm. i'..hiti<m 

whi'iK l.liu n,vMilin] p ItiillmiKN ii Kumtiiation extended to all the poles a^ 
WiMilii lilii' I'lirvi' i\, Oil MiiiiitJinr Imiul, we can replace 1/(k — x) by 

* ** «''•' x — x\n/ 

Htiit ttl'ili< Mm |irri'<<illhK roiiiitihi in t1u> form 



(Irtl 



Tit.* lolled HI I 






>>■*(*-. I ^\|1>.> iw,sW.M l\A -AHlim f-., M,w ,c<-ni"Dillv, tl»e definite 

^\>«« 0'..> M,.., .>( ill.- \NAi,;,i.«x ,>f , r^.x ■»-i>, ■nr-Ajxy-j to rirt- 7ml» of 
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rel&tive to the pole «», we can write the equation (13) in the form 
F(«)-F(0) + jF'(0)+ ... + ^/'<'i(0) 






In order to obtain an upper bound for the last term, let us write 
1 the form 

Let us suppose that along C, the absolute value of x~''F(z) remains 
less than M, and that the absolute value of x is greater than S. Since 
the number n is to become infinite, we may suppose that we have 
already taken it so large that S may be taken greater than |z|; hence 
along C, we shall have 

If 5, is the length of the curve C„ we have then 

|s.l <'■""" 



S(8-I»^l) 

We shall have proved that this t«rm R^ approaches zero as n becomes 
infinite if we can find a sequence of closed curves C„ C^, ■■■,€,, ■ ■ ■ 
and a positive integer p satisfying the following conditions : 

1) The absolute value of «~''F(«) remaina leas than a fixed num- 
ber M along each of these curves. 

2) The ratio S^& of the length of the curve C, to the minimum 
distance 8 of the origin to a point of C, remains less than an upper 
bound £ as n becomes infinite. 

If these conditions are satisfied, \R^\ is less than a fixed number 
divided by a number 8 — |a;| which becomes infinite with n. The term 
R^ therefore approaches zero, and we have in the limit 

fF(x)= F(0)+ xF'(0)+ •■■+-, F""(0) 
r / 1 \ ^' 1 

+ lim^; ['?.(^3^)+ 4" + 4"^ + ■ ■ ■ + ^-'^'J- 

Thus we have found a development of the function F(x) as a sum 
of an infinite series of rational terms. The order in which they occur 
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in the series is determined by the aiiangemeDt of the curves 
C,, Cg, ■ ■ ■, C„ ■ ■ ■ in their sequence. If the series obtained is abso- 
lutely convergent, we can write the terms in an arbitrary order. 

Note. If the point z = were a pole for F{si) with the principal 
part G(l/z), it would suffice to apply the preceding method to the 
function F(*)- e(l/z). 

64. ExpeUBlon of ctn x and of eln x. Let us apply this method to 
the function F (a) = ctn a — 1/s, which has only poles of the first order 
at the points e =r ^tt, where k is any integer different from zero, the 
residue at each pole being equal to unity. We shall take for the 
curve C, a square, such as BCB'C', having the origin for center and 
having sides of length 2 nw + tt parallel to the axes ; none of the 
poles are on this boundary, and the ratio of the length S, to the 
minimum distance 8 from the origin to a point of the boundary 
is constant and equal to 8. The square of the absolute value of 
ctn (x + yt) is equal to 

e''> + e-'> + 2co3 2g 
e''» + e-»»_2co3 2ie' 
On the sides BC and B'C we have 
cos 2x = — 1, and the absolute value 
is leas than 1. On the sides BB' and 
CC' the square of this absolute value 



B 




» 












<f 


" 


mr 


(»H1)» 











is less than 



" + 2 



=(l^7- 



We must replace 2 y in this formula by ± (2 » + 1) w, and the ex- 
pression thus obtained approaches unity when n becomes infinite. 
Since the absolute value of 1/z along C, approaches zero when n 
becomes infinite, it follows that the absolute value of the function 
etn z — 1/z on the boundary C, remains less than a fixed number M, 
whatever n may be. Hence we can apply to this function the for- 
mula (15), taking^ = 0. We have here 



F(0)=limr 



and «J, which represents the residue of (ctn« 
kir, is equal to \/kir. We have, then. 



- l/«)/a for the pole 



(16) 



etn^ - i = limV'/-^-- + A.), 
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There the value A = is excluded from the summation. The infinite 
series obtained by letting n become infinite is absolutely convergent, 
for the general term can be written in the form 



B — Air ktr kTr(kTr — x) AV* 



{'-£) 



and the absolute value of the factor x/(l — x/kn) remains less than 
a certain upper bound, provided x is not a multiple of tt. We have, 
then, precisely 

(17) „.„..l+|'(-A_ + i.). 

Integrating the two members of this relation along a path starts 
ing from the origin and not passing through any of the poles, we find 

jr-(c.„, - i)^ - L„g(H|!:).|L„g(l - i) + i, 

from which we derive 

(18) ,ln...n'(l-i)eS. 

The factor o('> is here equal to unity. If in the series (IT) we combine the 
two terms which come from opposite values of ifc, we obtain the formula 



roduct (18) whic 



Combining the two factors of the product (18) which correspond to opposite 
values of k, we have the new formula* 

(180 

or, substituting wx for x. 



Note 1. The last formutn show plainly the periodicity of nuz, which does 
not appear from the power series development. We see, in fact, that (sin tx)/>- 
Is the limit as n becomes infinite of the polynomial 

W.) = (.-!)(l-;^)-.(l-.).(. + .)-(> + 3- 
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Bepladng x by z -I- 1, this fonnula may be written Id tbe fonn 

whence, letting n become infinite, we find sin(vz + ir)s— sin^x, or 

Bin (z + r) = — ain z, 
and therefore Bin(z + 2w) = tin z. 

Note i. In tbls particular example it is easy to Justify the Deceasity of Asaoci- 
atingwltb each binomial factor of the form 1 — x/<i:i a suiUble exponential factor 
if we wish to obtain an absolutely convergent product. For definiteneso let us 
suppose X real and posilJve. The series Sz/n being divergent, the product 

becomes infinite with m, while the product 

«.=„-.,(i-:)...(i-!) 

approaches zero as n becomes infinite <I, § 177, 2d ed.). If we take m = n, tbe 
product P.O. has |sinnx)/T for its limit; but if we make m and n become 
infinite independently of each other, the limit of this product is completely in- 
determinate. This is easily verified by means of Weierstrass's primary functions, 
whatever may be the value of z. Let us note first that the two Infinite products 



'■w=>n ('+;)'"■■ J'.w=fll 



arebothabso1utelyconvergent,andtheirproduct^,(x)F,(x)isequaI to{dn«z)/r. 
With these facts in mind, let us write the product P„,Q, in the form 

p.«. = .n('+;)'"^n('-;)-''<"^*-*-"'"'"-"^- 

When the two numbers m and n become infinite, the product of all the fac- 
tors on the right-hand side, omitting the last, has F,(ie) Pj{x) = (sin vx)/w for its 
limit. As for the last factor, we have seen that the expression 



has for its limit log w, where u denotes tbe limit of the quotient m/n (I, § 161). 
The product P.Q. has, therefore, 

for its limit. Hence we see the manner in which that limit depends upon the 
law according to which the two numbers m and n become infinite. 

Note S. Wecan make exactly analogous observations on the expandon of ctnx. 
We shall show only how tbe periodicity of this function can be deduced from tbe 
series (17). Let us noijce first of all that tbe series whose general term is 
1 11 

fc* (it-l)ir^ t(i-l)5r' 
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where the index it t&hes on alt the integraJ values from — eo to + so, excepUng 
k = (i, k = l,ia abaolui«l7 convergent ; and Its sum is — 2/t, as is seen on mak- 
ing i: vaiy first from 2 to -|- co, then from — 1 to — no. We can therefore write 
the development of ctnz in the fonn 

ctn. = l + ^--i + V"r^- + -^— 1. 
X x-T ' -^ Vx-kit {k^\)wi 

where the values ft = 0, i: = 1 are excluded from the mmmaUon. This results 
from subtracting from each term of the series (IT) the corresponding term of 
the convergent series formed by the preceding series together with the additional 
term 2/x', Substituting x + ir tor x, we find 



takes on all integral values except 0. The right-hand side is 



»\\V 



IL DOUBLY PERIODIC FUNCTIONS. ELLIPTIC FUNCTIONS 

65. Periodic functions. Expansion In auies. A single-valued analytic 
function /(«) is said to be periodic if there exists a real or complex 
number <u such that we have, whatever may be s, f(z + ui)=/(a); 
this number u is called 
a period. Let us mark 
in the plane the point 
representing <u, and let 
US lay 0$ on the unlim- 
ited straight line pass- 
ing through the origin 
and the point w a length __ 
equalto|<ii| any number 
of times in both direc- 
tions. We obtain thus 
the points w, 2u, Sw, 
■ ' ■, mo, • ■ • and the 
points — (i>, — 2 <u, . ■ .J 
— nu, — . Through 
these different points 

and through the origin let ua draw parallels to any direction differ- 
ent from Oio ; the plane is thus divided into an infinite number of 
cross strips of equal breadth (Fig. 24). 



>" 
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If through anj point % ve draw a parallel to the direction Out, we 
shall obtain alt the points of that straight line by allowing the real 
parameter X in the expression « + A<o to vary from — oo to + ao. In 
particular, if the point s describes the first strip AA'BB', the corre- 
sponding point a + (0 will describe the contiguous strip BB'CC, the 
point 2 + 2 <u will describe the third strip, and so on in this manner. 
All the values of the function /(*) in the first strip will be duplicated 
at the corresponding points in each of the other strips. 

Let LL' and MM' be two unlimited straight lines parallel to the 
direction 0<o. Let us put u = e""", and let us examine the region 
of the ii-plane described by the variable u when the point z remains 
in the unlimited cross strip contained between the two parallels LL' 
and MM'. If a + jfli is a point of LL', we shall obtain all the other 
points of that straight line by putting « = a + fii + Xm and making 
X vary from — oo to + oo. Thus, we have 

hence, as A varies from — oo to + oo , w describes a circle C, having the 
origin for center. Similarly, we see that as z describes the straight line 
MM', u remains on a circle C^ concentric with the first ; as the point 
z describes the unlimited strip contained between the two straight 
lines LL', MM', the point u describes the ring-shaped region contained 
between the two circles C^, C^. But while to any value of z there 
corresponds only one value of n, to a value of u there correspond an 
infinite number of values of s which form an arithmetic progression, 
with the common difEerence a>, extending forever in both directions. 
A periodic function /(a), with the period u, that is analytic in the 
infinite cross strip between the two straight lines LL', MM, is equal 
to a function ^(m) of the new variable u which is analytic in the 
ring-shaped region between the two circles C, and C^. For although 
to a value of m there correspond an infinite number of values of «, 
all these values of z give the same value te /(z) on account of its 
periodicity. Moreover, if n^ is a particular value of n, and s„ any 
corresponding value of z, that determination of s which approaches 
Kji as M approaches w^ is an analytic function of u in the neighbor- 
hood of Wj,; hence the same thing is true of ^(m). We can therefore 
apply Laurent's theorem to this function ^(«). In the ring-shaped 
region contained between the two circles C^, C, this function is 
equal to the sum of a series of the following form : 



*(«)= t -*-"■ 
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/' 



BetuTDing to the variable «, we conclude from this that in the in- 
terior of the croHs strip considered above the periodic function /(*) 
is equal to the sum of the series 

(19) fi.)=^^Aj-^. 

If the function /(s) is analytic in the whole plane, we can suppose 
that the two straight lines LL', MM', which bound the strip, recede 
indefinitely in opposite directions. ISvert/ periodic integral function 
is therefore developable in a series of positive ajid negative powers of 
e*'^'" convergent for every finite value of a. 

66. Impoaslbillty of • •incle-nloed analytic fanctlon with three period*. B7 a 
famous theorem due U Jacobi, a single-valued analytic funcUon cannot have 
more than two Independent periods. To prove this we shall show that a. single- 
valued analytic function cannot have Otree Independent periods.* Let us first 
prove the following lemma : 

Let a, b, c be any three real or complex quantities, and m, n, p three arbl- 
jttary integers, positive or negative, of xehich one at least is differeatfrom zero. 
^ If we give to the integers m, n, p all systenis of possible values, except 

I m = n = p = 0, 

the touier limit {tf\ma + nb + pc\ is equal to zero. 

Consider the set (t) of points of the plane which represent quantities of the 
form ma + lUi + pc. It two points corresponding to two different systems of 
integers coincide, we have, for example, 

ma + iib + pc = m,a 4- n,6 + p,c, 
and therefore 

(m- mja-l- (n- n,)6 + (p -p,)c = 0, 

where at least one of the numbers m — m,, n — n„ p ~ p, is not zero. In this 
case the truth of the lenmia is evident. If all the points of the set (£) are dis- 
tinct, let 2 J be the lower limit of | nut + nb + pc\; this number 2 J is also the 
lower limit of the distance between any two poinW whatever of the set (E), In 
fact, the distance between the two points ma + nA ■]■ pc and m,a + n,b + p^e is 
equal to I (m — m,) a -J- (» — n,) 6 + (p — P[) c |. We are going to show that we 
are led to an absurd conclusion by supposing t>0. 

Let Nbe A poslUve integer ; let us give to each of the Integers m, n, p one 
of the values of the sequence — N, — {N— 1), ■ ■ ■, 0, ■ ■ ■, N— 1, N, and let 
us combine these values of m, n, p, in all possible manners. We obtain thus 
(2^-1- 1)' points of the set (E), and these points are all distinct by hypothesis. 
Let us suppose |a|^|b| = |c[; then the distance from the origin to any one 
of the points of (£) just selected is at most equal to 3 ^| a {. These points there- 
fore lie in the interior of a circle C of radius 3 A'|a| about the origin as center 
or on the circle itself. If from each of these points as center we describe a 
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circle of »dlu£ i, all these circles will be Interior to a circle C| of radius equal 
to 8jr]a| + i about the origin as c«nter, and no two of them will overlap, since 
the distance between the centers of two of them cannot be smaller than 2 i. The 
sum of the areas of all these small circles is therefore less than the area of the 
circle C,, and we have 



«<- 






The right-hand ride approaches zero as N becomes Infinite ; hence this in- 
equality cannot be satisfied for all values of N by any positive number S. 
Consequently the lower limit of ]ma + nb + pc\ cannot be a positive number ; 
hence that lower limit is zero, and the truth of the lemm^Js-cstaUished. 

We see, then, that when no systems of integers m, n, p (except m = n = p = 0) 
exist such that ma + nb + pc = 0,we can always find integral values for these 
numbers such that | nta -i- nA + pc j will be less than an arbitrary positive num- 
ber f . In this case a single-valued analytic function /(z) cannot have the three 
independent periods a, b, c. For, letZg be an ordinary point for/(z), and let 
US describe a circle ol radius c about the point z^ as center, where < is so 
small that the equation /{*) =/(*(,) has no other root than e = Xg inside of this 
circle (§ 10). If a, 6, c are the periods of /(z), it is clear that ma + lib + pc is 
also a period for all values of the integers m,n,p; hence we have 

/(^,+ m«^.nA + pc)=/(^^. 
If we choose m, n, p in such a manner that { ma + nA 4- jk | is less than i, the 
equaUoD /{z) ~ /(Zq) would have a root z^ different from z^, where | z, — Zg | < «, 
which is impossible. 

When there exists between a, 6, c a relation of the form 

(20) mo + n6 + jjc = 0, 

without all the numbers m, n, p being zero, a single-valued analytic function 
/(z) may have the periods a, b, c, but these periods reduce to two periods or to 
a single period. We nuiy suppose that the three integers have no common divisor 
other than unity. Let D be the greatest common divisor of the two numbers 
m, n ; m = Dm', n = Dn'. Since the two numbers m', n' are prime to each other, 
we can find two other integers m", n" such that m'lt"— m"n' = 1. Let us put 

m'a + n'b = a', m"a + n"b = 6'; 

then we shall have, conversely, a = n"a' — n'b', b = m'V — m"a'. If a and 6 are 
periods of /(z), a' and 6' are also, and conversely. Hence we can replace the 
system of two periods a and b hy the system of two periods a' and b'. The re- 
lation (20) becomes Da' + pc = ; D and p being prime to each other, let us 
take two other integers D^ and p' such that Dp' — Zfp = 1, and let us put 
D'a' + p'c = &. We obtain from the preceding relations a' =— pC, c = De", 
whence it is obvious that the three periods a, 6, c are linear combinations of the 
two periods 6" and e". 

Note. As a corollary of the preceding lemma we see that if a and p are two 
real quantities and m, n two arbitrary Integers (of which at least one is not zero), 
the lower limit of |ma-Hi^| is equal to zero. Forlf we put o = a, 6 = ft c = ^ 
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the absolute value of ma + n^ + jn can be less than a, number c < 1 only if we 
have p = 0, \ma ■]■ n^|<<- From this it follows that a single-valued aDalytic 
f unction /(z) cannot have two real independent periods a and ^. If the quotient 
p/a is irrational, it is possible to find two numbers ?n and n such that | ma + iifi \ 
is less than c, and it will be possible to carry through the reasoning just as 
before. If the quotient p/a is rational and equal to the irreducible fraction m/n, 
let us choose two integers m' and n' such that mn' — m'n = 1, and let us put 
m'a — n'jS = y. The num)>er y is also a period, and from the two relations 
ma — nfi — 0, m'a — n'p = 7 we derive a =— J17, p =— my, so that a and p 
are multiples of the single period y. More generally, a single-valued analytic 
function /<z) cannot have two independent periods a and b tahose ralio is real, 
lor the function/(az) would have the two real periods 1 and b/a.* 

67. Doubly periodic fnnctions. A doubly periodic function is a 
single-valued analytic function having two periods whose ratio Is 
not real. To conform to Weierstrass's notation, we shall indicate the 
independent variable by u, the two periods by 2 m and 2 »', and we 
shall suppose that the coefBoient of i in ai'/ai is positive. Let us 
mark in the plane the points 2 w, 4 u, 6 ai, ■ • ■ and the points 2 w', 
4 u', 6 <u', . • . . Through the points 2 mm let us draw parallels to the 



direction Ou', and through the points 2m'u' parallels to the direc- 
tion 0<a. The plane is divided in this manner into a net of 
congruent parallelograms (Fig. 25). Let /(m) be a single-valued 
analytic function with the two periods 2 a, 2 id'; from the two 
relations /(« + 2m)=f{u), f{u -|- 2 u') = /(m) we deduce at once 

* It is now easy to prove that there exlsta for any periodic single-valued function 
at least one pair of periods in terms of which any other period can be expressed as an 
integral linear combination ; such a pair is called aprimilivt pair (^period*. — Tkans. 
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/(K + 2wi« + 2m'u.')=/(w), so that 2mu + 2mV is also a period 
for all vatuea of the integers m and m'. We shall represent this 
general period by 2w;. 

The points that represent the various periods are precisely the 
vertices of the preceding net of parallelograms. When the point u 
describes the parallelt^ram OA BC whose vertices are 0, 2 ui, 2 u + 2 w', 
2 <u', the point u + 2w describes the parallelogram whose vertices 
are the points 2w, 2 lo + 2 <u, 2 w + 2 <u + 2 o.', 2 w + 2 <u', and the 
function f(u) takes on the same value at any pair of coiTesponding 
points of the two parallelograms. Every parallelogram whose ver- 
tices are four points of the type u^, Uj^ + 2 ai, u^ + 2 a', u^ + 2 a + 2 e>' 
is called a parallelogram of periods ; in general we consider the 
parallelogram OABC, but we could substitute any point in the plane 
for the origin. The period 2 u + 2 u' will be designated for brevity 
by 2(1)"; the center of the parallelogram OABC is the point u", while 
the points w and u' are the middle p'>ints of the sides OA and OC. 

Every integral doubly periodic function u a constant. In fact, let 
f(u) be a doubly periodic function ; if it is integral, it is analytic in 
the parallelogram OABC, and the absolute value of f(v) remains 
always less than a fixed number M in this parallelogram. But on 
account of the double periodicity the value of /(u) at any point of the 
plane is equal to the value oif(u) at some point of the parallelogram 
OABC. Hence the absolute value of /(u) remains less than a fixed 
nmnber M. It follows by Liouville's theorem that f(u) is a constant. 

eS. Elliptic functions. General properties. It follows from the pre- 
ceding theorem that a doubly periodic function has singular points 
in the finite portion of the plane, unless it reduces to a constant. 
[The term elliptic function is applied to functions which are doubly 
'periodic and analytic except for poles. In any parallelogram of 
periods an elliptic function has a certain number of poles ; the num- 
ber of these poles is called the order of the function, each being 
counted according to its degree of multiplicity *. It should be noticed 
that if an elliptic function /(«) has a pole «„ on the side OC, the 
point Ug -|- 2 ui, situated on the opposite side AB, is also a pole ; but 
we should count only one of these jwles in evaluating the number 
of poles contained in OABC. Similarly, if the origin ia a pole, all the 

■It U to be understood that the pnrallelogram Is eo chosen that the ordei 1b as 
Hmall aspoBdhle. Otherwise, the number of poles in a parallelogram could be taken to 
be any multiple of this least number, since a multiple ot a period ia a period.— TsANa. 
<3ee also the footnote, p. 149.) 
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vertices of the net are also poles oif{u), but we should count only 
one of them in each parallelogram. It, for example, we move that 
vertex of the net which lies at the origin to a suitable point as near 
as we please to the origin, the given function f(u) no longer has 
any poles on the boundary of the parallelogram. When we have occa- 
sion to integrate an elliptic function /(w) along the bouadaiy of the 
parallelogram of periods, we shall always suppose, if it is necessary, 
that the parallelogram has been displaced in such a way that/(M) 
has no longer any poles on its boundary. The application of the 
general theorems of the theory of analytic functions leads quite 
easily to the fundamental propositions : 

1) The sum of the resi dues of an elliptUi-fiaieiion with- respect 
to the poles situate d in a va rallelogra'm of periods is zero. 

Let ua suppose for definiteness that /(«) has no poles on the 
boundary OABCO. The sum of the residues with respect to the poles 
situated within the boundary is equal to 



^J/<«)-. 



the integral being taken along OABCO. But this integral is zero, for 
the sum of the integrals taken along two o p p osite sides of the paral- 
lelogram is zero. Thus we have 

r /(»)*.- /""/(.)rf«, f f(u)du=f"' f{u)du, 

J(OA) Ja Jiac) •/iH+iw' 

and it we substitute m + 2 <o' for w in the last integral, we have 

f /(,)du- f'/(u + 2J)d,.= f'f(,)d„=- f f{n)du. 

JlBCt Jim Jia JlOAl 

Similarly, the sum of the integrals along A IS and 
along CO is zero. In fact, this property is almost 
self-evident from the figure (Fig. 26), For let us 
consider two corresponding elements of the two inte- 
grals along OA and along BC. At the points m and 
m' the values of f(u) ai'e the same, while the values 
of du have opposite signs. 

The preceding theorem proves that an elliptic func- -^^^ gg 
tion f(u) cannot have only a single pole of the first 
order in a parallel(^ram of periods. An elliptic function is at least 
of the second order. 
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2) The number of zeros of an elliptic function in a parallelogram 
of periods is equal to the order of that function (each of the zeros 
being counted according to its degree of multiplicity). 

Let/(w) bean elliptic function ; the quotient f(u)/f(u)= ^(m) is 
also an elliptic function, and the sum of the residues of if (") ^^ ^ P^- 
allelogram is equal to the number of zeros of /(«) diminished by the 
number of the poles (§ 48). Applying the preceding theorem to the 
function •f>(ti), we see the truth of the proposition just stated. In gen- 
eral, the number of i-oots of the equation f(u) = C in a parallelogram 
of periods is equal to the order of the function, for the function 
/(«) — C has the same poles as /(m), whatever may be the constant C. 

3) The difference between the sum of the zeros and the sum of the 
poles of an elliptic function in a parallelogram of periods is equal to 
a period. 

Consider the integral 






) 

along the boundary of the parallelogram OABC. This integral is 
equal, as we have already seen (M^), to the sum of the zeros of /(«) 
within the boundary, diminished by the sum of the poles of /(w) 
within the same boundary. Let us evaluate the sum of the integrals 
resulting from the two opposite sides OA and BC : 

If we substitute « + 2 m' for w in the last integral, this sum is equal to 

or, on account of the periodicity of /(w), to 

The integral 

is equal to the variation of Log[/(M)] when u describes the side OA ; 
but since /(«) returns to its initial value, the variation of Lt«[/(M)] 
is equal to — 2 m^-iri, where m^ is an integer. The sum of the inte- 
grals along the opposite sides OA and BC is therefore equal to 
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(4 m^iio')/2 TT* = 2 Btjoi'. Similarly, the sum of the integmla along 
AB and along CO is of the form 2m,iii. The difference considered 
above is therefore equal to 2 m^ia -{- 2 mjo' ; that is, to a period. 

By a similar argument it can be shown that the proposition is 
also applicable to the roots of the equation f(u) = C, contained in a 
parallelt^ram of periods, for any value of the constant C. 

4) Between any two elliptic functions with the tame periodt there 
exists an algebraic relation. 

Let /("), /i(") be two elliptic functions with the same periods 
2<a, 2w'. In a parallel(%ram of periods let us take the points a^ 
%)•■'< ^m which are poles for either of the two functions /(w), 
/,(m) or for both of them; let/i, be the higher order of multi- 
plicity of the point a, with respect to the two functions, and let 

'*! + '*»+ \- t'-m = ^- Now let F(x, y) be a polynomial of degree n 

with constant coefficients. If we replace x and y by /{«) and /j (w), 
respectively, in this polynomial, there will result a new elliptic func- 
tion *(w) which can have no other poles than the points «,,«,, ■ ■ -lO,, 
and those which are dedncible from them by the addition of a period. 
In order that this function 4(u) may reduce to a constant, it is 
necessary and sufficient that the principal parts disappear in the 
neighborhood of each of the points a„ a^, ■ • ■, a„. Now the point a, 
is a pole for 4 (u) of an order at most equal to n/t,. Writing the con- 
ditions that all the principal parts shall be zero, we shall have then, 
in all, at most 

linear homogeneous equations between the coefficients of the poly- 
nomial F(x, y) in which the constant term does not appear. There 
are »(n + 3)/2 of these coefficients; if we choose n so large that 
n(TO + 3)>2A'B, or n + 3>2A^, we obtain a system of linear 
homogeneous equations in which the number of unknowns is greater 
than that of the equations. Such equations have always a system of 
solutions not all zero. If F{x, y) is a polynomial determined by 
these equations, the elliptic functions /(w), /,(m) satisfy the algebraic 

n/(.)./.w]=c, 

where C denotes a constant. 

Notes. Before leaving these general theorems, let us make some 
further observations which we shall need later. 

A single-valued analytic function /(w) is said to be even if we 
have /(—w) =/(«); it is said to be odd if we have/(— «)=— /(w). 
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The derivative of an even function ia an odd function, and the 
derivative of an odd function is an even function. In general, the 
derivatives of even order of an even function are themselves even 
functions, and the derivatives of odd order are odd functions. On 
the contrary, the derivatives of even order of an odd function are 
odd functions, and the derivatives of odd order are even functions. 

Let /(u) be an odd elliptic function ; if w is a half-period, we 
must have at the same time /(«')=—/(— w) and /(w) = /(— w), 
since w =s—w + 2w. It is necessary, then, that /(w) shall be zero 
or infinite, that is, that w must be a zero or a pole for /(m). The order 
of multiplicity of the zero or of the pole is necessarily odd ; if w 
were a zero of even order 2 n for /(«), the derivative /""' (w), which 
is odd, would be analytic and different from zero for u = v!. If w 
were a pole of even order for/(M), it would be a zero of even order 
for l//(w). Hence we may say that every half-period is a xero or a 
pole of an odd order for any odd elliptic function. 

If an even elliptic function f(u) haa a half-period w for a pole or 
tor a zero, the order of multiplicity of the pole or of the zero is an 
even number. If, for example, w were a zero of odd order 2 » + 1, it 
would be a zero of even order for the derivative /'(w), which is an 
odd function. The proof is exactly similar for poles. Since twice a 
period is also a period, all that we have just said about half-periods 
applies also to the periods themselves. 

69. The function p(u). We have already seen that every elliptic 
function has at least two simple poles, or one pole of the second order, 
in a parallelogram of periods. In Jacobi's notation we take func- 
tions having two simple poles for our elements; in Weierstrass'a 
notation, on the contrary, we take for our element an elliptic func- 
tion having a single pole of the second order in a parallelogram. 
Since the residue must be zero, the principal part in the neighbor- 
hood of the pole a must be of the form A/(u — a)'. In order to 
make the problem completely definite, it suflSces to take A =1 and 
to suppose that the poles at. the function are the origin u = and 
all the vertices of the network 2w = 2 mm + 2m'w'. We are thua 
led first to solve the following problem : 

To form, an elliptic function having as poles of the second order all 
the points 2w = 2 m.<o + 2 mW, where m and m' are any two integers 
whatever, and having no other poles, so that the principal part ftt th« 
neighborhood of the point 2 id shall be !/(« — 2 w)'. 
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Before applying to this problem the general method of g 62, we shall 
first prove that the double aeries 

where m and m' take on all the integral values from — 03 to + oo 
(the combination m = m' = being excepted), is convergent, pmutrferf 
that the exponent fi is a positive number greater than 2. Consider the 
triangle having the three points u = 0, u = mai, u = mw + m'u' for 
its vertices ; the lengths of the three sides of the triangle are respec- 
tively \m<o\, |mV|, \mat + m'iii'|. We have, then, the relation 

|?w<o + wt'u'l' = m.*[«i|' + m^loi'l* + 2TOm'|twu'|cos ff, 
where is the angle between the two directions Oat, Oio'(f} < < w). 
For brevity let |oj| = a, |iii'|=J, and let us suppose as6. The pre- 
ceding relation can then be written in the form 

\mat + m'm'l* = m'a' + m^b' ± 2 mm'ab cos 0, 
where the angle e is equal to tf if ^ ^ w/2, and to n- — tf if ff > jr/2. 
The angle O cannot be zero, since the three points O, u, u' are not in 
a straight line, and we have ^ cos ® < 1. We have, then, also 
\ma, + m'a'\' = (1 — COS &)(ni' a' + m"b') + COS @(m.a ± m'by, 
and consequently 

|m»-|-mV|»S(l-COse)(m»a» + )n'>6»)s(l-C08e)«»(m'-|-TO'»). 
From this it follows that the terms of the series (21) are respectively 
less than or equal to those of the series 2'l/(m' + m")"'* multiplied 
by a constant factor, and we know that the last series is convergent . 

if the exponent fi/2 is greater than unity (I, § 172). Hence the ' 
series (21) is convergent if we put /t = 3 or ft. = 4. According to a ^ 
result derived in S 62, the series 

represents a function that is analytic except for poles, and that has 
the same poles, with the same principal parts, as the elliptic function 
sought. We. shall show that this function ^(u) has precisely the two 
periods 2 u and 2 a'. Consider first the series 



S [(2» + 2.)' (2 «,)•]' 



where 2 w = 2 ma> + 2 m'ai', the summation being extended to all the 
integral values of m and m', except the combinations m = m' = 
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and »t = — 1, m' = 0. This series ia absolutely convergent, for it 
results from the series ^(m) when we substitute — 2u) for u aad 
omit two terms. It ia eaaily seen that the sum of this series is zero 
by considering it as a double series and evaluating separately each. 
ot the rows of the rectangular double array. Subtracting this aeries 
from ^(m), we can then write 



*i-^'i'+o^--^''-^"[(^'' 



(?» + 2.)'J' 



the combinations (m = m' = 0), (m = — 1, m' = 0) being always 
excluded from the summation. Let ua now change u to « — 2 w ; 
then we have 



*(.-2.) 



=^2'[or 



2«.-2«-)» (2«- + 2<«)'J 



the combination m = — 1. m' = being the only one excluded from 
the summation. But the right-hand side of this equality ia identical 
with ^(u). This function has therefore the period 2ui, and in like 
manner we can prove that it has the period 2 <u'. This is the func- 
tion which Weierstraas representa by the notation p(w), and which 
ia thus defined by the equation 

If we put It = in the difference p(«)— !/«', all the terms of the 
double sum are zero, and that difference is itself zero. The function 
P(m) possesses, then, the following properties ; 

1) It ia doubly periodic and has for poles all the points 2 w and 
only those. 

2) The principal part in the neighborhood of the origin is 1/m". 

3) The difference p(")— 1/t' is zero for m = 0. 

These properties characterize the function p (m). In fact, any analy- 
tic function /(w) possessing the first two properties differs from p(u) 
only by a constant, since the difference is a doubly periodic func- 
tion without any poles. If we have also /(m) — l/u' =0 for m = 0, 
/(m)— p(m) is also zero for m = 0; we have, therefore,/(u) = p(w). 

The function p(~ u) evidently possesses these three properties; 
we have, then, p(— m)= p(u), and the function p(m) is even, which 
ia also easily seen from the formula (22). 

Let us consider the period of p (m) whose absolute value is amplest, 
and let S be its absolute value. Within the circle Cj with the radius 
8, described about the origin as center, the difference p(m)— 1/m* is 
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analytic and can be developed in positive powers of u. The general 
term of the series (22), developed in powera of u, gives 

and it is easy to prove that the function 
5 u 

dominates this series in a circle of radius 8/2, and, a fortiori, the 
expression obtained from it by replacing l — u/\w\ by 1 — 2m/8 
dominates the series. Since the series 2'l/|w|' is convergent, we 
have the right to add the resulting series term by term (§ 9). The 
coefficients of the odd powers of u are zero, for the terras resulting 
from periods symmetrical with respect to the origin cancel, and we 
can write the development of p(it) in the form 



p(M)= -, + cy + cy + . . . + c,w»*- 

'Xi^^' ^. = ^S'(2^' 



(24) , 

x=(2A-i)2;'^ 

Whei'eas the formula (22) is applicable to the whole plane, the new 
development (23) is valid only in the interior of the circle C^ hav- 
ing its center at the origin and passing through the nearest vertex 
of the periodic network. 

The derivative p'(u) is itself an elliptic function having all the 
points 2w foi- poles of the third order. It is represented in the 
whole plane by the series 

(26) f>'W=-^-22'(i7::^.- 

In general, the nth derivative ff'^n) is an elliptic function having 
all the points 2 w for poles of order n + 2, and it is represented by 
the series 

(26) p'->(.) = (- ir^^^ii^' +(- !)■(» + ')!S' (,.-2'»)"' ' 

We leave to the reader the verification of the correctness of these 
developments, which does not present any difficulty in view of the 
properties established above (§S 39 and 61). 
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70. The algebraic relation between p(ii) and p'(i'). By the general 
theorem of S 68 there exists an algebraic relation between p(u) and 
p'(u). It is easily obtained as follows : In the neighborhood of the 
origin we have, from the formula (23), 

p'(«) =- 7> + 2 c,u + 4 e,«' + . - . , 



where the terms of the series not written are zero for tt = 0. The 
difference p''(m) — 4 p'(«) has therefore the origin as a pole of the 
second order, and in the neighborhood of this point we have 

p"(.)- 4p"(«)=- ^" - 28c. + . . ., 

where the terms not written are zero for « = 0. 

Hence the elliptic function — 20 cj) (m) — 28 c, has the same poles, 
with the same principal parts, aa the elliptic function p" — 4 p', and 
their difference is zero when m = 0. These two elliptic functions are 
therefore identical, and we have the desired relation, which we shall 
write in the form 

(27) Cp'(«):'=4p'(")-JJ>(«)-?.> 
where 

S. = 20c. = 602;'(i;)". !,. = 28c. = 1405;'(^)'- 

The relation (27) is fundamental in the theory of elliptic func- 
tions ; the quantities g^ and g^ are called the invariants. 

All the coefficients c^ of the development (23) are polynomials in 
terms of the invariants g^ and g^. In fact, taking the derivative of 
the relation (27) and dividing the result by 2 p'(m), we derive the 
formula 

(28) p»=6p'(.)-|. 

On the other hand, we have in the neighborhood of the origin 
P"(«) = ^ + 2c, + 12c,«'+... + (2i-2)(2X-3)o..'*-'+---. 
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Replacing p(ii) and p"(«) by their developments in the relation 
(28), and relnembering that (28) is satisfied identically, we obtain 
the recurrent relation 

°-= (2. + l)(X-3) S'-'>- t- 2. 3,-, (A -2)1 

which enables ua to calculate step by step all the coefficients e^ in 
terms of e^ and e,, and consequently in terms of g^ and p*, ; we find - 

thus 

"'^2*. 3. 5'' *''' ^ 2* . 6 . 7 . 11 ' 
This computation brings out the remarkable algebraic fact that all 
the sums 2'l/(2 w)" are expressible as polynomials in terms of the 
first two. 

We know a priori the roots of p'(u). This function, being of the 
third order, has three roots in each parallelogram of periods. Since 
it is odd, it has the roots u = tu, u = u', u = u" = w + u' (g 68, notes). 
By (27) the roots of the equation 4 p* — gj} — g, = are precisely 
the values of p(w) for u = w, <u', i»". These three roots are ordinarily 
represented by e^, e„ e,: 

^i = PW. e, = P(«''). «, = ?("•")■ 
These three roots are all differeot ; for if we had, for example, e^ = e^, 
the equation p(u)= e^ would have two double roots a and tu' in the 
interior of a parallelogram of periods, which is impossible, since p (u) 
is of the second order. Moreover, ve have 

4p"W-W(«)-S. = ■![?»-<!,]&(■•)- «J[P(«)-«J, 
and between the invariants 17,, g^ and the roots e„ e„ e, we have the 
relations 

«. + «, + «■ = 0. e. «, + e, e, + c,e. = - T ' «i «»«. = ^ ' 

1 J a II 19 31 4 is»4 

The discriminant (^ ~ 27 gD/lG Is necessarily different from zero. 

71. The function l{u). If we integrate the function p(u) — 1/u^ 
along any path whatever starting from the origin and not passing 
through any pole, we have the relation 

The series on the right represents a function which is analytic 
except for poles, having all the points u = 2w, except u = 0, for 
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poles of the first order. Chaining the sign and adding the fiac- 
tion l/«, we shall put 

(29) t(u) = l+J,'y^ + £ + ^] 
The preceding- relation can be written 

(30) jf"|^p(.)_iji„=_j(.)+l, 

and, taking the derivatives of the two Bides, we find 

(31) {■(«) = - p(.). 

It is easily seen from either one of these formulfe that the function 
((u) is odd. In the neighborhood of the origin we have by (23) 
and (30), 



The function C{u) cannot have the periods 2 u and 2 «', for it would 
have only one pole of the first order in a parallelogram of periods. 
But since the two functions ^ (m + 2 «t) and ( (u) have the same deriva- 
tive — p(")> these two functions differ only by a constant ; hence the 
function {(«) increases by a constant quantity when the argument u 
increases by a period. It is easy to obtain an expression for this con- 
stant Let us write, for greater clearness, the formula (30) in the form 



IV 



l^p(.)-;iji. ---{(.). 

Changing u to » + 2 HI and subtracting the two formulae, we find 

{(,. + 2 .) - !Hu)~-J'"'p(v)d„. 
We shall put 

2^ = -£*''p(y)dv, 2V = -jr"* p(v)dv. 

Then )j and ij' are constants independent of the lower limit u and of 
the path of integi-ation. This last point is evident a priori, since all 
the residues of p(v) are zero. The function j;(u) satisfies, then, the 
two relations 

{(« + 2„)= {(.)+ 2,, {(. + 2„')- J(«)+2,'. 
If we put in these formulae u = — u and u = — u' respectively, we 
And, »{(„), ,' = £(«% 
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There exists a very simple relation between the four quantities u, 
lu', jj, If'. To establish it we have only to evaluate in two ways the 
integral _fl(u)du, taken along the parallelogram whose vertices are 
M^, w, + 2 <u, Wj + 2 0. + 2 0,', u^ + 2 <u'. We shall suppose that l{u) 
has no poles on the boundary, and that the coefficient of i in u'/ui is 
positive, so that the vertices will be encountered in the order in 
which they are written when the boundary of the parallelogram is 
described in the positive sense. There is a single pole of £{m) in the 
interior of this boundary, with a residue equal to + 1 j hence the 
integral under consideration is equal to 2 iri. On the other hand, by 
g 68 the sum of the integrals taken along the side joining the vertices 
Ug, Ug + 2 u and along the opposite side is equal to the expression 



r 






Similarly, the sum of the integrals coming from the other two sides 
is equal to 4 ai'i;. We have, then, 

(32) .■,-«,'-!<, 

which is the relation mentioned above. 
Let us again calculate the definite integral 



'«=r' 



£W*, 



taken along any path whatever not passing through any of the poles. 
^'""""' F'(.)=J(„ + 2.)-{(,0-2,. 

80 that F(u) la of the form F(m)= 2«fK + A', the constant K being 
determined except for a multiple of 2 tri, for we can always modify 
the path of integration without changing the extremities in such a 
way as to increase the integral by any multiple whatever of 27ri. 
To find this constant K let us calculate the definite int^ral 



r> 



.)-- * 



along a path very close to the segment of a straight line which joins 
the two points u and — w. This integral is zero, for we can replace the 
path of integration by the rectilinear path, and the elements of 
the new integral cancel in pairs. But, on replacing u by — u in the 
expression which gives F(u), we have 



x: 



^(v)dv=-2'^ + K, 
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and Bince we have also 



x: 



we cati take /T = 2 ifw ± Ti. Hence, without making any supposition 
OB to the path of integration, we have, in general, 

(83) r* 'Cir)dv = 2,(« + «)+(2m + 1)^,", 

where m is an integer, and we have an analogous formula for the 
integral J'*^'"i(v)dv. V 

72. The function <r(u). Integrating the fimction £(ii) — 1/m along 
any path starting from the origin and not passing through any pole, 
we have 

and consequently 

• (34) J'\.''""J':uY[(i-£)J=*A. 

The integral function on the right is the simplest of the integral 
functions which have all the periods 2 w for simple roots ; it is the 
function it(u): 

(36) •'W-»II'('-^)'^^*'"^- 
The equality (34) can be written 

(34, .w-^n'-'-a-, 

whence, taking the logarithmic derivative of both sides, we obtain 

The function <r(u), being an integral function, cannot be doubly 
periodic. When its argument increases by a period, it is multiplied 
by an exponential factor, which can be determined as follows : 
From the formula (Si') we have 

>(»+2-) , •+■>• ,j:*'"['<--a-_ /."'<'■>'■■ 
,(.) 

This factor was calculated in S 11, whence we find 

(37) .(« + 2.)= ."»*->*<—»•',(«) = - #«■*->,(«). 
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It IB easy to establish in a Birailar manner the relation 

(38) „(. + 2.') ,.■'>■"->,(«). 

From either of the formulae (36) or {34") it follows that <t(m) ia 
an odd function. 

If we expand this function <r(u) in powers of u, the expansion 
obtained will be valid for the whole plane. It is easy to show that 
all the coefficients are polynomials in g^ and g^ For we have 



/[«• 



.)~-\d»^ 



3.4 5.6 2A(2A-1) 



We see that there is no term in u' and that any coefficient is a 
polynomial in the e^'s and therefore in the invariants g^ and g^; 
the first five terms are as follows : 

^^ff\ j.l'iA = H ^'"* ^'"' ^"' gag»"" 

^ '' "-^ 2'. 3.5 2'.3.6.7 2*.3'.5.7 2'.3*.6».7.11 

The three functions p(u), C(w), it(m) are the essential elements of 
the theory of elliptic functions. The first two can be derived from 
cr(w) by means of the two relations {(M)=cr'(it)/iT(M),p(M) = — i'{M). 

73. General expressions for elliptic functions. Every elliptic function 
^/■(m) can be expressed in terms of the single function <t(m), or again 
in terms of the function {(«) and of its derivatives, or finally in 
terms of the two functions p(m) and p'{u). We shall present con- 
cisely the three methods. 

Method 1. Expression of f{u) in terms of the function ir(u). Let 
«,, o,, ■ ■ ■, o, be the zeros of the function f(u) in a parallelogram of 
periods, and 6„ fij, ■ ■ ■, 6, the poles of /(m) in the same parallelogram, 
each of the zeros and each of the poles being counted as often as is 
required by its degree of multiplicity. Between these zeros and poles 
■we have the relation 

(40) «j + o^ + . . . + a, = Jj + S^ + . . . + 5, + 2 n, 
where 2 O is a period. 

Let us now consider the function 



*(«) = 



„(.-».)...„(»-».) 



,7(« -»,)...„{« -J.- 2 n) 

This function has the same poles and the same zeros as the function 
f(v), for the only zeros of the factor a-(u — a,) are u =af and the 
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values of u which differ from a, only by a period. On the other hand, 
this function ^(u) is doubly periodic, for If we change u to u + 2 w, 
for example, the relation (37) shows that the numerator and the 
denominator of ^(u) are multiplied respectively by the two factors 

(_l)V«~*-"-H-". "-), (_ijv'--+"--'.-». *--'"), 

and these two Actors are equal, by (40). Similarly, we tind that 
<^(m + 2o>')=^(w). The quotient /(«)/^(w) is therefore a doubly 
periodic function of u having no infinite values ; that is, it is a 
constant, and we can write 



(41) /C«) = C- 



^{u - \)^(u - i^ . . . <r(« - h, - 20) 

To determine the constant C it is sufficient to give to the variable u 
any value which is neither a pole nor a zero. 

More generally, to express an elliptic function /(it) in terms of 
the function cr(i(), when we know its poles and its zeros, it will suf- 
fice to choose n zeros («,', oi, ■ ■ ■, o^) and » poles (^i, h'^, — , b'^ in 
such a way that SaJ = Stj and that each root of f{u) can be obtained 
by adding a period to one of the quantities a't, and each pole by 
adding a period to one of the quantities b^. These poles and zeros 
may be situated in any way in the plane, provided the preceding 
conditions are satisfied. 

Method 2. Expression off(u) in terms of the function f and of its 
derivative!!. Let us consider k poles a^ a^, ■ ■ •, a^ of the function /(w) 
such that every other pole is obtained by adding a period to one 
of them. We could take, for example, the poles lying in the same 
parallelc^ram, but that is not necessary. Let 

«-., + (.-.,)■+ +(.-»,)- 

be the principal part of /(w) in the neighborhood of the point o,-. 
The difEerence 



-§[•<!"£(«- 






{»-»(. -ej 



ia an analytic function in the whole plane. Moreover, it is a doubly 
periodic function, for when we change w to « + 2(u, this function is 
increased by — 2 ijS^i", which ia zero, since S--!']'' represents the sum 
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of the residues in a parallelogram. That difference is therefore a 
constant, and we have 

(/(«)= c+r r^f'f (. - a,) - AS'Ci" -«,)•■• 

The preceding formula ia due to Hermite. In order to apply it we 
muat know the poles of the elliptic function /(u) and the corre- 
sponding principal parts. Just as formula (41) is the analogon of the 
formula which espresses a rational function as a quotient of two 
polynomials decomposed into their linear factors, the formula (42) 
is the analogon of the formula for the decomposition of a rational 
fraction into simple elements. Here the function {(m — a) plays the 
part of the simple element. 

Method 3. Expression off(u) in terms ofp(u) and of p'(u). Let 
us consider first an even elliptic function /(m). The zeros of this 
function whkh are not periods, are symmetric in pairs. We can 
therefore find n zeros (a,, a,, — , «,) such that all the zeros except 
the periods are included in the expressions 

±a, + 2«., ±a,+ 2w, ■■., ±a. + 2w. 
We shall take, for example, the parallelogram whose vertices are 
u + »', tti' — (u, — u — (u'l <u — ui' and the zeros in this parallelogram 
lying on the same side of a straight line passing through the origin, 
carefully excluding half the houndary in a suitable manner. If a 
zero a,- is not a half-period, it will be made to appear in the sequence 
a,, a,, • ■ -,«, as often as there are units in its degree of multiplicity. 
If the zero o„ for example, is a half-period, it will be a zero of even 
order 2 r (§ 68, notes). We shall make this zero appear only r times 
in the sequence a„ u^, ■ ■ -, «,- With this understanding, the product 

[p(«) - p(»,)][p(«) - p(«,)] ■•■&(«)- p(«.)] 

has the same zeros, with the same orders, asf(w), excepting the case 
of /(0)= 0. Similarly, we shall form another product, 

[p(«)-p(fi,)][p(w)-p(S,)].-.[p(«)-P(6-,)]. 
having the poles of /(") for its zeros and with the same orders, 
again not considering the end points of any period. Let us put 



♦(«)- 



TpW- p(».)irpW-pK)1 ■ ■ -TpW- pWI 

[p(«)- pft)][pc«)- p(»j] ■ ■ ■ [p«- p(».):' 
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the quotient ^(u)/^(m) is an elliptic function which has a finite 
value different from, xero for every value of u which la not a period. 
This elliptic function reduces to a constant, for it could only have 
periods foi poles ; and if it did, its reciprocal would not have any 
poles. We have, then, 

«„•, _ r fpW - P(«.)1 TpW - p W1 ■ ■ ■ Fp W- p(».)1 
'^ ' [p(«)-p(«.)][p(«)-pft)]---[p(")-p(s.)] 

If /j(w) is an odd elliptic function, f^(u)/p'(ii) is an even function, 
and therefore this quotient is a rational function of p(m). Finally, 
any elliptic function F(u) is the sum of an even function and an 
odd function ; 

Applying the preceding results, we see that every elliptic function 
can be expressed in the form 

(43) F(«)=J![p(«)]+p'(«)«,[p(«)l 
where R and A, are rational functions. 

74. Addition formuls. The addition formula for the function sin x 
enables us to express sin (a + 6) in terms of the values of that func- 
tion and of its derivative for x = a and x = b. There exists an 
analogous formula for the function p(m), except that the expression 
for p(m + v) in terms of p(m), p("), ?'(")) P'(") '^ somewhat more 
complicated on account of the presence of a denominator. 

Let us first apply the general formula (41), in which the function 
tr{u) appears, to the elliptic function p(w) — p()i). We see at once 
that <r(w + v) tr(u — v)/<r'(u) is an elliptic function with the same 
zeros and the same poles as p(m)— p(v). We have, then, 
.r(. + .),r(.-,) 
„-(.) 

in order to determine the constant C it suffices to multiply the two 
sides by cr'(u) and to let u approach zero. We thus find the relation 
1 = — Ca^(v), whence we derive 

(44) p(.)-p(,) = - 'C' + g'j'^-') . 

If we take the logarithmic derivative on both sides, regarding v as 
a constant and u as the independent variable, we find 

p'W 



p(«)-p(i))= 



p(«)-p(») 



= J(.. + ")+{(»-.)-2£(.), 
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or, interchanging u and v in this result, 



-P'W 



p(«)-pW" 

Finally, adding these two results, we obtain the relation 

which constitutes the addition formula for the function t(u). 

Differentiating the two sides with respect to u, we should obtain 
the expression for p(u + v); the right-hand side would contain 
the second derivative p"{it), which would have to be replaced by 
Gp'(u) — ffJ2. This calculation is somewhat long, and we can obtain 
the result in a more elegant way by proving first the relation 

(46) p(» + v) + p(u)+p(v) = Uiu + V)- {(«)- {(«)]'. 

Let us always regard it as the independent variable ; the two sid^ 
are elliptic functions having for poles of the second order « = 0, 
u=— V, and all the points deducible from them by the addition of 
a period. In the neighborhood of the origin we have 

t(« + p)-i{u)- t(»')= {W+ «")+ ■ ■ ■ - t(u)-tiv) 

and consequently 

[£(. + ,)- J(.)-{(.)]'=i-2£'W-2a„ + .... 

The principal part is 1/u', as also for the left-band side. Let us 
compare similarly the principal parts in the neighborhood of the pole 
M = — V. Putting « = — r + A, we have 

{(;.)-{(-» + A)- {W=i-trW + /9i-+-.-, 

K«- J(* - .)-«»)]■- y, - 2{'W+ ■ ■ ■■ 

The principal part of the right-hand side of (46) in the neighbor- 
hood of the point u=— v is, then, l/(u + v)*, just as for the left- 
band side. Hence the difference between the two sides of (46) is 
a constant. To find this constant, let us compare, for instance, the 
developments in the neighborhood of the origin. We have in this 
neighborhood 

p(«+v)+p(„)+p(„)=i+2p(«)+«p'(,.)+---. 
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Comparing this development with that of [{(w + u) — (;(«) — ^(u)]', 
we see that the difference is zero for m = 0. The relation (46) is there- 
fore established- Gombiniiig the two equalities (45) and (46), we 
obtiun the addition formula for the function p(u): 



(47) p{u + v) + p(u)^ 

75. Integration of elliptic functions. Hermite's decomposition for- 
mula (42) lends itself immediately to the integration of an elliptic 
function. Applying it, we find 

I f/(u)d^ = Cu+T (^«>LogM.-.,)]-^i«{(.-a,)+ . . . 

(48) !J a I _,„ 

We see tliat the integral of an elliptic function is expressible in 
terms of the same transcendentals tr, (, p as the functions themselves, 
but the function <r(M) may appear in the result as the argument of 
a logarithm. In order that the integral of an elliptic function may 
be itself an elliptic function, it is necessary first that the integral 
shall not present any logarithmic critical points ; that is, all the 
residues ^f must be zero. If this is so, the integral is a function 
analytic except for poles. In order that it be elliptic, it will suffice 
that it is not changed by the addition of a period to u, that is, that 

whence we derive C = 0, 2.^^''* = 0. If these conditions are satisfied, 
the integral will appear in the form indicated by Hermite's theorem. 

When the elliptic function wbicb is to be integrated ie expressed in terms 
of p(u) and p'(u), it is often advantageous M) start from that form instead of 
employing the general method. Suppose that we wish to integrate the ellipUo 
function K[p(u)] + p'(u)il, [p(u)], Rand R, being rational functions. We bare 
only to notice in regard to the integral ^if, [p(u)]p'(u) du that the ciiange of 
variabie p(u) = t reduces it to the integral of a rational function. As for the 
integral J'R[p(u)](iu, we could reduce it to a certain number of type forms by 
means of rational operations combined with suitably chosen inlegratione by 
parts ; but it turns out that this would amount to making in another form the 
same reductions that were made in Volume I (§ 105, 2d ed. ; g 110, Ist ed.). For, 
if we make the change of variable p(u) = t, which ^ves 



p'(«) du = di, or du = 



dt 



p-tu) V4t'-fljt-(r, 
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theiDt«graJ/H[p(u)]du takes the form 

Wo have seen how this integ ral decomposes into a rational function of 1 and 
of tbe radical V J (' — g^t — g„ a sum of a certain number of integrals of the 
form/(M(/V4(' — ff,I — ffj, and finally a certain number of integrals of the form 



J Pit) V4(« -(,,(- 3, 
where P (() is a polynomial prime to its derivative and also to 4 (' — (/,( — g^, 
and where ^(1) is a polynomial prime to P(t) and of lower degree than P((), 
Returning to the variable u, we see that the integral /£ [p (u)] du is equal 
to a rational function of p(uj and p'(u), plus a, certain number of integrals 
such as /[p (uj]"(lu and a certain number of other integrals of the form 

,.„ C«[pW1* . 

<"' J ftPMl ■ 

and this reduction can be accomplished b; rational operations (multiplications 
SiRd divisions of polynomials) combined with certain integrations by parts. 

We can easily obtain a recurrent formula for the calculation of the integrals 
/, =J"[p(u)]"(iu. If, in the relation 

|^{[p(u)]-ip»} = (n-l)[p(u)]-»p'»(u)+[p(u)}-ip», 

we replace p''(u) and p"(u) by iff {u)- g^p{u)- g, and ep'(«)-ffj/2 
respectively, there results, after arranging with respect to p(u), 

da / 1\ 

= (47.+ 2)[p{u)l- + >-^n--jff,[p(H)]— >-(n-l)lj..[p(u)]— », 

and from this we derive, by integrating the two sides, 

(50) [p(«)]-'p'(") = (4n+2)I. + ,-(n-i)i,,7._i-(n-l)p,/._,. 

By putting successively n = 1, 2, 3, ■ ■ ■ in this formula, all the integrals /» 
can be calculated successively from the first two, I^ = m, fj =— {{u). 

To reduce further the integrals of the form (49), it will be necessary to know 
the roots of the polynomial P(t), If we know these roots, we can reduce the 
calculation to that of a certain number of integrals of the form 
du 



Jp{u) 



where p(o) la different from e,, e^, e„ since the polynomial P(() is 'prime ti 
4t* ^gj. — g^- The value of n is therefore not a half-period, and p'{e) la no 
zero. The formula 

-f'W 



p(»)-pM 
established in § 74, then givea 



= ?(« + •)-?(«-•)- 



r-_^!-_ = —i[Lo5,(,.+ .)- Log. (■-.)- 2«fH] + C. 
Jp(u)-p(u) p'(r) 
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T6> The fanetlMi i. The aeriee b; means of which we have defined the func- 
tions p(u), ffu), r(u) do not easily lend themHelTee to numerical computation, 
iocludiDg even the power series development of <r(u), vrhich is valid for the 
whole plane. The founders of the theory of elliptic functions, Abel and Jacobi, 
had introduced another remarkable transcendental, which had previously been 
encountered by Fourier in his work on the theory of heat, and which can be 
developed in a very rapidly convergent series ; it is called the 6 function. W« 
shall establish briefly the principal properties of this function, and show bow 
the Weierstraas »<u) funcUon can be easily deduced from it. 

Let T = r -(- si be a complex quantity in which the coefficient a of i is positive. 
If V denotes a complex variable, the function 0{v) is defined by the series 



m = \%i-l)'q('*iye(*-^^>'", 



which may be regarded as a Laurent series in which C" has been Buhetituled 
for z. This series is absolutely convei^gent, for the absolute value Ui, of the 
general term is given by 

u. =.—(■*»'-■"'■' 

if v= a+ pi; hence VlT. approaches zer o wh en n becomes infinite through 
positive values, and the same is true of Vl7_,. It follows that the function 
6{v) is an integral transcendental function of the variable v. It is also an odd 
function, for if we unite the terms of the series which correspond to the values 
n and — n — 1 of the index (where n varies from tA -(- no), the development 
(52) can be replaced by the following formula : 



SW = 2X(-W"*^)'b 



in(2 »+!)»■ 



which shows that we have 

fl(-e) =-*(»), fl(0) = 0. 
When v Is increased by unity, the general term of the series (62) Is multi- 
plied by ««" +!>"=- 1. We have, then, fl(o+ 1)=-S(ii). If we change p to 
v -|- T, no simple relation between the two series is immediately seen ; but If 



e<ai>+i)«< 



and then change n to n — 1 in this series, the general term of the new eeriee 

is equal to the general term of the series (52) multiplied by — 9- ' «-*■<<'. Hence 
the function 9{v) satisfies the two relations 

(M) fl(e + l) = -fl(e), 9(v + r)=-q-ie-'"*'9(r>). 

Since the origin is a root of tf(e), these relations show that0{n) has for zeros all 
the points m, + m,T, where m, and m, are arbitrary positive or negative integers. 
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These are the onl; roots of the equation tf («) = 0. For, let us consider a 
parallelogram whose verticeB are the tour pointe «„, Oj + 1, «j + 1 + t, »„ + t, 
the first vertex Oq being taben in such a way that no root of ${v) lies on the 
tx)undary. We shall show that the equation 6{v) = has a single root in this 
parallelogram. For this purpose it is sufficient to calculate the Integral 



along its boundary in the positive s« 
encounter the vertices In the order i 
From the relations (64) we derive 
tf-fD + lj ^yW 



nse. By the hypothesis made u[H>n r 
n which they are written. 









a value. 



D(Vo*r) 




C(%^Ui 



AW^. 



The first of these relations shows that at the corresponding points n 
(Fig. 27) of the sides AD, BC, the funcUon e'(v)/e(v) takes o 
Since these two sides are described in 
contrary senses, the sum of the cor- 
responding integrals is zero. On the 
contrary, if vre take two corresponding 
points m, m' on the sides AB, DC, the 
value of ff'(n)/#(o) at the point m' is 
equal to the value of the same function 
at the point m, diminished by 2 n-i. The 
sum of the two integrals coming from 
these two sides is therefore equal to 

J*(^^ — 2indD, that is, to 2iri. As there is evidently one and only one point 
in the parallelogram ABCD which is represented by a quantity of the form 
TH, + jBjT, it follows that the function 9 (n) has no other roots than those found 

Summing up, the funcUon $(n) is an odd integral function ; it has all the 
points m, + m^T for simple zeros ; it has no other zeros ; and it satisfles the 
relations (64). Let now 2u, 2«' be two periods such that the coefficient of i in 
u'/u is positive. In *(») let us replace the variable d by u/2« and t by «'/«, 
and let ^ (u) be the function 

(66) *'"> = *(^)- 

Then ^ (u) is an odd integral function having all the periods 2 w = 2 mui + 2 m'w' 
lor zeros of the first order, and the relations (54) are replaced by the following : 



*(u + 2«)=-^(«). 



"i" ~°")i.{u) 



These properties are very nearly those of the function ff(u). In order Ic 
duce ittofffu), it BufficeB to multiply ^(u) by an exponential factor. Let us 



where IT is the function of w and i/ defined sn 
is an odd integral function having the same 



, This new function ^(u) 
a <t.{u). The first of the 
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re1»tians (66) bwantm 

(58) ♦(« + 2-) = -^^e*i"**"%(«) = -«»'C+-)f(«). 

We bftTc Mzt 

Of, idnce ifu' — Vh = »f/^. 

(60) f (« + 2-1 = -«;•■«■" +'0^(u). 

Tbe relationa (58) and (50) are Identical with the relatioiiB eatabliahed abore 
for the fanction ff(u). Hence tbe quotient f (u)/ff (u) has tbe tno periods 3h 
and 2»', for the two leniu of Ibis ra^o are moltiplied t^ the same factor when 
u increases b; a period. Since tbe two functions have the same zeros, this 
quotient Is constant ; moreover, the coetBcient of u in each of the two develop- 
ments ]■ equal to unit;. We have, then, » (u) = ^ (u), or 

and tbe function > (u) is expresBed in terms of tbe function ff, as we proposed. 
It we give the argument v real values, the absolute Talue of q being leas than 
unit;, tbe series (68) Is rapidly convergent. We shall not further elaborate 
these Indications, which suffice to suggest tbe fundamental part taken b; the 
S function In the applications of elliptic functions. 



III. INVERSE FUNCTIONS. CURVES OF DEFICIENCY ONE 

77. Relations between the periods and the invariants. To every 
9y8t«m of two complex numbers id, <o', whoae ratio id'/io is not real, 
corresponds a completely determined elliptic function p(u), which 
lias the two periods 2 w, 2 o>', and which is regulai' for all the values 
of w that are not of the form 2 mu) + 2 m'a', all of which are poles of 
the second order. The functions {(m) and <r(u), which are deducible 
from p(«) by one or by two integrations, respectively, are likewise 
determined by the system of periods (2 m, 2 u'). When there is any 
reason for indicating the periods, we shall make use of the notation 
p(«|iu, la"), £(«!«>, «>'), iT(tt|<u, w') to denote the three fundamental 
functions. 

But it is to be noticed that we can replace the system (<u, lu") by 
an infinite number of other systems (il, il') without changing the 
function p(k). For let m, m', n, n' be any four positive or negative 
integers such that we have mn'— m'n = ± 1, If we put 

O = Mi<B + «<„', n' = m'« + nW, 
we shall have, conversely, 

» = ±(«'fJ- nn*), <u' = ±(mO'— m'O), 
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and it is cleai that all the periods of the elliptic function j)(u) are 
combinations of the two periods 2 0, 20', as well as of the two 
periods 2 <», 2 <»'. The two systems of periods (2 u, 2 a>') and (2 Q, 2 n') 
are said to be equivalent. The function p(M|n, O") has the same 
periods and the same poles, with the same principal parts, as the 
function p(«|to, w'), and their difference is zero for w = 0. They are 
therefore identical. This fact results also from the development 
(22), for the set of quantities 2 mia + 2 vt'w' is identical with the 
set of quantities 2 rnil + 2 m'll'. For the same reason, we have 

{(w|n,n')=c(M|»,»') and o-(«|n,o')=<r(ii|<.,,<«'). 

Similarly, the three functions p{m), J(w),<r(w) are completely deter- 
mined by the invariants g^, g^. For we have seen that the function 
er (w) is represented by a power-series development all of whose coeffi- 
cients are polynomials in g^, g^. We have, then, JHu)— <r\u)/tr(u), 
and finally p(«) = — {'(m). In order to indicate the functions which 
correspond to the invariants g^ and y^, we shall use the notation 

pC« ; 9i> ff^, f (" ; ?a. 9»)> "■(« ; ?». s^- 

Just here an essential question presents itself. While it is evi- 
dent, from the very definition of the function p(m), that to a system 
(<u, <o') corresponds an elliptic function p(u), provided the ratio 
to'/ai is not real, there is nothing to prove a priori that to every 
system of values for the invariants g^, y, corresponds an elliptic 
function. We know, indeed, that the expression ^ — 27 yj must be 
different from zero, hut it is not certain that this condition is suffi- 
cient. The problem which must be treated here amounts in the end 
to solving the transcendental equations established above, 

for the unknowns w, u', or at least to determining whether or not 
these equations have a system of solutions such that m'/a is not real 
whenever 5^ — 27yJ is not zero. If there exists a single system of solu- 
tions, there exist an infinite number of systems, but there appears 
to be no way of approach for a direct study of the preceding equations. 
We can arrive at the solution of this problem in an indirect way by 
studying the inversion of the elliptic integral of the first kind. 

Note. Letw,u'betwocompleziiumbersBuchthat»7»iBnotreal. Thecorre- 
iponding function p{u\w,<y) B&UBflea the differential equaUon 



[m- 
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where ?, and 3, are defined by the eqnations (61). For u = u, p (w) is equal to 
one of the roots e, of the equation iffi— g^p — 9, = 0. When u varies from 
to u, p(u) deacribe a a curve L KOi ng from infinity to the point e,. Fiom the 
relation du = dp/Vlp* — ?,p — ff, vre conclude that the balf-period w is equal 
to the definite integral 



J' V4p»-si,p-p, 
taken along the curve L. An analogous expression for w' can be obtained by 
replacing e, by e, in the preceding integral. 

We havethus the two half-periods eipressed in terras ot the invariants Pjiffj. 
In order to be able to deduce from this resuit the solution of the problem before 
us, it would be necessary to show that the new system is ajuivalent to the system 
(01), that is, that it defines g^ and 17, as ^ngle-v^ued functions of w, »'. 

78. The Inverse fnnction to the elliptic integral of the first kind. Let 
R(z)he A polynomial of the third or of the fourth degree which is 
prime to its derivative. We shall write this polynomial in the form 

where a^, a^, a^, a^ denote four different roots if ff(«) is of the 
fourth degree. On the other hand, if fl(a) is of the third degree, we 
shall denote its three roots by a,, a^, a,, and we shall also set a^ = M, 
agreeing to replace « — ee by unity in the expression R (s). 
The elliptic integral of the first kind is of the form 



where the lower limit e^ is supposed, for definiteness, to be different 
from any of the roots of R (a) and to be finite, and where the radical 
haa an assigned initial value. If Jt{s) is of the fourth degree, the 
radical ■vB(s) has four critical points a^, a^, a^, a,, and each of the 
determinations of Vtt(s) has the point a = cc for a pole of the second 
order. If R(s) is of the third degree, the radical Vif (s) has only 
three critical points in the finite plane a,, a^ a,; but if the variable 
z describes a circle containing the three points a^, a^, a^, the two 
values of the radical are permuted. The point « = oo is therefore a 
branch point for the function Vfi(z). 

Let us recall the properties of the elliptic integral u proved in 
S 65. It «(s) denotes one of the values of that integral when we 
go from the point s„ to the point z by a determined path, the same 
integral can take on at the same point z an infinite number of deter- 
minations which are included in the expressions 
(63) u = 1^7)+ 2 mo, + 2 m' J, u = I -Z(^+2m.<a + 2m.W, 
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if the path is varied. In these formulEe m and m'are two entirely 
arbitrary integers, 2 <•> and 2ai' two periods whose ratio is not real, 
and / a constant which we may take equal, for example, to the 
integral over the loop described about the point a^. 

Let p (m I ui, o)') be the elliptic function constructed with the periods 
2 (u, 2 ui' of the elliptic integral (62). Let us substitute in that func- 
tion for the vai'iable u the integral (62) itself diminished by 1/2, 
and let 9(e) be the function thus obtained: 

(64) 

This function ^(z'} U a single-valued fuwytion of e. In fact, if we 
replace u by any one of the determinations (63), we find always, 
whatever m and rti' may be, 



t(»)-p[»W-^|»,»'], or t(.)=p[; 



».WI' 



which shows that ^(s) is single-valued. 

Let us see what points can be singular points for this function 
*(«). First let S| be ajiy finite value of * different from a branch 
point. Let us suppose that we go from the point «„ to the point e^ 
by a definite path. We arrive at e^ with a certain value for the 
radical and a value u, for the integral. In the neighborhood of the 
point *,, 1/Vfi(a) is an analytic function of z, and we have a 
development of the form 

«J +«,(«-«,)' + ■■■. «.^o. 

whence we derivi 

(66) « = ., + <.,(»-2,) + jS2(»-«,)> + .... 

If Mj — //2 is not equal to a period, the function p(u — 1/2) ia 
analytic in the neighborhood of the point «,, and consequently *(«) 
is analytic in the neighborhood of the point a,. If n^ — 1/2 is a 
period, the point m, is a pole of the second order for p{u — 1/2), and 
therefore *, is a pole of the second order for *(s), for in the neigh- 
borhood of the point u^ 

"■r 2l (.-«^' 

where P is an analytic function. 
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Suppose next that z approaches a critical point a,-. In the neigh- 
borhood of the point a^ we have 

where P^ is analytic for « = aj, or 

Vfl(s) Wz-a^ 

whence, integrating term by term, we find 

(66) „ = „^ + v^^r7;;[2«„ + !«.(«- «,)+...]. 

If «i — 1/2 is not a period, p{m — 1/2) is an analytic function of u 
in the neighborhood of the point h,. Substituting in the develop- 
ment of this function in powers of m — w, the value of the difference 
M — «, obtained from the formula (66), the fractional powers of 
(a — a,) must disappear, since we know that the left-hand aide is a 
single-valued function of z; hence the function *(«) is analytic in 
the neighborhood of the point Oj, Let us notice in passing that this 
shows that w,- — 1/2 must be a halt-period. Similarly, if itj -;- //2 is 
equal to a period, the point a, is a pole of the first order for *(»). 

Finally, let us study the function *(«) for infinite values of s. 
We have to distinguish two cases according as R(z) is of the fourth 
degree or of the third degree. If the polynomial R (2) is of the fourth 
degree, exterior to a circle C described about the origin as cen ter a nd 
containing the four roots, each of the determinations of l/"v^(s) is 
an analytic function of 1/s. For example, we have for one of them 

-7^ = ^ + -; + T + ■ ■ -, «„*!>, 

Vr(7) «' ==' ^' 

and it would suffice to change all the signs to obtain the develop- 
ment of the second determination. If the absolute value of z becomes 
infinite, the radical 1/V/f (z) having the value which we have just 
written, the integral approaches a finite value m„ and we have in 
the neighborhood of the point at infinity 

(67, „.„._a_i_^_.... 

If M„ — 1/2 is not a period, the function p(u — 1/2) is regular for 
the point m„, and consequently the point s = ao is an ordinary point 
for*(«). If w_ — 1/2 is a period, the point m„ is a pole of the second 
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order for p (« — V^)' ^""^ since we can write, in the neighborhood of 
the point a = oo , 

the point « = oo is also a pole of the second order for the function $ («). 
If R(z) is of the third degree, we have a development of the form 



1 =iL+f!i+a+...), 



which holds exterior to a circle having the origin for center aiid 
containing the three critical points a„ a^, a,. It follows that 

(68) „...-^(2,. + l|.l+...). 

Beasoning as above, we see that the point at infinity is an ordi- 
nary point or a pole of the first order for *(«). The function *(z) 
has certainly, only poles for singular points ; U is therefore a i-ational 
function of z, and the elliptic integral of the first kind (62) satisfies 
a relation of the form 



(69) p(«-0 = tW, 



where *(z) is a rational function. We do not know as yet the degree 
of this function, but we shall show that it is equal to unity. For 
that purpose we shall study the inverse function. In other words, 
we shall now consider w as the independent variable, and we shall 
examine the properties of the upper limit z of the integral (62), con- 
sidered as a function of that integral u. We shall divide the study, 
which requires considerable care, into several parts : 

1) To every finite value of u correspond m values of » if m. is the 
degree of the rational function *(2)- 

For let M, be a finite value of n. The equation * (3) = p (Mj — 1/2) 
determines m values for z, which are in general distinct and finite, 
though it is possible for some of the roots to coincide or become 
infinite for particular values of m,. Let s, be one of these values 
of s. The values of the elliptic integral 11 which correspond to this 
value of z satisfy the equation 



.(.-0=*(,).p(,..-|), 



we have, then, one of the two relations 

« = M, -I- 2mj<u + 2mjiu', u = T- v^ + 2m^w + 2 
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In either case we can make the variable z describe a path from 2, to 
«j such that the value of the integral taken over this path shall be 
precisely it,. If the function *(«) is of degree wi, there are then m 
values of » for which the integral (62) takes a given value u. 

2) Let u, be a finite value of u to which corresponds a finite value 
SjOf «; that determiTiatwn of a which approaches x^whenu approaches 
M| is an aTialytic function of u in the neighborhood of the point u^. 

For if a, is not a critical point, the values of u and a which ap- 
proach respectively w, and z^ are connected by the relation (66), where 
the coefficient a^ is not zero. By the general theorem on implicit 
functions (I, §193, 2d ed.; S 187, 1st ed.) we deduce from it a 
development for z — z^ in positive integral powers of u — u^. 

If, for the particular value u^, z were equal to the critical value «(, 
we could in the same way co nsider t he right-hand side of (66) as a 
development in power s of Vz — Oj, Since a^ is not zero, we can 
solve (66) for V* — «;, and therefore for z — a„ expressing each of 
them as a power series in « — «;, 

3) Let M„ be one of the values which the integral u takes on when 
|z| becomes infinite; the point u^ is a pole for that determination of z 
w/iose absolute value becomes ittfnite. 

In fact, the value of the integral « which approaches m„ is repre- 
sented in the neighborhood of the point at infinity by one of the 
developments (67) and (68). In the first case we obtain for 1/z a 
development in a series of positive powers of u — u.. 

; = ft(«-".)+«"-».)"+---, ft#Oi 

in the second case we have a similar development for 1/Vz, and 

therefore 

j=(«-..)'[ft+«.-„,)+...]'. 

The point «„ is therefore a pole of the first or second order for «, 
according as the polynomial fl(«) is of the fourth or of the third 
degree. 

4) We are going to show finally that to a value of u there can cor- 
respond only one value of x. For let us suppose that as the variable « 
describes two jiaths going from z^ to two different points z^, z^, the 
two values of the integral taken over these two paths are equ^. It 
would then \» possible to find a path L joining these two points c,, «, 
such that the integral 



X dz 
V/{(z) 
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would be zero. If we represent the integral u = X + Yibj the point 
with the coordinates (.V, 1") in the system of rectangular axes OX, 
OY, we see that the point n would describe a closed curve r when 
the point « describes the open curve L. We shall show that this is 
not consistent with the properties which we have just demonstrated. 
To each value of u there correspond, by means of the relation 
p(w — //2)=*(»), & finite number of values of s, each of which 
varies in a continuous manner with u, provided the path described 
by u does not pass through any of the points corresponding to the 
value « = 00.* According to our supposition, when the variable u 
describes in its plane the closed curve T starting from the point 
A (u^ and returning to that point, z describes an open arc of a con- 
tinuous curve passing from the point 2, to the point e^. Let us take 
two points M and P (Fig. 28) on the curve T. „ 

Let the initial value of s at .4 be e„ and let 
«', «" be the values obtained when we reach 
the points M and P respectively, after u has 
described the path8^Mand^3/JVP. Again, 
let «[' be the value with which we arrive at 
the point P after u has described the arc 
AQP. It results from the hypothesis that 
«" and x" are different. Let us join the two 

points M and /* by a transversal MP interior to the curve T, and let 
us suppose that the variable w describes the arc AmM and then the 
transversal MP; let «i' be the value with which we arrive at the 
point P. This value a^' will be different from a" or else from s". If 
it is different from x[', the two paths AmMP and AQP do not lead 
to the same value of z at the point P. If «" and *J' are diSei-ent, the 
two paths AmMP and AmMNP do not lead to the same value at P; 
therefore, if we start from the point M with the value x' tor z, we 
obtain different values for z according aa we proceed from ilf to P 
along the path MP or along the path MNP. In either ease we see 
that we can replace the closed boundary r by a smaller closed bound- 
ary r„ partly interior to r, such that, when u describes this closed 
boundary, z describes an open arc. Repeating this same operation on 
the boundary r„ and continuing thus indefinitely, we should obtain 
an unlimited sequence of closed boundaries r, r^, r^, ... having the 
same property as the closed boundary r. Since we evidently can 

*We assume the properUea of implicit tuuctioDB which will be esbibllsbed Ut«r 
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make the dimensions of these successive boundaries approEich zero, 
we may conclude that the boundary T, approaches a limit point X. 
From the way in which this point has been defined, there will always 
exist in the interior of a circle of radius c described about A as a 
center a closed path not leading the variable x back to its original 
value, however small i may be. Now that is impossible, for the point 
X is an ordinary point or a pole for each of the different determina- 
tions of 2; in both cases z is a single-valued function of u in the 
neighborhood of A, We are t hus led to a contradiction in supposing 
that the integral J"d«/ Vif {z), taken over an open path L, can be zero, 
or, what amounts to the same thing, by supposing that to a value of 
u correspond two values of z. 

We have noticed above that, if for two different values of z we have 

*(Sj)= *(s^, we can find a path L from *j to z^ such that the integral 

dz 

will be zero. Hence the rational function * (z) cannot take on the same 
value for two difEei'ent values of s ; that is, the function *(z) must be 
of the first degree: *(z) = («s + i)/(c3 + rf). It follows, from the 
relation (69), that 

»-*(.- 5) 

(70) 



b 



(-0- 



cpi 

and we may state the following important proposition : The upper 
limit z of an elUptU integral of the first kind, considered a» a function 
of that integral, is an elliptic function of the second order. 

Elliptic integrals had been studied in a thorough manner by 
Legendre, but it was by reversing the problem that Abel and 
Jacobi were led to the discovery of elliptic functions. 

The actual determination of the elliptic function z =/(«) con- 
stitutes the problem of inversion. By the relation (62) we have 



and therefore '^K(z)=sf(u). It is clear that the radical Vff(z) is 
itself an elliptic function of u. We can restate all the preceding 
results in geometric language as follows: 

Let R(z) be a polynomial of the third or fourth degree, prime to its 
derivative; the coordinates of any point of the curve C, 
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(71) y' = n(x), 



can be expressed in terms of elliptic functions of the integral of the 
first kind, 



Jr'dx_ /• ' dx 
^ y ~X '^^' 



in such a way that to a point (x, y) of that enirue corresponds only 
one value ofu, any period beiny disregarded. 

To prove the last pai't of the proposition, we need only remark 
that all the values of u which correspond to a given value of x are 
included in the two expressions 

M„ + 2 TO,<o + 2 my, / - «, + 2m, <o + 2 )»,«'. 

All the values of u included in the first expression come from an 
even number of loops described about critical points, followed by 
the direct path from x^ to x, with the same initial value of the 
radical VJt (x). The values of u included in the second expression 
come from an odd number of loops described about the critical points, 
followed by the direct jMith from x^ to a:, where the corresponding 
initial value of the radical -vli(x) is the negative of the former. If 
we are given both x and y at the same time, the corresponding 
values are then included in a single one of the two formulEe. 

From the investigation above, it follows that the elliptic function 
X =/(m) has a pole of the second order in a parallelogram if R(x) 
is of the third degree, and two simple poles if R (x) is of the fourth 
degree ; hence y = /*(«) is of the third or of the fourth order, accord- 
ing to the degree of the polynomial R (x). 

Note. Suppose that, by any means whatever, the coordinates (a;, y) 
of a point of the curve y* = fl (a;) have been expressed as elliptic 
functions of a parameter v, say x = if>(v), y = ^^v). The integral of 
the first kind u becomes, then. 






The elliptic function ^'(»)/^i(f) cannot have a pole, since w must 
always have a finite value for every finite value of w ; it reduces, 
then, to a constant k, and we have u = kv + 1. The constant I 
evidently depends on the value chosen for the lower limit of the 
integral u. The coefficient k can be determined by giving to v a 
particular value. 



sdbvGoO^^lc 



182 



SINGLE-VALUED ANALYTIC FUNCTIONS [m, S 79 



79. A new deflnlUon of p(u) by means of the InvarUnta. It is nov 

quite easy to answer the question proposed in § 77. Given two nuin- 
beis jT,, ?, such that ffi~27 gl is not zero, there always exists an 
elliptic function p(w) for which g^ and g^ are the invariants. 
For the polynomial 

is prime to its derivative, and the elliptic integral /(/s/VS^s) has 
two periods, 2 u, 2 <o', whose ratio is imaginary. Let p (w | ui, (u") be the 
corresponding elliptic function. We shall substitute for the argu- 
ment u in this function the integral 



(T2) 






where /f is a constant chosen in such a way that one of the values 
of u shall be equal to zero for a = ao. We shall take //, for example, 
equal to the value of the integral j^dz/^H (z) taken over a ray L 
starting at «„. We shall show first that 
the function thus obtained is a single- 
valued analytic function of z. Let z be 
any point of the plane, and let us denote 
by V and v' the values of the integrals 







"•=1 



Fig. 29 



starting with the same initial value for 
Vff(s) and taken over the two paths 
n^z, n^, which together form a closed 
curve containing the three critical points 
Bj, Bj, e^ of the radical. Consider the closed curve s^mzmt^ZMNZx^ 
formed by the curve z^mznz^, the segment s^Z, the circle C of very 
large radius, and the segment Zs,. The function 1/Vfl (s) is analytic 
in the interior of this boundary, and we have the relation 

X ■•'^ Jin^^W) J.. -^W) 
which becomes, as the radius of the circle C becomes infinite, 
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The values of u resulting from the two paths x^mz, x^mt therefore 
satisfy the relatiou u+u' = 0. From this we conclude that the 
function 



'<"'-"''-KX'v%-'"" 



is a 3 ingle- valued function of e. We have seen that it is a linear 
function of the form (az + b)/(ez + d). To determine a, b, e, d it 
will suffice to study the development of this function in the neigh- 
borhood of the point at Infinity. We have in this neighborhood 

hence the value of u, which is zero for « infinite, is represented by 
the series 






It follows that the difference p(u) — « is zero for a = oo. But the 
difEerence (as + b)/(cs + d) — « can be zero for 2 =: oo only if we 
have e = 0,b = 0,a = d; and the function p(m|oi, 10') reduces to a 
when we substitute for u the integral (72). Taking the point at 
infinity itself for the lower limit, this integral can also be written in 
the form 

(72') «-r-^, 

and this relation makes p(u) = e, where the function p (u) is con- 
structed with the periods 2(it, Sm' of the integral fdz/-^R(z). 

Comparing the values of du/ds deduced from these relations, we 
have p'(m) = Vfl (»), or, after squaring both sides, 

(73) p»(,) = J!(^)-4p-(.)-!,,p(«)-j, 

The numbers g^, g^, therefore, are the invariants of the elliptic func- 
tion p (it), constructed with the periods 2 w, 2 w'. This result answers 
the question proposed above in § 77. It ^ — 27 gl is not zero, the 
equations (61) are satisfied by an infinite number of systems of mlues 
for u, w'. If e„ fij, e, are the three roots of the equation 

fi(z)=4«'-<,,«-y, = 0, 
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one system of solutions ia given, for example, by the formnlEe 

from which all other systems will be deductble, as has been explained. 

Id the applications of analysis in nhich elliptic functions occur, the function 
p{u) is usually defined by its invariants. In order to cany through the numerical 
compulations, it is necessary to calculate a pair of periods, knowing g^ and 5,, 
and also to be able to find a root of the equation p(u) = A, where ^ ia a given 
constant. For the details of the methods to be followed, and for Information 
regarding the use of tables, we can only refer the reader to special IreatiseB." 

80. Application to cubicB in a plane. When j/J ~ 27 (^ is not zero, 
the equation 

(76) if' = 43:' — j'js; — jf, 

represents a cubic without double points. This equation is satisfied 

by putting x = p(w), y = p'(m), where the invariants of the function 
p («) are precisely g^ and g^. To each point of the cubic corresponds a 
single value of u in a suitable paiallelogram of periods. For the equa^ 
tion p(u)=x baa two roots u^ and u^ in a imrallelogram of periods, 
the sum m, + 11^ is a period, and the two values p'((e,) and p'(i(j) are 
the negatives of each other. They are therefore equal respectively 
to the two values of 1/ which correspond to the same value of x. 

In general, the coordinates of a point of a plane cubic without 
double points can be expressed by elliptic functions of a parameter. 
We know, in fact, that the equation of a cubic can be reduced to 
tlie form (75) by means of a projective transformation, but this 
transformation cannot be effected unless we know a point of inflec- 
tion of the cubic, and the determination of the points of inflections 
depend upon the solution of a nintb^iegree equation of a special 
form. We shall now show that the parametric representation of a 
cubic by means of elliptic functions of a parameter can be obtained 
without having to solve any equation, provided that we know the 
coordinates of a point of the cubic. 

Suppose iirst that the equation of the cubic is of the form 

(T6) i/" = b^x' + !ibjX' + S h^x + \, 

■The tormnlte (39) which give the development of a (11) Id a power series, and 
those which result from it by differentiatioD. enable us, at least theoretically, to 
calculates (u), ir'(u), '"(u), and consequently f(u) and P(u), for all syateiua of values 

of u, 9t, g»- 
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in which case the point at infinity is a point of inflection. This 
equation can be reduced to the preceding form by putting y = 4 y'jh^, 
x=— bjb^ + ix'/b^, which gives 

y" = ^^'^ - 9i^' - 9v 
where the invariants g^, g^ are given by the formulse 

12(6?- Va) 36/A-2fet-S'», 

S-a - 16 ■ 5'. - 16 

Hence we obtain for the cottrdinates of a point of the cubic (76) 
the following formulae : 

h, 4 4 

Let us now consider a cubic C^, and let (a, ^) be the coordinates 
of a point of that cubic. The tangent to the cubic at this point (a, ^ 
meets the cubic at a second point (a', 0) whose coordinates can be 
obtained rationally. If the point («', j3') is taken as origin of coor- 
dinates, the equation of the cubic is of the form 

*.(^. y)+ *a(^. y) + *,(^. y)= o, 

where ^((a:, y) denotes a homogeneous polynomial of the ith degree 
(i = 1, 2, 3). Let us cut the cubic by the secant y = tx; then x is 
determined by an equation of the second degree, 

whence we obtain 

"- 2+.a,i) I-"' 

where it (i) denotes the polynomial ^j(l, *) — 4 ^^(1, ()^i(l, (), which 
is in general of the fourth degree. The roots of this polynomial are 
precisely the slopes of the tangents to the cubic which pass through 
the origin.* We know a priori one root of this polynomial, the slope („ 
of the straight line which joins the origin to the point (a, ;3). Putting 
t = t^-\- l/C, we find 

where the polynomial R^(t') is now only of the third degree. The 
coordinates {x, y) of a point of the cubic C, are therefore expressible 
rationally in terms of a parameter t' and of the square root of a 

■Two roots cannot b« equal (see Vol. I, j 103, 2d ed. ;§ 108, 1st ed.). — Trans. 
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polyooniial J?,(*') of the third degree. We have just seen bow to 
express t' and V^(?) as elliptic functions of a parameter u ; hence 
ire can express x and y also as elliptic functions of u. 

It follows from the nature of the methods used above that to a 
point (x, y) of th e cubic correspond a single value of t and a definite 
value of Vii (t), and hence completely determined values of (' and 
'VrJP). Now to each system of values of (' and Viij((') corre- 
sponds only one value of u in a suitable parallelogram of periods, as 
we liave already pointed out. The expressions x =/(«), y =f^(u), 
obtained for the coordinates of a point of C,, are therefore such 
that all the determinations of u which give the same point of the 
cubic can be obtained from any one of them by adding to it various 
periods. 

This parametric repraeentatjon of plane cubics by means of elliptic functions 
Is very important.* As an example we shall show how U enables us to deter- 
mine the points of inflection. Let the expressions for the cotlrdiiiateH be 
X =/{«), y =/,(u); the arguments of the points of intersections of the cubic 
with the straight line Ax + By + C = are the roots of the equation 

J/{u) + Bf^{ii) + C = 0. 

Since to a point (x, y) corresponds only one value of u in a parallelogram of 
periods, it follows that the elliptic function A/(u) + £/,(u>-(-C must be, in 
general, of the third order. The poles of that function are evidently independent 
of A, B, C; hence if u^, u^, u, are the three arguments corresponding respec- 
tively to the three points of intersections of the cubic and the straight line, we 
must have, by § Q8, 

Mi + Uj + u, = X + 2m,«+2m,<B', 

where K is the sum of the poles in a parallelogram. Replacing u by K/S + u 
in/{u) and/,{u), the relation can be written in the simpler form 

u, + Uj + Kg = period. 

Conversely, this condition is sufBcient to insure that the three points Jf, (u^u,), 
Jfj (u = u,}, 3f, (u = Uj) on the cubic shall lie on a straight line. For let M^ be 
the third point of intersection of the straight line Jf,Jlf, with the cubic, and Ug 
the corresponding argument. Since the sum u^ + u, + % is equal to a period, 
u, and u^ differ only by a period, and consequently Mj coincides with Jlf,. 

It u la the value of the parameter at a point of Inflection, the tangent at that 
point meets the curve in three coincident points, and 3u must be equal to a 
period. Wemust have, then, ii = (2m,« + 2mjiB')/S- All the points of inflec- 
tion can be obtained by giving to the integers m, and m, the values 0, 1, 2. 
Hencetherearentnepoints of inflections. The straight line which passes through 
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the two points of inflection (2m,w -(■ Smg^VS and (2m^u + 2mfai')/8 »>»»» 

the cubic in a third point whose argument, 

_ 2(mt+ «i3')« + B(m, + w,')w' 

3 

is again one third of a period, that is, in a new point of inflection. The number 

of straiglit lines which meet the cubic in three points of inflection is therefore 

equal to (0 - 8)/|3 . 2), that ia, to (welue. 

NcU. The points of intersection of the standard cubic (76) with the straight 
line y = wa + n are given by the equation p'{u) — mp (u) — n = 0, the left-hand 
side of which has a pole of the third order at the point u = 0. The sum of the 
arguments of the points of intersection is then equal to a period. If u^ and u, 
are the arguments of two of these pointe, we can take — u, — Uj for the argu- 
ment of the third point of intersection, and the abscissas of these three points 
are respectively pfUj), p(u,), p(u,+ Uj). We can deduce from this a new proof 
of the addition formula for p(u). In fact, the abscissas of the points of inter- 
sectJon are roots of the equation 

4a»-fI,a-17,=<TM + n)"; 
hence 

xi + I, + I, = P(^,) + P K) + ?("! + «s) = Y ■ 

On the other hand, from the straight line passing through the two points Jfj(i(|), 
Mj(uj), we have the two relations p'(u,)=n)p(U|)-l-n, p'(u,)=inp(u,)4-Ti, whence 
p-K)-p-(»,) 
PK)-P(«i)' 
and this leads to the relation already found In g 74, 

81. General formuUe for parameter representation. Let R(x) be a 
polynomial of the fourth degree prime to its derivative. Consider 
the curve C^ represented by the equation 

(77) ^ = R(x)= a^x* + 4 «,a;' + 6 a^ic' + 4 a^x + a^ . 
We shall show how the coordinates x and ?/ of a point of this curve 
can be expressed aa elliptic functions of a parameter. If we know a 
root a of the equation R (x) = 0, we have already seen in the treat- 
ment of eubics how to proceed. Putting x = a + 1/x', the relation 
(77) becomes 

where R^(x') is a polynomial of the third degree. Hence the curve C^, 
by means of the relations x = a + t/x', y = y'/x'\ corresponds point for 
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point to the curve C, of the third degree whose equation is y'*=R^(x'). 
Now x' and y' can be expressed by means of a parameter u, in the form 
x' = ocp(u) + ^, 1/' = arp'(w), by a suitable choice of a, j8 and of the 
invariants of p(w). We deduce from these relations the following 
expresBions for x and y : 



whence we find du =— dx/y, so that the parameter u is identi- 
cal, except for sign, with the integral of the first kind, /(fe/vfl^), 
and the formulie (78) constitute a generalization of the results for 
the simple case of parametric representation in § 80. 

Let us consider now the general case in which we do not know any 
root of the equation R(x)^: 0. We are going to show that x and y 
can be expressed ratiemally in term* of an elliptic fuTwtion p(w) with 
known invariants, and of its derivative p' (u), without introducing any 
other irrationality than a square root. Let ns replace for the moment 
X and y hy t and v respectively, so that the relation (77) becomes 

(77') v» = ^(0 = a/ + 4 a/ + 6 «,(» + 4 a,( + a^. 
The polynomial R(t) can be expressed in the form 

in an infinite number of ways, where ^,, ^j, ^, are polynomials of 
the degrees indicated by their subscripts. For let (a, j8) be the coor- 
dinates of any point on the curve C^. Let us take a polynomial 4>^(t') 
such that ^j(a:) = iS, which can be done in an infinite number of ways; 
then th. equation j,(,,_|;^_(,)]., „ 

will have the root t = «, and we can put ^j(() = t~a. The poly- 
nomial R(t) having been put in the preceding form, let us consider 
the auxiliary cubic C, represented by the equation 



(79) 



'■*.© + ^'^*.© + '*.(i) = »- 



If we cut this cubic by the secant y = tx, the abscissas of the two 
variable points of intersection are roots of the equation 

a^^,(0 + 23:*,(()+<^,(0 = 

and can be expressed in the form 
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where v is determiDed by the equation (IT)- Conversely, we see that 
t and V can be expressed rationally in terms of the codrdinates x, y 
of a point of C, by the equations 

(80) , = |. .-»*.©+*.©• 

Now X and y can be expressed as elliptic functions of a parameter u, 
since we know a point on the cubic C^ that'is the origin. Then t 
and V can also be expressed as elliptic functions of u. The method is 
evidently susceptible of a great many variations, and we have intro- 
duced only the iriational j8 = ^/rJo), where a ia arbitrary. 

We are going to carry through the actual calculation, supposing, 
as is always admissible, that we have first made the coefficient a^ of (■ 
disappear in R(t). We can then write 

a^R (t) = (a^ey + 6 a„a/ + 4 a^a^t + «„«, 
and put 

The auxiliary cubic C, has the form 

(81) 6 %a^xf + 4 %a^3?y + a^a^!^ + 2 o^ - a; = 0. 

Following the general method, let us cut this cubic with the 
secant y = tx; the equation obtained can be written in the form 



©■- 



whence we obtain 

Conversely, we can express ( and Va^fi (() in terms of x and y: 

On the other hand, solving the equation (81) for y, we have 



- 2..»,i'+ Vj^ajj^'- a;(<.,a.a!'-l)(6».n,» + 2a.) 

" = 6 ..<.,« + 2 «. 

The polynomial under the radical has the root a; = 0. Applying the 
method ex]>]ained above, we can then express x and y as elliptic 
functions of a parameter. Doii^ so, we obtain the results 

/R!^^ 1 „ fiop'(«)-a. 

^**^ ^-2a„p(«)-a; ^-2Kp(«) + «J[2^P{")-<»J 
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where the invariants g^, g^ of the elliptic function p(u) have the 
following values: 



(84) 



a^a^ + ZtJ^ 



_ aag^a^ — a^ — iT„a, 



Substituting the preceding values for x and y i 
82), we find 



the expressions 



/S(o = V^J2p(.) 



(85) 



We can write these results ii 
that the relations 



[•>'»- s 




"W + S 




_«, 1 


,„-q' 


«. i 


p(.)+aj 



B. somewhat simpler form by noting 



(86) 



pW- 



are com^tible according to the values (84) of the invariants g^ and g^. 
On the other hand, we can substitute for 



4[p(.)-p(,)J 



its equivalent p(u + v) + p(u) + p(v). Combining these results and 
replacing t and Vii(t) by x and y respectively, we may formulate 
the result in the following proposition r 

The coordinates (x, y) of any point on the ciime C^, represented by 
the equation (77) (tohere a^ = 0), can he expressed in terms of a vari- 
able parameter u hy the fovmuhe 

i p'W-P'W , 

2p(.)-p(«) 

where the invariants g^ajidg^have the values givenbytherfiations(%i'), 
and where p(v), p'(v) are detennined hy the compatible equations (86). 

From the formula (46), established above (§ 74), we derive, by 
differentiating the two sides of that equality, 

1 ^r p'(.)-pw -| 



(87) 



= ^[P(»)-P(« + -)], 



2<i«LP(«)-PWj 



-p(«)-p(«+»)i- 
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that is, (fcc/dw = y/v^, orrfw =\yajy\dx. The parameter u, there - 
fore, represents the elliptic integral of the first kind, -JaJdx/'wR (x), 
and the formulse (87) furnish the aolution of the generalized prob- 
lem of parameter representation. 

8S. CoTTes of deficiency one. An algebraic plane curve C, of degree 
n cannot have more than (n — l)(n — 2)/2 double points without 
degenerating into several distinct curves. If the curve C, is not 
degenerate and has d doable points, the difference 

la called the deficiency of that curve. Curves of deficiency zero are 
called unicursal curves ; the coordinates of a point of such a curve 
can be expressed as rational functions of a parameter. The next 
simplest curves are those of deficiency one; a curve of deficiency 
one has (n - 1) (n - 2)/2 -! = «(»- 3)/2 double points. 

The coordinates of a poini of a curve of deficiency one can be 
esspressed as elliptic functiona of a parameter. 

In order to prove this theorem, let as consider the adjoint curves 
of the (n — 2)th order, that is, the curves C,_j which pass through 
the n(n - 3)/2 double points of C,. Since (n — 2) (n + 1)/2 points 
are necessary to determine a curve of the (n — 2)th degree, the 
adjoint curves C,_j depend still upon 

(.-2)(. + l)-.(.-3) _^^^ ^^ 

arbitrary parameters. If we also require that these curves pass 
through n — 3 other simple points taken at pleasure on C,, we obtain 
a system of adjoint curves which have, in common with C„ the 
n(n — 3)/2 double points of C, and n — 3 of its simple points. Let 
F(x, y) = be the equation of C,, and let 

/,(x, y)+>f,(x, v) + ^f,{x, y)= 
be the equation of the system of curves C„_a, where A and /^are arbi- 
trary parameters. Any curve of this system meets C. in only three 
variable points, for each double point counts as two simple points, 
and we have 

n(n-Z)+n-Z = n(n-2)-Z. 
Let ug now put 



(88) 
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when the point (x, y) deaei'ibes the curve C„ the point (x', y") de- 
scribes an algebraic curve C whose equation would be obtained by 
the elimination of x and y between the equations (88) and F(x, y) = 0. 
The two curves C and C, correspond to each other point for point 
by means of a biratwnal transformation. This means that, con- 
versely, the coordinates (a;, y) of a point of C, can be expressed 
rationally in terras of the coordinates (a;', y*) of the corresponding 
point of C. To prove this we need only show that to a point (x', y') 
of C there corresponds only one point of C„, or that the equations 
(88), together with F(x, y)= 0, have only a single system of solu- 
tions for X and y, which vary with x' and y'. 

Suppose that to a point of C there correspond actually two points 
(a, b), (a', ft") of C„ which are not among the points taken as the 
basis of the system of curves C,_j. Then we should have 

/.(»'■«')/.(«',>') _ /.(«',«') 

and all the curves of the system which pass through the point (a, b) 
would also pass through the point (a', fi*). The curves of the system 
which pass through these two points would still depend linearly 
upon a variable parameter and would meet the curve C, in a single 
variable point. The coordinates of this last point of intersection 
with C, would then be rational functions of a variable parameter, 
and the curve C„ would be unicursal. But this is impossible, since 
it has only n(n — 3)/2 double points. Hence to a point (x', y') of C 
corresponds only one point of C,, and the co6rdinates of this point 
are, by the theory of elimination, rational functions of x' and y' : 

(89) x = i,^{x;y% y = U^\y'). 

In order to obtain the degree of the curve C", let us try to find 
the number of points common to this curve and any straight line 
ax' + by' + = 0. This amounts to finding the number of points 
1 to the curve C, and the curve 



«/,(*, y) + V,(^. y) + <^A(^, y) = o, 

since to a point of C' corresponds a single point of C,, and conversely. 
Now there are only three points of intersection which vary with a, h, e. 
The curve C is therefore of the third degree. To sura up, the coor- 
dinates of a point of the curve C, can be expressed rationally in 
terms of the coordinates of a point of a plane cubic ; and since the 
coordinates of a point of a cubic are elliptic functions of a parameter, 
the same thing must be true of the coordinates of a point of C,. 
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It results also from the demonstration, and from what has been 
seen above for cables, that the representation can be made in such a 
way that to a point {x, y) of C, corresponds only one value of « in 
a parallelogram of periods. 

Let X = ^(m), y = ^,(tt) be the expressions for x and y derived 
above; then every Abelian integral w = JR(x, y)dx associated with 
the curve C, (I, § 103, 2d ed.; § 108, Ist ed.) is reduced by this 
change of variables to the integral of an elliptic function ; hence this 
integral w can be expressed in terms of the transcendentals p, {;, <r 
of the theory of elliptic functions. The introduction of these tran- 
scendentals in analysis has doubled the scope of the integral calculus. 

Example. Bicireular qitariici. A curve of the fourth degree with two double 
points is of deficiency one. If the double points are the circular points at in- 
finity, the curve G, is called a bieirculOT quartic. If we take for the origin a 
point of the curve, wa can take for the adjoint curves C,_| circles passing 
tliroughtheortgin ,. + ,.+ »« + „ = o. 

In order to have a cubic corresponding point for point to the quartic C,, we 
need only follow the general method and put x' = x/{x* + y*), y" = y/{x* + j/*). 
Wehave, conversely, 1 = 17(2'* + 1/'*), y = y'/{x^-{-y'^. These formulie define 
an inverMon with respect to a circle of unU radius described with the origin 
as center. To obtain the equation of the cubic C^, it will suffice to replace z 
and y in the equation of C^ by the preceding values. Suppose, for example, 
that the equation of the quartic C, is (x^ + y*)*— ay = <i; the cubic Cj will 
have for its equation ay'{y^ + z"^) —1 = 0. 

Note. When a plane curve C. has singular points of a higher order, it is of 
deficiency one, provided that all its singular points are equivalent to n(n — 3)/2 
ordinary double points. For esample, a curve of the fourth degree having a 
single double point at which two branches of the curve are tangent to each 
other without having any other singularity is of deficiency one ; to verify this 
it sufBces to cut the quartic by a system of conies tangent to the two branches 
of the quartic at the double point and passing through another point of the 
quartic. The curve y* = R (*), where fi (i) is a polynomial of the fourth degree 
prime to its derivative, has a singularity of this kind at the point at infinity. 
It Is reduced to a cubic by the following birational transformation : 

from which it is easy to obttun the formulae (87). 



1. Prove that an integral doubly periodic function is a constant by means 
of the developipent ^.„ ^^^ 

(The condition /(« + u')-f{z) reqnires tiiat we liave A,-0\tn^a.) 
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2. If a la Dot a moltiplc of r, we have tbe ttmavix 

(Change z l« z + a in tbe expuMoo f« ttnz, Umd brtcgnu bef e m tbe 
llDtiU and z.) 

3. Deduce from tbe preceding reeolt the new infinite prodiiets 

l-cma \ aVLly 2w+aA Snr-al 

Tnatlona tbeae new prodncto into prodncta of primary fnnctionB or ioto 
prodncta that no longer contain exponential factors, sucb as 

'""('-?)('-^)-['- (2.'1)-J - 

4. Derive the relatione 

Enabliiih analogoiu relations for 



Bins — Hina cobz — coea 
6. GMablish tbe relatioD 

■linre_ »■ t-fe'-l) .■(z'-l)(z'-4) 

« l'^ [2[]" [Sip 

6. Decompose the functians 

1 1 

p-fu)' p'>{«) 
into simple elements. 

7. If ?» = 0, we have 

P{av; 0,iJ,) = ap<u; 0, j,), p'letu; 0,g^ = p'{u- 0, ff.). 

where a Is one of the cube roots of unity. From this deduce the decomposition 

of I/[p'(u) — p'(ti)] into dmple elements when p, = 0. 
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8. Given the integrals 

/na + ft rax* + ft 

/ tte r flj' + ft 

it ie required to expTess the variable x and each one of these integrala In ternu 
of the tranecendentals p. f, a. 

9. EstabliBh Hermite's decomposition formula (% 73) by equating to zero 
the sum of the residues of the function F(t)[i(i — z)~ i(x„— *)] in a paral- 
lelogram of periods, where F(x) is an elliptic function and where x, Xg aro 
considered as constants. 

10. Deduce from the formula (00) the relation if =- 9'"(0)/12w^(0). 
(It should be noticed that the series for c(u) does not contain any terma 
in u>.) 

11*. Express the cotlrdinat«B x and y of one of the following curves as 
elliptic functions of a parameter: 

V» = ^[{«-a) (x-b) (x-c)-\\ v* = Ai(x-a) (a-6)]*, 
1I* = A {x-'a)*{x-b)*{x~c)\ j/* = A (i-o)"(i-6)', 

V* = Aix-a)'{x-b)», 

Tfi = A (*_<i)>((e~6)»(*-c)», y*=A (x-a)'(x-b)*, 

y* = A (*_a)'(i-6)», y* = A (a - a)« (i - ft)*, 

V« + (ic» + »M + n)y« + J[(!E-a)(x~6)(x-c)]« = 0, 

V^ + Axyf-i-x'^Bx +i'^y=0, yt + Ax^ + x'(bs^ + ^:^=0, 

V* + Axv' + (sx* + f^^*=0, 

The variable parameter is equal, except for a constint, to the integral f{l/y)dx. 
[Bbiot et Bouquet, TMorU desfo-ncliora dovbUment 
ItModiquea, 2d ed., pp. 388-412.] 
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CHAPTER rV 

AITAITTIC EXTEHSIOir 

I. DEFINITION OF AN ANALYTIC FUNCTION BY MEANS 
OF ONE OF ITS ELEMENTS 

83. Introduction to uutlytk eztenBlon. Let/(z) be an analytic func- 
tion in a connected portion A of the plane, bounded by one or more 
curves, closed or not, where the word curve is to be understood in 
the usual elementary sense as hei'etofore. 

If we know the value of the function /(«) and the values of all 
its successive derivatives at a definite point a of the region A, we 
can deduce from them the value of the function at any other point 6 
of the saine region. To prove this, join the points a and £ by a path L 
lying entirely in the region A ; for example, by a brtJcen line or by 
any form of curve whatever. Let 8 be the lower limit of the dis- 
tance from any point of the path L to any point of the boundary of 
the region A, so that a circle with the radius 8 and with its center at 
aiiy point of L will He entirely in that region. By hypothesis we 
know the value of the function /(a) and the values of its successive 
derivatives /*(«), /"(a), ■ ■ -, for s = a. We can therefore write the 
power series which represents the function /(s) in the neighborhood 
of the point a : 



(1) /W-/W+-1-/W+ ■ ■ ■ + ^-jr^/'-'W+ ■ ■ ■• 

The radius of convergence of this series is at least equal to 8, but 
it may be greater than 8. If the point b is situated in the-circle of 
convergence C^ of the preceding series, it will sufBce to replace x by 
b in order to have/(fe). Suppose that the point b lies outside the circle 
C^, and let ttj be the point where the path L leaves C* (Fig. 30). 
Let us take on this path a point «j within C, and near a^, so that the 

■Since tlie value of /(z) at the point b does not depend on the path so long as it 
does not leave the region A, we may suppoae that the path cute the circle Cg in only 
one point, ae In the figure, and the saccessive circles Cj, C^,-- 'In at moat two points. 
This amounts to taking tor ai thb last point of intersection or Zand Cg, and similarly 
for the others. 

196 
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distance between the two points z^ and i^.shall be less than 8/2. The 
series (1) and those obtained from it by successive differentiations 
enable us to calculate the values of the fuDction /(z) and of all its 

derivatives, /(aj),^(iej, ■ ■ •,/*"'(«,), ■ ■ ■, ioT z = Zj. The coefficients 
of the aeries which represents the function /(«) in the neighborhood 
of the point e^ are therefore determined if we know the coefiBcients of 
the first series (1), and we have in the neighborhood of the point e^ 



(2) /«=/W-l 



-/(',)+ ■ 



'-/<••('■)+• 



The radius of the circle of convei^ence (7, of this series is at least 
equal to 8; this circle contains, then, the point a, within it, and 
there is also a part of it out- 
side of the circle C^. If the 
point b is in this new circle 
C„ it will suffice to put z = b 
in the series (2) in order to 
have the value of /(6), Sup- 
pose that the point b is again 
outside of C,, and let a, be 
the point where the path «,6 
leaves the circle. Let us take 
on the path L a point z^ 
within C, and such that the 

distance between the two points a, and a^ shall be less than 5/2. 
The series (2) and those which we obtain fi-om it by successive dif- 
ferentiations will enable us to calculate the values of f(z) and its 
derivatives /(«g), y(*j), y"(*j)> ■ • ■ at the point z^. We shall then 
form a new series, 




(3) /w=/w+^-r'/w+- 



'-f\',)+--: 



which represents the function f(x) in a new circle C, with a radius 
greater than or equal to 8. If the point 6 is in this circle C,, we shall 
replace x by 6 in the preceding equality (3) ; if not, we shall continue 
to apply the same process. At the end of a finite number of such 
operations we shall finally have a circle containing the point b within 
it (in the case of the figure, b is in the interior of C^) ; for we can 
always choose the points «,, «„ s„ ■ ■ ■ in such a way that the dis- 
tance between any two consecutive points shall be greater than 8/2. 
On the other hand, let S be the length of the path L. The length of 
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the broken line o^,*, • ■ -ap.i*,, is always less than S; hence we have 
pi/2+\x^ -b\<S. Let ^ bean integer such that (p/2 4-1)8 > S. 
The preceding inequality shows that after p operations, at most, 
we shall come upon a point «, of the path L whose distance from 
the point b will be less than S; the point l will be in the interior 
of the circle of convergence C^ of the power series which represents 
the function f(z) in the neighborhood of the point z^, and it will 
sufBce to replace % by £ in this series in order to have/(6). In the 
same way all the derivatives /"(p), f"{b), ■ ■ • can be calculated. 

The above reasoning proves that it is possible, at least theoretically, 
to calculate the value of a function analytic in a region A, and of 
all its derivatives at any point of that region, provided we know 
the sequence of values, 

(4) /W. /•(•), /"». ■■■, /'■>(«). ■■■. 

of the function and of its successive derivatives at a given pomt a of 
that region. It follows that any function analytic in a region A is 
completely determined in the whole of that region if it is known in 
a region, however small, surrounding any point a taken in A, or 
even if it is known at all points of an arc of a curve, however short, 
ending at the point a. For if the function /(«) is determined at 
every point on the whole length of an arc of a curve, the same must 
be true of its derivative /*(«), since the value /"(a,) at any point of 
that arc is equal to the limit of the quotient [/(^a) —/(«,) 3/(*a ~ *i) 
when the point z^ approaches Zj along the arc considered ; the deriv- 
ative /"(s) being known, we deduce from it in the same way /"(«), 
and from that we deduce /"'(*), - ■ ■. All the successive derivatives 
of the function /(z) will then be determined for z = a. We shall say 
for brevity that the knowledge of the numerical values of all the 
terms of the sequence (4) determines an element of the function 
/(«). The result reached can now be stated in the following man- 
ner; A function analytic in a region A is completely determined if 
we know any one of its elements. We can say further that two func- 
tions analytic in the same region cannot have a common element 
without being identical. 

We have supposed for definiteness that the function considered, 
/(«), was analytic in the whole region; but the reasoning can be 
extended to any function analytic in the region except at certain 
singular points, provided the path L, followed by the variable in 
going from a to b, does not pass through any singular point of the 
function. It suffices for this to break up the path into several arcs, 
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as we have already done (§ 31), so that each one can be inclosed 
in a closed boundary inside of which the branch of the function /(z) 
considered shall be analytic. The knowledge of the initial element 
and of the path described by the variable sufQces, at least theoreti- 
cally, to find the final element, that is, the numerical values of all the 
terms of the analogous sequence 

(5) f(f), /«, ••■, /'"(»). •■•■ 

84. New deAnUlon of aiulytic functions. Up to the present we have 
studied analytic functions which were defined by expressions which 
give their values fur all values of the variable in the field in which 
they were studied. We now know, from what precedes, that it is 
possible to define an analytic function for any value of the variable 
as soon a& we know a single element of the function ; but in order to 
present the theory satisfactorily from this new point of view, we must 
add to the definition of analytic functions according to Cauchy a new 
convention, which seems to be worth stating in considerable detail. 

Let/,(a), _^{a) be two functions analytic respectively in the two 
regions A^, A^ having one and only one part 
A' in common (Fig. 31). If in the com- 
mon part A' we have /a(s) = /i(*)i which 
will be the case if these two functions have 
a single common element in this region, we 
shall regard /,(«) and f^{x,) as forming a 
single function F{z), analytic in the region 
,il, + ^j,by meansof thefoHowingequalities: j-j^, gj 

F{^)=f^{z) in vl„ and F(z)=/,(z) in A^. 

We shall also say that/j(2) is the analytic ecctens'wn into the region 
A^ — A'ot the analytic function /,(z), which is supposed to be defined 
only, in the region A^. It is clear that the analytic extension of /j(«) 
into the region of A^ exterior to A^ is possible in only one way.* 

■ Id order to show that tbe precediog convention ia diatioct [torn the definltloD of 
tuDctiona analytic In general, It suBtces t« notice that It leads a.t once to the loltowlng 
consequence: If af»nclionf{t) i» analytic in a region A, evrry other analytic fune- 
tion/i{i), under then coiivenftoiu, lehich coinfidei wUhf (t) in a pan of the region A 
iaiilealicaiviilh/{z)iHA. Now let us consider a (unction ^'(i) defined forall valoes 
of the complex variable z In the tollowlng manner : 




y(.)..ln.,«.*|;p(g = 



However odd Uiis sort oF convention may appear, It haa nothing In it conti*. 
dictory t« the previous definition of functions in general analytic. The function 
thus defined would be analytic for all values of z except tor z = */2, which would 
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Let us now consider an infinite sequence of numbers, real or 
imaginary, 

(6) <.„«„«„•••,«.,■■■, 
subject to tlie single condition that the series 

(7) a, + a,* + a,2" + ■ - . + a,z' +■■■ 

converges for some value of a different from zero. (We take s = 
for the initial value of the variable, which does not in any way 
restrict the generality.) The aeries (7) has, then, by hypothesis, a 
circle of convergence C^ whose radius R is not zero. If R is infinite, 
the series is convergent for every value of s and represents an inte- 
gral function of the variable. If the radius R has a finite value dif- 
ferent from zero, the aum of the series (7) is an analytic function 
fix) in the interior of the circle C^. But since we Itnow only the 
sequence of coefficients (6), we cannot say anything a priori regard- 
ing the nature of the function outside of the circle C^. We do not 
know whether or not it is possible to add to the circle C^ an adjoin- 
ing region forming with the circle a connected region A such that 
there exists a function analytic in A and coinciding with/(z) in the 
interior of C^. The method of the preceding paragraph enables us to 
determine whether this is the case or not. Let us take in the circle C^ 
a point a different from the origin. By means of the series (7), 
and the series obtained from it by term-by-term differentiation we 
can calculate the element of the function /(«) which corresponds to 
the point a, and consequently we can form the power series 

which represents the function /(z) in the neighborhood of the point a. 
This series is certainly convergent in a circle about a as center with 
a radius S — |a| (S 8), but it may be convergent in a larger circle 
whose radius cannot exceed R -H |a|. For if it were convergent in 

be & alogular point of a partlculat natuFe. Bnt the properties of this function Flz) 
would be Id contradiction to the convention which we have just adopted, since the 
two functions F(z) and sin z would be identical tot all the values of z except tor 
X — ir/2, which would he a singular point (or only one of the two functions. 

Weierstrasa, In German;, and Mfray, in France, developed the theory of analytic 
fanctions by starting only with the properties of power series; their investigations 
are also entirely independent. Moray's theory is presented in his large treatise, 
Levant noitvelleg avr F Analyse inJinicMmaU. It is shown in the te;it how we can 
deHne an analytic function step by step, knowing one ot its elements hut always 
supposing known the theorems of Cauchy on analytic functions. 
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a circle of radius R + \a\ + S, the aeries (7) would be convergent in 
a circle ot radius R + 8 about the origin as center, contrary to the 
hypothesis. Let us suppose first that the radius of the circle of con- 
vergence of the series (8) is always equal to Ji — | « |, wherever the 
point a may be taken in the circle C,. Then there exists no means 
of extending the function /(«) analytically outside of the circle, at 
least if we mate use of power series only. We can say that there 
does not exist any function F(z) analytic in a region A of the plane 
greater than and containing the circle C^ and coinciding with f(z) 
in the circle C^, for the method of analytic extension would enable 
us to determine the value of that function at a point exterior to the 
circle C^, as we have just seen. The circle C^ is then said to be a 
natural bouTtdart/ for the function /{a). Further on we shall see 
some examples of this. 

Suppose, in the second place, that with a suitably chosen point 
a in the circle C^ the circle of convergence C, of the » 
radius greater than if — |a|. 
This circle Cj has a part 
exterior to C^ {Fig. 32), and 
the sum of the series (8) is 
an analytic function f^(z) in 
the circle C^. In the interior 
of the circle y with the center 
a, which is tangent to the 
circle Cjj internally, we have 
/j(s)=/(a){§8); hence this 
equality must subsist in the 
whole of the region common 
to the two circles C^, C,. The 
series (8) gives us the analytic extension of the function /"(«) into 
the portion of the circle C, exterior to the circle C^. Let a' be a new 
point taken in this region ; by proceeding in the same way we shall 
form a new power series in powers of a — a', which will be con- 
vergent in a circle C^. If the circle C^ is not entirely within C^, the 
new series will give the extension of /(s) in a more extended region, 
and so on in the same way. We see, then, how it is possible to 
extend, step by step, the region of existence of the function /(«), 
which at first was defined only in the interior of the circle C„. 

It is clear that the jireceding process can be carried out in an in- 
finite number of ways. In order to keep in mind how the extension 
was obtained, we must define precisely the path followed by the 
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variable. Let us suppose that we can obtain the analytic extension 
of the function defined by the series (7) along a path L, as we have 
just explained. Each point x of the path L is the center of a circle of 
convergence of radius r in the interior of which the function is rep- 
resented by a convergent series arranged in powers of * — x. TA« 
radivs r of this circle varies continuously with x. For let x andx' be 
two neighboring points of the path L, and r and r' the corresponding 
radii. If x' is near enough to a: to satisfy the inequality \x' ~x\<r, 
the radius r' will lie between r —\x'— x\ and r +\x' ~ x\, aa we have 
seen above. Hence the difference r' — r approaches zero with |3;'~3;[. 
Now let CJi be a circle with the radius R/2 described with the origin 
aa center; if a is any point on the circle C'^, the radius of conver- 
gence of the series (8) is at least equal to R/2, but it may be greater. 
Since this radius varies in a continuous manner with the position of 
the point a, it passes through a minimum value R/2 + r at a point 
of the circle C^- We cannot have r > 0, for if r were actually posi- 
tive, there would exist a function F(s) analytic in the circle of radius 
R + r about the origin as center and coinciding with /(z) in the 
interior of C^. For a value of z whose absolute value lies between R 
and R +r, F(z) would be equal to the sum of any one of the series 
(8), where a is a point on C'^ such that | s — tt | < R/2 + r. According 
to Cauchy's theorem, F{£) would be equal to the sum of a power 
series convergent in the circle of radius R + r, and this series would 
be identical with the series (7), which is impossible. 

There ia, therefore, on the circumference of C'^ at least one point a 
such that the circle of convergence of the series (8) has R/2 for its 
radius, and this circle "is tangent internally to the circle C^ at a point 
a where the radius Oa meets that circle. The point a is a singular 
point of f(z) on the circle C^. In a circle c with the point a for 
center, however small the radius may be taken, there cannot exist 
an analytic function which is identical with/(z) in the part common 
to the two circles C^ and c. It is also clear that the circle of conver- 
gence of the series (8) having any point of the radius Oa for center 
is tangent internally to the circle C^ at the point a.* 



'(f)*(-fyif)* -^/<-(f)^ 
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Let us consider cow a path L starting at the origin and ending at 
any point Z outside of the circle C^, and let us imagine a moving 
point to deBcribe this path, moving always in the same sense from O 
to Z. Let a^ be the point where the moving point leaves the circle; 
if this point a^ were a singular point, it would be impossible to con- 
tinue on the path L beyond this point We shall suppose that it is 
not a singular point ; we can then form a power series arranged in 
powers of z — a^ aud convergent in a circle C, with the center a^, 
whose Bum coincides with /(«) in the part common to the two cir- 
cles C^ and Cj. To calculate f{<^^, /"("i), ■ ■ ■ we could employ, for 
example, an intermediate point on the ra'dius Oa,. The sum of the 
second series would furnish us with the analytic extension of f(z) 
along the path L from a^, so long as the moving point does not leave 
the circle C,. In particular, if all the path starting from a^ lies in 
the interior of C^, that series will give the value of the function at the 
point Z. If the path leaves the circle C^ at the point a^, we shall 
form, Bimilarly, a new power sei'ies convergent in a circle C^ with 
the center a^, and so on. We shall suppose first that after a finite 
number of operations we arrive at a circle C, with the center a^, con- 
taining all the portion of the path L which follows a^, and in partic- 
ular the point Z. It will suffice to replace z by Z in the last series 
used and in those which we have obtained from it by term-by-term 
differentiation in order to find the values oi f{Z),f{Z), fXZ), ■ .., 
with which we arrive at the point Z, that is, the final element of the 
function. 

It is clear that we arrive at any point of the path L with com- 
pletely determined values for the function and all its derivatives. 
Let us note also that we could replace the circles C^,, C^, C^, ■ ■ -, Cj, 
by a sequence of circles similarly defined, having any points z^, a„ 
■ • -, «, of the path L as centers, provided that the circle with the 
center e, contains the portion of the path L included between z^ and 
2,4.1- ^^ '^^'' ^'^^ modify the path L, keeping the same extremities, 
without changing the final values of /(s), /*(«), /"(')» ■ " ■ i ^''^ ^^^ 

whatever the angle u may be, for we have eiidentl; 

since all tbe coefficients an are positiTe. The miDimam of the radios of canvergeitee 
of the series (8) , when a describes the circle C^, wonld then be greater tbtui R/% 
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circles Cj, C„ - ■ •, Cp cover a portion of the plane forming a kind of 
strip in which the path L lies, and we can replace the path L by any 
other path L' going from « = to the point Z and situated in that 
strip. Let us suppose, foi 
definiteneas, that we have to 
make nse of three conaecutive 
circles C,, C,, C, (Fig. 33). 
Let Z' be a new path lying 
in the atrip formed by these 
three circles, and let ub join 
the two points m and n. If we 
go from to wt first by the 
_ og path Oa,fft, then by the path 

Onia, it is clear that we arrive 
at m. with the same element, since we have an analytic function in 
the region farmed by C^ and Cj. Similarly, if we go from m to Z 
by the path tna^Z or by the path mnZ, we arrive in each case at 
the point Z with the same element. The path L is therefore equiv- 
alent to the path OnmnZ, that is, to the path L'. The method of 
proof is the same, whatever may be the number of the successive 
circles. In particular, we can always replaoe a path of any form 
whatever by a broken line.* 

85. Singular points. If 'we proceed as we have just explained, it 
may happen that we cannot find a circle containing all that part of 
the path L which remains to be described, however far we continue 
the process. This will be the case when the point a, is a singular point 
on the circle Cj,_„ for the process will be cheeked just at that point 
If the process can be continued forever, without arriving at a circle 
inclosing all that part of the path L which remains to be described, 
the points a^^t, a,, %+i, ■ ■ ■ approach a limit point \ of the path L, 
which may be either the point Z itself or a point lying between O 
and Z. The point X is again a singular point, and it is impossible 
to push the analytic extension of the function /(s) along the path L 
beyond the point \. But if X is different from Z, it does not follow 
that the point Z is itself a singular point, and that we cannot go 
from to Z by some o ther pa th. Let us consider, for example, either 
of the two functions Vl-f« and Log(l + 2); we could not go from 

■ The resBODing requires a little more attention when the patb L has doable points, 
iiuce then the strip (ormed by the successive circles Cg, (7|, C^, ■■■ may return AOd 
cover part of Itself. But there is no esseotlal diOlculty. 
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the origin to the point z = —2 along the axis of reals, since we could 
not pass through the singular point a = — 1. But if we caiise the vari- 
able 2 to describe a path not going through this point, it is clear that 
we shall arrive at the point 2 =— 2 after a finite number of steps, 
for all the successive circles will pass through the point « =— 1. 
It should be noticed that the preceding definition of singular points 
depends upon the path followed by the variable ; a point A may he 
a singular point for a certain path, and may not for some other, if 
the function has several distinct branches. 

When two paths L„ £,', going fi'om the origin to Z, lead to dif- 
ferent elements at Z, there exists at least one singular point in the 
interior of the region which would be swept out by one of the paths, 
ij, for example, if we were to deform it in a continuous manner so 
as to bring it into coincidence with L^, retaining always the same 
extremities during the change. Let us sup- 
pose, as is always permissible, that the two 
paths L,, L{ are broken lines composed of the 
same number of segments Oa,&,Cj-- /j^ and 
Oa{b[e{ ■ . ■ i;z (Fig. 34). Let a„ 6„ c„ ■■■,1^ 
be the middle points of the segments a,nj, 
fti6J,c,c(, ■ . -, Z,^; the path L^ formed by the 
broken line Oa^b^c^ ■ ■ ■ l^Z cannot be equiva- 
lent at the same time to the two paths L„ L[ 
if it does not contain a singular point. If the 
path /.J does contain a singular point, the 
theorem is established. If the two patlis t, 
and Zj are not equivalent, we can deduce from j.^^ g^ 

them a new path i, lying between L^ and i, 
by the same process. Continuing in this way, we shall either reach 
a path £,, containing a singular point or we shall have an infinite 
sequence of paths L^, L^, L„ ■ ■ -. These paths will approach a limit- 
ing path A, for the points a„ a^, \, ■ ■ ■ approach a limit point lying 
between Oi and n\, — , and similarly for the others. This limiting 
path A must necessarily contain a singular point, since we can 
draw two paths as near as we please to A, one on each aide of 
it, and leading to different elements for the function at Z. This 
could not be true if A did not contain any singular points, since 
the paths sufficiently close to A must lead to the same elements 
at ^ as does A. 

The preceding definition of singular points is purely negative 
and does not tell ua anything about the nature of the function in 
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the neighborhood. No hypothesis on these singular points or on 

their distribution in the plane can be discarded a priori without 
danger of leading to some contradiction, A study of the analytic 
extension is required to determine all the possible cases.* 

86. Oeneral ptoblem. From what precedes, it follows that an analytic 
function is virtually determined when we know one of its elements, 
that is, when we know a sequence of coefficients a^, a^, %>• ■ -lO-^j- • ■ 
such that the series 

.. + «,(»,-«)+... +o.(«-«)- + ... 

has a radius of convergence different from zero. These coefficients 
being known, we are led to consider the following general problem : 
To find the value of the fwnction at any point fi of the plane when the 
variable U made to describe a definitely chosen path from the point a 
to the point fi. We can also consider the problem of determining 
a priori the singular points of the analytic function ; it is also 
clear that the two problems are closely related to each other. The 
method of analytic extension itself furnishes a solution of these two 
problems, at least theoretically, but it is practicable only in very 
particular cases. For example, as nothing indicates a priori the 
number of intermediate series which must be employed to go from 
the point a to the point ^, and since we can calculate the sum of 
each of these series with only a certain degree of approximation, it 
appears impossible to obtain any idea of the final approximation 
which we shall reach. So the investigation of simpler solutions waa 
necessary, at least in particular cases. Only in recent years, how- 
ever, has this problem been the object of thorough investigations, 
which have already led to some important results.^ 



*l«t/(z) be a tiinctlon analytic along the whole length ot the eegntent ab of the 
real axis. Id the neighborhood o( any point <t oC this segment the function can be 
represented b; a power series whose ladlug of convergence R{a) is not zero. This 
mdins R, being a continuous function of a, has a po»ili'je minimum r. Let p be a 
positive number leas than r, and E the region of the plane swept out b; a circle with 
the radius p when Its center describes the segment ab. The function /(x) is analytic 
In the region E and on its bonndary ; let Jf be an upper bonnd tor its absolnte value ; 
. from the general tormulee (14) ({ 33) it follows that at any point z of nb we have the 
Inequality „. , 

i/<->wi<^- 

(Cf. I, $ 1ST, 2d ed. ; § 191, lat ed.) 

tFor everything regarding this matter we refer the reader to Hadainard's excel- 
lent work, Laairiede Taglor et ion prohngement analytique {Utad, IKl) . It con- 
ti^na a very complete bibliography. 
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The ^t that these researches are so recent must not be attributed 
entirely to the difficulty of the question, however great it may be. 
The functions which have actually been studied successively by 
mathematicians have not been chosen by them arbitrarily; rather, 
the study of these functions was forced upon them by the very nature 
of the problems which they encountered. Now, aside from a small 
number of transcendentals, all these functions, after the explicit 
elementary functions, are deiined either as the roots of equations 
which do not admit a formal solution or as integrals of algebraic 
differential equations. It is clear, then, that the study of implicit 
functions and of functions defined by differential equations must 
logically have preceded the study of the general problem of which 
these two problems are essentially only very particular cases. 

It is easy to show how the study of algebraic differential equa- 
tions leads to the theory of analytic extension. Let us consider, for 
■concreteness, two power series y{x),x(x), arranged according to pos- 
itive powers of x and convergent in a circle C of radius R described 
about the point « = as center. On the other hand, let F(x, y, y\ y"> 
■ • -ly'i*!*'! ■ ■ 'J*'") be a polynomial in a:, i/,y, ■ . .,y<'", *, z', . • .,*'«. 
Let us suppose that we replace y and a in this polynomial by the 
preceding series, y\ y", • ■ •, y"" by the successive derivatives of the 
series y(x), and «', «", ■ ■ ■, «<" by the derivatives of the series x(x); 
the result is again a power series convergent in the circle C. If all 
the coefficients of that series are zero, the analytic functions y(x) 
and z{x) satisfy, in the circle C, the relation 

(9) F(x, y, y', ■ ■ -, j^'\ z, z', ■ ■ -, «"') = 0.. 

We are now going to prove that the funetioTa obtained by the analytic 
extension of the aeries y{x) and «(3t) satisfy the same relation in the 
whole of their domain of existence. More precisely, if we cause the 
variable x to describe a path L starting at the origin and proceeding 
from the circle C to reach any point a of the plane, and if it is pos- 
sible to continue the analytic extension of the two series y(x) and 
z(x} along the whole length of this path without meeting any singular 
point, the power series ¥(x — a) and Z(x — a) with which we arrive 
at the point a represent, in the neighborhood of that point, two ana- 
lytic functions which satisfy the relation (9). For let a^j be a point 
of the path L within the circle C and near the point where the path L 
leaves the circle C. With the point a:, as center we can describe a 
circle C,, partly exterior to the circle C, and there exist two power 
series y(x — x^), z(x — x^) that are convergent in the circle C, and 
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whose values are identical with the values of the two series y (x) and 
« (a;) in the part common to the two circles C, Cy Substituting for y 
and « in F the two corresponding aeries, the result obtained is a power 
series P(x — x^) convergent in the circle C^ Now in the part common 
to the two circles C, C, we have P(ir — xj=0; the series P(x — a;,) 
has therefore all its coefficients zero, and the two new series i/(x — xj 
and z(x — a;,) satisfy the relation (9) in the circle C,. Continuing 
in this way, we see that the relation never ceases to be satisfied 
by the analytic extension of the two series y(x) and z(x), whatever 
the path followed by the variable may be; the proposition is thus 
demonstrated. 

The study of a function defined by a differential equation is, then, 
essentially only a particular case of the general problem of analytic 
extension. But, on the other band, it is easy to see how the knowledge 
of a particular relation between the analytic function and some of 
its derivatives may in certain cases facilitate the solution of the 
problem. We shall have to return to this point in the study of 
differential equations. 

II. NATURAL BOUNDARIES. CUTS 

The study of modular elliptic functions furnished Hermite the 
first example of an analytic function defined only in a portion of 
the plane. We shall point out a very simple method of obtaining 
analytic functions having any curve whatever of the plane for a 
natural boundary (see § 84), under certain hypotheses of a very 
general character concerning the curve. 

B7. Singular lines. Natural boundaries. We shall first demonstrate 
a preliminary proposition,* 

Let a^, a^, ■ ■ ■, a„ ■ ■ ■ and Cj, c^, • • ■, c,, ■ ■ ■ be two sequences of 
any kind of terms, the second of which is such that 2c, is absolutely 
convergent and has all its t«rms different from zero. Let C be a 
circle with the center z^, containing none of the points «( in its interior 
and passing through a siv^le one of these points ; then the series 



■PoiNCARri, Ada SocietatU Fennica, Vol. XIII, 1881; Goubbat, Bulklin dM 
edencea mathimatiqua, 2d aeries, Vol. XI, p. 109, and Vol. XVII, p. 2*7. 
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represents an analytic function in the circle C which can be devel- 
oped in a series of powers of « — s,. Th& circle of eonvergenoe ofthit 
series is preeisebj the circle C. 

We can clearly suppose that x^ = 0, for if we change s to «^ — »', 
Uy is replaced by a, — x^ and Cy does not change. We shall also sup- 
pose that we have |o,|= fl, where fl denotes the radius of the circle C, 
aud|ai|>fi for i>l. In the circle C the general term c^/(a^ — a) can 
be developed in a power aeries, and that series has { | c„ | /fi)/(l — «/^) 
for a dominant function, as is easily verified. By a general theorem 
demonstrated above (§ 9), the aeries 2 1 c, | being convergent, the func- 
tion F(z) can be developed in a power series in the circle C, and that 
series can be obtained by adding term by term the power series which 
represent the different terms. We have, then, in the circle C 

(lO-) Fiz) = A^ + A^z + A^<^+... + A,z' + ■ . ., ^, =^ ^■ 

Let UB choose an integer p such that V|c,| shall be smaller than 

jCj|/2, which is always possible, since Cj is not zero and since the 
series Sjc^j is convergent. Having chosen the integer p in this 
way, we can write F(z)= F^(i)+ F^(z), where we have set 

F^(x) is a rational function which has only poles exterior to the 
circle C ; it is therefore developable in a power series in a circle C 
with a radius R' > R. As for Fj(3), we have 

(11) ^i(«)= *„ -f B,3 -I- ■ ■ . -t- B,«- + ■ . ■, 

where 



We can write this coefScient again in the form 



but we have, by hypothesis, |a,/a^[< 1, and the absolute value of 
the sum of the series 



,, |a,/a, 
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is less than |c,|/2, by the method of choosing the integer p. The 
absolute value of the coefficient £, is therefore between | e^\/2 R' " and 
3|c,|/2 R'*' in magnitude, and the absolute value of the general term 
of the series (11) lies between (|cJ/2fi)|«/R|' and (3|c,j/2fi)|*/«|-; 
that series is therefore divergent if |«|> A. By adding to the series 
F,(s), conve^nt in the circle with the radius It, a series F,(a), con- 
vergent in a circle of radius R' > R, it is clear that the sum F(z) haa 
the circle C with the radius R for its circle of convergence; this 
proves the proposition which waa stated. 

Let now X be a curve, closed or not, having at each point a definite 
radius of curvature. The series 5c, being absolutely convergent, let 
113 suppose that the points of the sequence a,, a^, • ■ ■, a,., — are all 
on the curve L and are distributed on it in such a way that on a 
finite arc of this curve there are always an infinite number of points 
of that sequence. The series 

(12) F(,)_2^ 

is convergent for every point z^ not belonging to the curve L, and 
represents an analytic function in the neighborhood of that point. 
To prove this it would suffice to repeat the first part of the preced- 
ing proof, taking for the circle C any circle with the center «^ and 
not containing any of the points a,. If the curve L is not closed, 
and does not have any double points, the series (12) represents an 
analytic function in the whole extent of the plane except for the 
points of the curve L. We cannot conclude from this that the 
curve i. is a singular line; we have yet to assure ourselves that 
the analytic extension of F{x) is not possible across any portion 
of L, however small it may be. To prove this it suffices to show that 
the circle of convergence of the power series which represents F(s) 
in the neighborhood of any point s, not on L can never inclose an 
arc of that curve, however small it may be. Suppose that the circle C, 
with the center »„, actually incloses an arc afi of the curve L. Let us 
take a point a, on this arc afi, and on the normal to this arc at a^ let 
us take a point z' so close to the point a, that the circle C„ described 
about the point «'as center with the radius |z' — aj|, shall lie entirely 
in the interior of C and not have any point in common with the 
arc tt$ other than the point a, itself. By the theorem which has just 
been demonstrated, the circle C, is the circle of convergence for the 
power series which represents F(a) in the neighborhood of the point 
*'. But this is in contradiction to the general properties of power 
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series, for that circle of conver^nce caunot be smaller than the 
circle with the center *' which is tangent internally to the circle C. 

If the curve L is closed, the series (12) represents two distinct 
analytic functions. One of these exists only in the interior of the 
curve L, and for it that curve is a natural boundary; the other 
function, on the contrary, exists only in the region exterior to the 
curve L and has the same curve as a natural boundary. Thus the 
curve £ is a natural boundary for each of these functions. 

Given several curves, £,, i,, ■ ■ -, £^, closed or not, it will he pos- 
sible to form in this way series of the form (12) having these curves 
for natural boundaries ; the sum of these series will have all these 
curves for natural boundaries. 

flg. BzamplM. Let AB\»», Begment of a stnugbt line, and a, fi tbe complex 
quitntitieg representing tbe eitremitiea J , B. All the points y = {ma + Tifi)/{m + n), 
where m and n are two positive integera varying from 1 to + co, are on the seg- 
ment AB, and on a finite portion of this segment there are always an infinite 
number of points of that kind, since the point y divides tbe segment AB in the 
ratio nt/n. On the other hand, let Cm, ■ be the general term of an absolutely 
convergent double series. The double aeries 



^^'^=Xn 



n+n 



represents an analytic function having the segment jIB for a natural boundary. 
We can, in fact, tranaform this series into a simple series with a dngle index 
in an infinite numl>er of ways. It Is clear that by adding several series of this 
kind it will be possible to form an analytic function having tbe pedmeter of 
any given polygon as a natural boundary. 

Another example, in which the curve L is a circle, may be defined as follows : 
Xiet a be a positive irrational number, and let r be a positive integer. Let us put 



Then all the points a' are distinct and are situated on the circle G of unit radius 
having its center at the origin. Moreover, we hnow that we can find two inte- 
gers m and n such that tbe difference 2 r (na — m) will be less in absolute value 
than a number t, however small * be taken. 

There exist, then, powers of a whose angle is as near zero as we wish, and 
consequently on a finite arc of the circumference there will always lie an infinite 
number of points a'. Let us next put Cr = a'/2'' j the series 



'"^-iirh 



represents, by the general theorem, an analytic function In tlie circle O 
wliicb has the whole cireumference of this circle for a natural boundary. 
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DevelopiDg each terta in powera of z, we obu^n for the deTelopment of Ffje) the 

power series 

(IS) r|,) = , + jj£-^ + j-jL_+. .. + _£_+.... 

It is easy to prove direcily that the function represented by this power series 
cannot be extended analjtJcailj beyond the circle C ; for if we add to it the 
series tor 1/<1 — z), there results 



Changing id this relation ztom, then to a% ■ ■ •, we find the general relation 

(.4, Z,„,= iyM+j^ + ^;^^+...+5^j-l^. 

which shows that the difference 2''F{a'z) — F{z) is a rational function ^(z) hav- 
ing the n poles of the first order 1, 1/a, ■ ■ ■ , l/o"- '. 

The result (14) has been established on the supposition that we have |«|<1 
and I a I =: 1. If the angle of a is commensurable with t, the equality (14) shows 
that F{z) is a rational function ; to show this it would suffice to take for n an 
integer such that a' = t. If the angle of a is incommensurable with x, it is im- 
possible for the function F(z) to be analytic on a finite arc AB of the circum- 
ference, however small it may be. For let a-' and a'~P be two points on the 
arc AB{n>p). The numbers n and p having been chosen in this way, let us 
suppose thatz is made to approach a-i" ; a'z will approach a'-P, and the two 
functtone F{z) and F{a^z) would approach finite limits if F{z) were analytic 
on the arc AB. Now the relation (14) shows that this is impossible, since the 
function ^(z) has the pole a-p. 

Ad analogous method is applicable, as Hadamard has shown, to the series 
considered by Weierstrass, 



(15) f'(«) = ^6"z-, 



where a is a positive integer > 1 and 6 is a constant whose absolute value Is less 
than one. This series is convergent if ]z| is not greater than unity, and diver- 
gent if |z| is greater than unity. The circle C with 3, unit radius is therefore the 
circle of convergence. The circumference is a natural boundary for the func- 
tion F(z). For suppose that there are no singular points of the function on a 
finite arc «? of the circumference. If we replace the variable z in F(z) by 
ze**""^, where jI and ft are two positive integers and c a divisor of a, all the 
terms of the series (16) after the term of the rank ft are unchanged, and the 
difference F(z)— r(ze=*^"^) is a polynomial. Neither would the function F(z) 
have any singular points on the arc ajftt, which is derived from the arc a/J by a 
rotation through an angle 2t5r/c* around the origin. Let us tahe A large enough 
to make 2 w/c* smaller than the arc afi ; taking successively t = 1, 2, ■ ■ ■ , c*, it 
is clear that the arcs a^^j, a^^,, ■ • ■ cover the circumference completely. The 
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function F{z) would therefore not have an; singular points on the circumfer- 
ence, which is abaurd (§ 61). 

This example presents an interesting peculiarity ; the series (15) is absolutely 
and uniformly convergent along the circumference of C It represents, then, a 
continuous functJon of the angle 6 along this circle.* 

89. Singularities of analytical expresaions. Every analytical expres- 
Bion (such as a series whose different terms are functions of a vari- 
able X, or a definite Integral in which that variable appears as a 
parameter) represents, under certain conditions, an analytic function 
■ ia the neighborhood of each of the values of z for which it has a 
meaning. If the set of these values of z covers completely a connected 
region A of the plane, the expressiou considered represents an 
analytic function of z in that region A ; but if the set of these values 
of z forms two or more distinct and separated regions, it may happen 
that the analytical expression considered represents entirely distinct 
functions in these different regions. We have already met an exam- 
pie of this in g 38. There we saw how we could form a series of 
rational terms, convergent in two curvilinear triangles PQR, P'Q'R' 
(Fig. 16), whose value is equal to a given analytic function f{z) in 
the triangle PQR and to zero in the triangle P'Q'R'. By adding two 
such series we shall obtain a series of rational terms whose value ia 
equal to /(a) in the triangle PQR and to another analytic function 
if>(z) in the triangle P'Q'fl'. These two functions /(«) and 0(») being 

* Fredholm has shown, similarly, that the function represented by the series 

where a is a positive quantity less than one, cauuot be eitended beyond the circle of 
conve^ence {Compiea rendue, March 24, 1890). This example leads to a result which 
is wortby ol mention. On the circle of unit radius the series is convergent and the 

FiS) - 3:a«[cos (nW) * i sin (n"*)] 
Is a continuous function ot the angle 6 which has au influite number of derivatives. 
This tonctloli F{6) cannot, however, be developed in a Taylor's series in any interval, 
bowever small it may be. Suppose that in the interval (6'i>- a, 9ii+ a) we actually 

The series on the right represents an analytic functioc ot the complex variable 6 iu 
the circle c with the radius a described with the point So tor center. To this circle c 
correspond a, by means of the relation j- e**, a closed region J ottheplaneof the vari- 
able X cont^niug the arc y ot the unit circle extending from the point with the angle 
S^-ato the point with the angle tf(, + a. There would exist, then, in this region A 
an analytic function of z coinciding with the value of the series Sa"::>' along Y and also 
In the part of A within the unit circle ; this Is Impossible, since we cannot extend the 
sum of the series beyond the circle. 
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arbitrary, it is clear that the value of the series in the triangle P'Q'R' 
will in general bear no relation to the analytic extension of the value 
of that aeries in the triangle PQR. 

The following is another very simple example, analogous to an 
example pointed out by Schroder and by Tannery. The expression 
(1 — *")/(! + **), where » is a positive integer which increases in- 
definitely, approaches the limit + 1 if |s| < 1, and tbe limit — 1 
if |z|>l. If 1^1= 1, this expression has no limit except for z = l. 
Xow the sum of the lirst n terms of the series 

is equal to the preceding expression. This series is therefore coover- 
gent if |e| is different from unity. Hence it represents +1 in tbe 
interior of the circle C with the radius unitif about the origin as 
center, and — 1 at all points outside of this circle. Now let f{x), 
^(«) be any two analytic functions whatever; for example, two 
integral functions. Then the expression 

■K.')-l [/(')+ *(-•)]+! s(.)[/«- ♦(.)] 

is equal to/(«) in the interior of C, and to ^(s) in the region ex- 
terior to C. The circumference itself is a cut for that expression, bat 
of a quite different nature from the natural boundaries which we 
have just mentioned. Tbe function which is equal to ^(s) in the 
iuterior of can be extended analytically beyond C ; and, similarly, 
the function which is equal to ^t.%) outside of C can be extended 
analytically into tlie interior. 

Analogous singularities present themselves in the case of functions 
represented by definite integrals. The simpltfst example is furnished 
by Cauchy's integral ; if /(=> is a function analj-tic within a closed 
curve r and also on that curve itself, the integral 



(^j:^ 



wjaesents /^J•^ if the point t is iu the interior of T, The same inte- 
gral is lero if the point jr is outside of the curve T, for the function 
/^^^ \s — x) is then analytic inside of the curve. Here again the 
curve r is not a natural boundary for the definite int^raL Similarly, 
thv- definite inteirral ^''ctn [^s — j-> "2']ti= has the real axis as a cut ; 
it is espial to + 2 ti or — 2 irt, acivniing as jt is above or below that 
cut i,S 4i>i. 
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M. Hmmlta'a foimnU. An InMrestlng result due to Hermite can be brought 
into rel&Uon with tbe preceding discussion." Let F{1, z), ((, z) be two analytic 

functions of each of tbe variables I and x ; tor example, two polynomials or two 
power series convergent for all tbe values of these two variables. Then tbe 
definite integral 

taken over the segment of a straight line whicli joins the two points a and ft 
represents, as we shall see later (§ 05), an analytic function of 2. except for the 
values of z which are roots of the equation O ((, z) = 0, where 1 is the complex 
quantity corresponding to a point on tbe segment ap. This equation tlierefore 
determines a finite or an infinite number of curves for wliich the integml *{zi 
ceases to have a meaning. lietAB be one of these curves not having an; double 
points. In order to conwder a very precise case, we shall suppose that when t 
describes the segment ap, one of the roots of the equation O {I, z) = describes 
tbe arc AS, and that all tbe otlier roots of the same equation, if there are any, 
remain outside of a suitably ciioaen closed curve suiruunding the arc AB, so 
that the segment afi and the arc AB correspond to each other point to point. 
The integral (16) has no meaning when z falls upon tbe arc AB ; we wish to 
calculate the difference between the values of the function 4(z) at two points 
N, N', lying on opposite sides of the arc AB, whose distances from a fixed point 
Jlf of the arc AB are infinitesimal. Let f, {■+ «, f + «" lie tlie three values trf z 
corresponding to the three points M, 
If, N' respectively. To these three 
points correspond in the plane of tbe 
variable t, by means of the equation 
G (1, z) = 0, tbe point m on aff, and 
the two points n, n' on opposite sides 

of tt3 ot infinitesimal distances from J^ pm. gg 

m. Let S, # + 11, # + ij' be the cor- 
responding values of (. In the neighborhood of the segment ap let us take 
a point y bo near ap that tbe equation Q{t, [+t) = has no other root 
than l = ff + ii in tbe Interior of the triangle apy (Fig. 36). The function 
*"(', r + t)/0 ((, f + «) of the variable 1 has but a single pole fl + i| in the interior 
of the triangle apy, and, according to tbe hypotheses made above, this pole 
is a simple pole. Applying Cauchy's theorem, we have, then, tlie relation 




(17) 



J. G{t,[+>) J» G((,r + () 

/' T(i.r+.) j^_„.^ F(g + i>.f+«) 

Jy G((,f+0 G;(S + „,r+.) 



The two integrals J^, f^' are of the same form as ♦(!) ; they represent re- 
spectively two functions, *,(i), ♦j(s), which are analytic so long as the variable 
Is not situated upon certain curves. Let AC and BC be the curves which cor- 
respond to tbe two segments ay and Py of the ( plane, and which are at 
infinitesimal distances from the cut AB associated with *(i). Let ua now give 

• Hbbuitb, Svr quelqvei points de la thtorie des fonctuina {Crelle'i Journal. 
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the value {+w'taz; the corr«epoiidiiig value of t is 9 + i', represented by the 
point n', aDd the fuDcUoD F{i, f + *0/G(i, f+ c^ of ( ia analytic in the interior 
of the triangle apy. We have, then, the relation 

,18) r'Qy±i3d.+ rQyii>i,+ r£(L£±i3«=Oi 

n bf term, we cau write the result 

»(r+.)-«(f+.T + C»,(r+<i-*,<r+'11 

But since neither of the functions ^[(z), 4,(z) hae the line ^il as a cut, they 
are analytic in the neighborhood of the point i = f, and by making t and «■ ap- 
proach zero we obtain at the limit the difference of the valuea of ^{z) in two 
points infinitely near each other on opposite sidea of AB. We shall write the 
result in the abridged form 

,1.) ♦m -♦(i>i= 2^111 , 

this is Hermite's formula. It la seen that it is very simply related to Cauchy's 
theorem.* The demonstration indicates clearly how we must take the points JT 
and N' ; the point N{1: + i) must be such that an observer describing the segment 
afi has the corresponding point + ^ on his left. 

It is to be noticed that the arc AB is not a natural boundary for the 
function *{t). In the neighborhood of the point N' we can replace 4(«) by 
- [^i(z) 4 *3 (z)] according to the relation (16). Now the sum «,(z) + 4>, («) is 
an analytic function in the curvilinear triangle ACB and on the arc AB itself, 
as well as in the neighborhood of N'. Therefore we can make the variable z 
cross the arc AB at any one of Its points except the eitremitiea A and B 
without meeting any obstacle to the analytic extension. The same thing would 
be true If we were to make the variable : cross the arc AB in the opposite sense. 

Examjfle. Let us consider the integral 



m ♦(')-/.'l?f- 



where the integral is to be taken over a segment J. S of the real axis, and where 
/{() denotes an analytic function along that segment AB. Iiet ua represent z 
on the same plane as 1. Tlie function 4(z) is an analytic function of z in the 
neighborhood of every point not located on the segment AB itself, which is a 
cut for the integral. The difference ♦(AT) — ♦{Jtf') is here equal to ±2«V(f), 
where f is a point of the segment AB. Whenthevariable ; crosses the line JB, 
the analytic extension of *(t) is represented by ♦(z) ± 2irif(e). 

This example gives rise to an important observation. The function ♦(z) Is 
still an analytic function of z, even when /(() Is not an analytic function of t, 
provided that/(() is continuous between a and p (§33). But in this case the 
preceding reasoning no longer applies, and tlie segment AB is in general a 
natural bonndary for the function *(z). 

• GoUBBAT, Stir HJi theorenie ,le M. Hfrmite (Ada imilliemalica. Vol. I). 
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1. Find the lines of discoDtinuit; lor the definite integntU 

' ' Jl, I + Z'P " Jat+iX 

taken along tlie straight line which joins the points {0, 1) and (a, b) respec- 
tive; ; determine the value oC these Integrals lor a point z not located on these 
boundaries. 

2. Conader four circles with radii l/Vi, having for centers the points + 1, 
4- i, — 1, — {. The region exterior to these four circles is composed of a finite 
region <!, containing the origin, andof an infinite region J,. Construct, by the 
method of § 38, a series of rational functions which convei^ in these regions, 
and whose value in J, is equal to 1 and in A^toQ. Verify the result b; finding 
the sum of the series ohtained. 

3. Treat the same questions, considering the two regions interior to the circle 
of radius 2 with the center for origin, and exterior to the two circles of radius 1 
yiith centers at the points + 1 and — 1 respectively. 

[Appbll, Ada malhematica, Vol. I.] 

4. The definite integral 



*«=X*"iw 



Cdne 



M^" 



taken along the real axis, has for cuts the straight lines x = (2k-^ l)n-, where it 
isaninteger. Let ^ = (2^: + 1)t+ <t be a point on one of these cute. The dif- 
ference in the values of the Integral In two points infinitely close to that point 
on each side of the cut Is equal to ir(e^ -I- e-'t). 

[Hehmite, CreUe't Journal, Vol. XCI.] 
6. The two definite integrals 

taken along the real axis, have the axis of reals for a cut in the plane of the 
variable z. Above the axis we have J =2Trt,Jg = 0, and below we have J = 0, 
Jg=— 2irf. From these results deduce the values of the definite integrals 



'Cuadder <Jie integral 



[Hebmite, Crelle't Journal, Vol. XCI.] 
s of cuts the formula (Chap. II, Ex. 16) 

^-. l + e< sin an- 

[Ebbhitb, CreHe's Journal, Vol. XCI.] 
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which h3« all the straight lines ^ = (2 ifc + t) v tot cuts, and which remains con- 
slant in the strip included between two eonsocutJ™ cuts. Then establish the 
relations 

*(z + 2)ri) = ♦(*) + 2irie'", *{x + 2vi) = C-'^fj), 

where z and z + 2vi are two points separated by the cut y = v.) 

7*. Let/(;) be an analytic function in the neighborhood of the origin, so that 
/<«) = Za,Z". Denote by Ffz) = £aaz*/n I the aaaoeiated integrai function. It is 
easiiy proved that we have 

where the integral is talcen along a ciosed curre C, including the origin within 
it, inside of which /(z) is analytic. From this it follows that 



(3) 



fyF,a.,^=±^fM,.fyi^-U 



where t denotes a real and po^tive number. 

If the real part of «/u remains less than 1 — <(where t>0) whenu describes 
the curve C, tbe integral 



/.'•• 



approaches u/(u — z) uniformly as I becomes infinite, and the formula (2) be- 
comes at tbe limit 

This result is applicable to all the points within the negaUve pedal curve of C, 
[BoRBL, Lemons far les tiries divergentea.'] 
8". Let/(«)=Za,^,«(i) = S6,»s" be two power series whose radii of conver- 
gence are r and p respectively. The series 

has a radius of convergence at least equal to rp, and the function f{z) has no 
other singular points than those which are obtained by multiplying the quanti- 
ties corresponding to the dlfierentsingularpoint8of/(;) by those corresponding 
to the singular points ol #(i). 

[Hjidamabd, Ada mathemctiica, Vol. XXIII, p. 6S.] 
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1. GENERAL PROPERTIES 

In this chapter we shall discuss analytic functions of several 
independent complex variables. For simplicity, we sbE^ suppose 
that there are two variables only, but it is easy to extend the results 
to functions of any number of variables whatever. 

91. Definitions. Let z = u + vt, z' = v) + tt be two independent 
complex variables; every other complex quantity Z whose value 
depends upon the values of z and z' can be said to be a function of 
the two variables z and z'. Let us represent the values of these two 
variables z and z' by the two points with the coordinates (u, v) and 
(w, t) in two systems of rectangular axes situated in two planes P, P', 
and let A, A' be any two portions of these two planes. We shall say 
that a function Z =f(z, z') is analytic in the two regions A, A' If 
to every system of two points z, «', taken respectively in the regions 
A, A', corresponds a definite value of /(«, «"), varying continuously 
with X and «', and if each of the quotients 

/(. + A, .-)-/(.,.') /(.,.' + A)-/(.,.-) 

h k 

approaches a definite limit when, z and x' remaining fixed, the 
absolute values of k and k approach zero. These limits are the 
partial derivatives of the function f(z, z'), and they are represented 
by the same notation aa in the case of real variables. 

Let us separate ia f(z, z") the real part and the coefficient of i, 
/(a, z')= X + Yii X and ¥ are real functions of the four independ- 
ent real variables u, v, w, t, satisfying the four relations 

du do dv du Sw St St dm 

the significance of which is evident.* We can eliminate Y in six 

* It X and t' are analytic functions of another variable z, these relations enable us 
to demonstrate easily that the derivative of /(i, i^ with respect to z Is obtained by tbe 
usual rule which gives the derivative of a fonction of other functions. Tbe tormuln 
of tbe differeDtial calculus, In particular those for the change of variables, apply, 
th«retot«, to analytic functions of complex variables. 
219 
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different ways by passing to derivatives of the second order, bnt 
the six relations thus obtained reduce to only foni: 



(1) 



dudt SrSw ' dudw dvdt 



■ -0. 



Up to the present time little use has been made of these relations 
for the study of analytic functions of two variables. One reason for 
this is that they are too numerous to be convenient. 

92. Associated circles of convergence. The properties of power series 
in two real variables (I, §§ 190-192, 2d ed. ; g§ 185-186, 1st ed.) are 
easily extended to the case where the coefBcieuts and the variables 
have complex values. Let 

(2) F(e, a') = Sa^a"*" 

be a double series with coefQcients of any kind, and let 



We have seen (I, § 190, 2d ed.) that there exist, in general, an 
infinite nnmber of systems of two positive numbers R, R' such that 
the series of absolute values 

(3) %A^Z'"Z- 

is convergent if we have at the same time Z<.R and Z'<.R', and 
divergent if we have Z>R and Z' > R'. Let C be the circle de- 
scribed in the plane of the variable s about the origin as center with 
the radius R ; similarly, let C be the circle described in the plane of 
the variable z' about the point a' = as center with the radius R' 
(Fig. 36). Tlie double series (2) is absolutely convergent when the 
variables z and z' are respectively in the interior of the two circles C 
and C, and divergent when these variables are respectively exterior to 
these two circles (I, § 191, 2d ed. ; § 185, 1st ed.). The circles C, C 
are said to form a system of associated circles of convergence. This 
set of two circles plays the same part as the circle of convergence 
for a power series in one variable, but in place of a single circle 
there is an infinite number of systems of associated circles for a 
power series in two variables. For example, the series 






,db,GoOglc 



r,SM] 



GENERAL PROPERTIES 



221 



is abaolntely conTergent if |z| + |s'|<l, and in that caae only. 
Every pair of circles C, C whose radii R, R' satisfy the relation 
iJ + B' = 1 is a system of associated circles. It may happen that we 
can limit ourselves to the consideration of a single system of asso- 
ciated circles ; thus, the series S*"'*'" is convergent only it we have 
at the same time |e|<l and |2'|<1. 

Let Cj be a circle of radius R^<R concentric with C ; similarly, 
let Cf be a circle of radius R[<R' concentric with C'; when the 
variables z and a' remain within the circles C^ and CJ respectively, 




the series (2) is uniformly convergent (see I, § 191, 2d ed. ; g 185, 
1st ed.) and the sum of the series is therefore a continuous function 
F(z, «') of the two variables z, »' in the interior of the two circles 
C and C. 

Differentiating the series (2) term by term with respect to the 
variables, for example, the new series obtained, S»ia,„a"~'2'', is again 
absolutely convergent when e and *' remain in the two circles C and 
C respectively, and its sum is the derivative dF/da of ¥(!:, z") with 
respect to x. The proof is similar in all respects to the one which has 
been given for real variables (I, § 191, 2d ed. ; § 185, lat ed.)- Simi- 
larly, /■(*, »') has a partial derivative dF/dz' with respect to s', which 
is represented by the double series obtained by differentiating the 
series (2) term by term with respect to «'. The function F(z, z') is 
therefore an analytic function of the two variables z, z' in the pre- 
ceding region. The same thing is evidently true of the two deriva- 
tives dF/dz, dF/dz', and therefore F(z, z') can be differentiated term 
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by term any number of times; all its partial derivativea are also 
analytic functions. 

Let us take any point x of absolute value r in the interior of C, and 
from this point as center let us describe a circle c with radius R — r 
tangent internally to the circle C. In the same way let z' be ajiy point 
of absolute value r' < R', and c' the circle with the point »' as center 
and A' — / as radius. Finally, let s + A and s' 4- A: be any two points 
taken in the circles o and o' respectively, so that we have 

\z\ + \h\<R, \z'\-^\k\<R'. 
If we replace x and *' in the series (2) by « + ft and a' + k, we can 
develop each term in a series proceeding according to powers of h 
and k, and the multiple series thus obtained is absolutely convergent. 
Arranging the series according to powers of h and k, we obtain the 
Taylor expansion 



(4) 



F(. + *,.■ + *) =2^ J- J.. 



93. Doable integrals. When we undertake to extend to functions 
of several complex variables the general theorems which Cauchy 
deduced from the consideration of definite integrals taken between 
imaginary limite, we encounter difficulties which have been com- 
pletely elucidated by Poincar^.* We shall study here only a very 





simple particular ease, which will, however, sufSce for our subse- 
quent developments. Let f(x, s") be an analytic function when the 
variables *, x' remain within the two regions A, A' respectively. 
Let us consider a curve ab lying in A (Fig. 37) and a curve a'b' 
in A', and let us divide each of these curves into smaller arcs by 
any number of points of division. Let «„ *„ «„ • ■ -, »i_^, 2*, ■■■, Z 



*PoiNCARft, Suriet Hiidui dei iniegraiet doubUi (Ada maihtmatita. Vol. IX). 
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be the points of division of al, where 2^ and Z coincide with a and b, 
and let aj, sj, «J, ■ ■ -, a^.,, z^, - ■ ■, *^_„ Z' be the points of division 
of a'b', where ai and Z' coincide with a' and b'. The sum 

(5) S=X X /(^*--' *•-•)<*» - **-')(*i - <-')' 

taken with respect to the two indices, approaches a limit, when the 
two numbers m and n become infinite, in such a way that the abso- 
lute values |«t — «t_i| and |zt — zi_i| approach zero. Let /(«, «') 
= ,Y + Yi, where A' and Y are real functions of the four variables 
M, v,v!,t; and let us put ** = «* + «»*, «i = W/, + t^i. The general 
term of the sum S can be written in the form 

and if we carry out the indicated multiplication, we have eight 
partial products. Let us show, for example, that the sum of the 
partial products, 

approaches a limit. We shall suppose, as is the case in the figure, 
that the curve ah is met in only one point by a parallel to the axis Oe, 
and, similarly, that a parallel to the axis Ot meets the curve a'b' in at 
most one point. Let v = ^(u), t = ^(w) be the equations of these 
two curves, u^ and U the limits between which « varies, and w^ and 
W the limits between which w varies. If we replace the variables v 
and t in X hy i^(«) and ifr(w) respectively, it becomes a continuous 
function P(u, w) of the variables u and v>, and the sum (6) can again 
be written in the form 

OT ■ 2;2''(«.-..«'--.)("«-«<-o(«''-«'.-.)- 

As m and n become infinite, this sum has for its limit the double 
integral Sjl'{», w)dudw extended over the rectangle bounded by the 
straight lines « = 11^, u = U,w = v)^,v} = W. 

This double integral can also be expressed in the form 



ih: 



P(u,w)dw, 
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or again, by introducing line integrals, in the form 

(7) f du f X(u,v; w,t)dw. 

In this last ex]H«s8ion we suppose that u and v are the coordinates 
of any point of the arc ah, and w, t the coordinates of any point of 
the arc a'b'. The point (m, v) being supposed fixed, the point (w, t) 
is made to describe the arc a'b', and the line integral /.¥(£»> is taken 
along a'b'. The result is a function of u, v, say R{u, v); we then 
calculate the line integral /fl (m, v)du along the ate ah. 

The last expression (7) obtained for the limit of the sum (6) is 
applicable whatever may be the paths ah and a'b'. It suffices to break 
up the arcs ah and a'b' (as we have done repeatedly before) into 
arcs small enough to satisfy the previous requirements, to associate 
in all possible ways a portion of ah with a portion of a'b', and then 
to add the results. Proceeding in this way with all the sums of par- 
tial products similar to the sum (6), we see that S has for its limit 
the sum of eight double integrals analogous to the integral (7), 
Representing that limit hyffFiz, z')dzds', we have the equality 

ff F(z, z')dzdii' = f du f Xdw- f dv f Xdt 

- f du f Ydt — f dv f Ydw 

+ ifduf Ydw ~i f dv f Ydt 

+ i f du f Xdt +i j dv f Xdw, 

which can be written in an abridged form, 

([Piz, z')dzdz' = f (du + idv) f (X + iY)(dw + idt), 

or, again, 

(9) ff^^"' *')<'«<^' = f '^'' f ^(*' *')*'*'■ 

The formula (9) is precisely similar to the formula for calculating 
an ordinary double integral taken over the area of a rectangle by 
means of two successive quadratures (I, § 120, 2d ed. ; § 123, 1st ed,). 
We calculate first the integral JF^z, z')dz' along the are a'b', supposing 
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« constant; the result is a function 4(e) of a, vhicb we integrate 
nest along the arc ai. As the two paths ab and a'b' eater in 
exactly the same way, it is clear that we can interchange the order 
of integrations. 

Let 3/ be a positive number greater than the absolute value of 
/■(«, «') when e and e' describe the arcs ab and a'b'. If L and L' 
denote the lengths of the respective arcs, the absolute value of the 
double integral is less than MLL' (§ 25). When one of the paths, a'b' 
for example, forms a closed curve, the integral f(„.^yF(x, z')dz' will 
be zero if the function F{z, z') is analytic for all the values of s' in 
the interior of that curve and for the values of x on tii. The same 
thing will then be true of the double integral. 

94. Extension of Canchy's theorems. Let C, C be two closed curves 
without double points, lying respectively in the planes of the variables 
« and »', and let F{x, z') be a function that is analytic when « and «' 
remain in the regions limited by these two curves or on the curves 
themselves. Let us consider the double integral 






where x is a point inside of the boundary C and where x' is a point 
inside of the boundary C ; and let us suppose that these two bound- 
aries are described in the positive sense. The integral 



f 



^('.'O'fa' 



^^{z-x)(z'-x') 

where z denotes a fixed point of the boundary C, is equal to 
2 iri F(z, x')/{z - x). We have, then, 






-idz, 

iO - ~ 

or, applying Canchy's theorem once more, 

I = -ii!^F(x,x'). 
This leads us to the formula 

which is completely analogous to Cauchy's fundamental formula, and 
from which we can derive similar conclusions. From it we deduce 
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the existence of tlie partial denvatives of all orders of the function 
F{x, »') in the regions considered, the derivative 5"+"F/9x"9x'" hav- 
ing a value given by the expression 

g'^'F ml»! r r F{z,z')dz' 

In order to obtain Taylor's formula, let us suppose that the 
boundaries C and C are the circumferences of circlea. Let a be the 
center of C, and R its radius; b the center of C, and R' its radius. 
The points x and x' being taken respectively in the interior of these 
circles, we have \x — a\ = r<R and \x' — b\=r' <R'. Hence the 
rational fraction 



can be developed in powers of x —a and x' — b, 



(.-,)(,'-«') 






where the series on the right is uniformly convergent when z and «' 
describe the circles C and C respectively, since the absolute value of 
the general term is (r/R)''(r'/R')''/RR'. We can therefore replace 
l/(« — x)(*' — x') by the preceding series in the relation (10) and 
integrate term by term, which gives 

F{x,x') = 

- 1^.?, .?/^ - °' <- - 'a,'"i<„(— )"'(^'-»)-" • 

Making use of the results obtained by replacing x and x' by a and ft 
in the relations (10) and (11), we obtain Taylor's expansion in the 
form 

where the combination m = « = is excluded from the summatioa. 
Note. The coefBcient a„ of (x — a)''(x' — b)" in the .preceding 
series is eqtial to the double integral 

_ j_ fj, r f(', Ai"' 
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If Af is an upper bound for | F(z, «')| along the circles C and C, we 
have, by a previous general remark, 



The function 



is therefore a dominant function for F(x, x") (I, S 192, 2d ed.; 
§ 186, 1st ed.). 

95. Functions represented by definite integrals. In order to study 
cei'tain functions, we often seek to express them as definite integrals 
in which the independent variable appears as a parameter under the 
integral sign. We have already given suflScient conditions under 
which the usual rules of differentiation may be applied when the 
variables are real (I, §§ 98, 100, 2d ed.; S 97, 1st ed.). We shall 
now reconsider the question for complex variables. 

Let F(x, x') be an analytic function of the two variables s and z' 
when these variables remain within the two regions A and -4' respec- 
tively. Let u3 take a definite path L of finite length in the region A, 
and let us consider the definite integral 

(13) *(a^)= f F()!,x)dz, 



where X is any point of the region A'. To prove that this function 
*(x) is an analytic function of x, let us describe about the point x aa 
center a circle C with radius R, lying entirely in the region A'. Since 
the function F(s, z') is analytic, Cauehy's fundamental formula gives 

27r*J,„ z'-x 
whence the integral (13) can be written in the form 

Let X + Aa; be a point near x in the circle C ; we have, similarly. 
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and consequently, by repeating the calculation already made (§ 33), 

Let M he & positive number greater than the absolute value of 
F(z, z') when the variables s and z' describe the curves L and C 
respectively ; let S be the length of the curve L ; and let p denote the 
absolute value of \x. The absolute value of the second iutegral is 

^ P ^ 2^n s = — £^^- 

2irR\R~p) " J{{R-p) 

hence it approaches zero when the point x + £kX approaches x in- 
definitely. It follows that the function *(a;) has a unique derivative 
which is given by the expression 

1 r , r F(z,z')dz- 

But we have also (§ 33) 

8P_J^ r F{z,z')dz [ 

dx-2wiX^(z'-xy ' 

and the preceding relation can be again wi-itten 

(U) t'(»)-Xg&. 

Thus we obtain again the usual formula for differentiation under tbe 

integral sign. 

The reaaonii^ is no longer valid if the path of integration X 
extends to infinity. Let us suppose, for definiteness, that Z is a 
ray proceeding from a point a^ and making an angle with the 
real axis. We shall say that the integral 



H^)=rF{z,x)d<. 



is uniformly convergent if to every positive number i there can 
be made to correspond a positive number N such that we have 



ix: 



«)&<., 
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provided that p ia greater than JV, wherever a; may be in ^'. By 
dividing the path of integration into an infinite number of recti- 
linear segments we prove that every uniformly convergent integral 
is equal to the value of a uniformly convergent series whose terms 
are the integrals along certain segments of the infinite ray L. All 
these integrals are analytic functions of x; therefore the same is 
true of the integral J^F(z, x)dx (§39). 

It is seen, in the same way, that the ordinary formula for differen- 
tiation can be applied, provided the integral obtained, J^(8F/8x)<iz, 
is itself uniformly convergent. 

If the function F(x, x') becomes infinite for a limit a^, of the path 
of integration, we shall also say that the integral is uniformly con- 
vergent in a certain region if to every positive number e a point 
a^ + rj on the line L can be made to correspond in such a way that 



ix: 



F(a,x)dz\<(, 



■where b is any point of the path L lying between a^ and a^ + 1;, the 
inequality holding for all values of x in the region considei'ed. 
The conclusions are the same as in the case where one of the limits 
of the integral is moved off to infinity, and they are established in 
the same way. 

96. Applicattontatherfunctloii. The definite Integral token along tbe real axis 

(16) ''<*)=/ "'■^'e"'<". 

which we have studied only for real and positive values of z (I, § 94, 2d ed. ; 
§ 92, Ist ed.), ha* a finite value, provided the real part of t, which we will denote 
by Viz), is positive. In fact, let g = x + yi; this gi\BB | (■-!«-• | = t«->e-'. 
Since the integral ^ 

has a finite value if x is positive, it is clear that the same Is true of the integral 
(15) (I, §S 91, 92, 2d ed.; §§ 90, 91, 1st ed.). This integral is uniformly con- 
vergent in the whole region defined by the conditions ^>1i(()>i(, where W 
and II are two arbitrary positive numbeis. In fact, we can write 



and it suffices to prove that each of these integrals on the right is uniformly 
convergent. Let us prove this for the second integral, for example. Let J be & 
positive number greater than one. If "R (z) < N, we have 



B that each of these int 
ove this for the second i 
;r than one. 11 ■R{z)<N 
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and a positive nimiber A can be found large enough t« make the last integiu) 
lesa than any positive number t whenever I M\. The function 1" («), defined by 
the integral (15), is therefore ao analytic function in the whole region of the 
plane lying 'to the right of the ^-aiis. This function r (z) satisfies agi^n the 
relation 

<16) r{z + l) = zViz), 

obtained by integration by parts, and consequently the more general relation 

(17) r{z + n) = z{z+l)---(z-¥n-l)T(z), 

which is an immediate consequence of the other. 

This property enables us to extend the definition of the r function to values 
of z whose real part is negative. For consider the function 

where n is a positive integer. The numerator r (z + n) is an analytic function 
of 2 defined for values of z for which 'R^^)> — n■, hence the function ^(z) is a 
function analytic except for poles, defined for all the values of the variable 
whose real part is greater than — n. Now this function ^ (z) coincides with the 
analytic function r (z) to the right of the y-3.x\s, b; the relation (17) ; hence it 
is identical with the analytic extension of the analytic function r(z) in the 
strip included between the two straight lines 'R{z) — 0, 1i(j) = — n. Since the 
number n is arbitral?, we may conclude that there exists a function which is 
analytic except for the poles of the first order at the points s = 0, z =— 1, 
z =— 2, — ,z—— n, ' ■ ', and which is equal to the integral (16) at all points to 
tlie right of the ^-axis. This function, which is analytic except for poles in the 
finite plane, is again represented by r(:;); but the formula (16) enables us to 
compute its numerical value only if we have B(z)>0. If B(z)<0, we must also 
mahe use of the relation (17) in order to obtain the numerical value of that 
function. 

We shall now give an expression for the r function which is valid for all 
values of z. Let S(z) be the integral function 

s»=,n(i+5),-;, 

which has the poles of r(z) for zeros. The product S(z) r(z) must then be 
an integral function. It can be shown that this integral function is equal to 
e-C", where G is Euier's constant* (I, § 18, Ex., 2ded,; g 49, Note, 1st ed.), 
and we derive from it the result 

1 



which shows that l/r(; + 1) is a transcendental integral function. 
• Hbrhitr, Govts d'Anolyae, 4th ed., p. 142. 
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97. Analytic sEtensioii of • fanetion of two Taii&blss. Let u = T(z, xT) \ie an 
analytic funetion of the two variables z and zf when these two variables remain 
respectively in two connected regions A and A' of the two planes In which we 
represent them. It is shown, as in the case of a single variable (g 83), that the 
value of this function for any p&ir of points z, z' taken in the regions A, A' la 
determined if we know the values of F and of all its partial derivatives for a 
pair of points z = a,z' = b taken In the same regions. It now appears easy to 
extend the notion of analytic extension to functiouB of two complex variables. 
Let us consider a double series Zo^, such that there exist two positive numbers 
r, K having the following property : the series 

(20) F(z,zr) = Za^,z-zf' 

is convergent if we have at the same time \z\<t, | z' | < K, and divergent if we 
have at the same time |z|> r, |t'|> K. The preceding series defines, then, a 
function F{z, x^ which is analytic vrhen the variables z, z" remain respectively 
in the circles 0, C of radii r and r' ; but it does not tell us anything about the 
nature of this function when we have {z { > r or |z'| > r'. Let us suppose for 
deSnit«nes8 that we cause the variable z to move over a path L from the ori^n 
to a point Z exterior to the circle C, and the variable z" to travel over another 
path L' from the point jr" = to a point Z' exterior to the circle C. Let a and 
p be two points taken respectively on the two paths L and L', a being in tbe 
interior of C and ^ in the interior of C". The series (20) and those which are 
obtained from it by successive diOerentiations enable us to form a new power 

(21) a„,(z-«)"(2'-«-, 

which la absolutely convergent if we have |i — it| < r, and I*' — p| <r,', where 
Tj and r[ are two suitably chosen positive numbers. Let us call Cj the circle of 
radius r, described about the point a as center in the plane of z, and C[ tbe 
circle of rsxiius r,' described in the plane of z" about the point p as center. If z 
is in the part common to the two circles C and Cj, and the point i' in the part 
common to the two circles C and CJ, the value of the series (21) is the same as 
the value of the series (20). If it is possible to choose the two numbers r, and rj 
In such a way that the circle C, will be partly exterior to the circle C, or the 
circle CJ partly exterior t« the circle C, we shall have extended the definition 
of the function F{z, z') U> a region extending beyond the first. Continuing in 
this manner, it la easy to see how the function F(z, tT) may be extended step by 
step. But there appears here an important new consideration : II is necwsai^ 
to lake into account lAe way in which the variables move vnth respect to each other 
on their respective pat hs. Tbe f ollowing is a very simple example of this, due to 
Sauvage.* Let u = Vs — jr" + 1 ; for the initial valnes let us take « = z' = 0, w = 1, 
and let the paths described by the variables z, z* be defined as follows ; 1) The 
path described by the variable z* is composed of the rectilinear segment from 
the origin to the point z" = 1 . 2) The path described by z is composed of three 
eemicircumferences : the first, 03fA (Fig. 38), has Its center on the real auis to 

'Premier» prineipes de la th^arie ginirale dee foncdont de plunieurs variables 
lATmales de la FacvlU des Sciences de Marseille, Vol. XIV). This memoir is an 
excellent iDtrodnctioa to the study of analytic functions of several variables. 
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the left of the oii^n and a radiua less than 1/2 ; the second, ANB, aim hae its 
center on the t«al axis and is so placed that the point — 1 is on its diameter AB ; 
flnallf, the third, BFC, has for its center the middle point of the segment joining 
the point B to the point C{z = 1). The first and the third of these semicircum- 
ferencee are above the real axis, and the second is below, so that the bound- 
ary OUANBPCO Incloses the point z =— 1. Let us now select the following 



1) z" remains zero, and i descriljes the entire path OABC ; 

2) i remains equal to 1, and a' describes its whole path. 

If we consider the auxiliary variable ( = z — z*, it is eadly seen that the path 
described by the variable t, when that variable Is represented by a point on the 




t plane, is precisely the close d bou ndary OABCO which surrounds the critical 
point ( = — 1 of the radical Vt + 1. The final value of u is therefore u =~ 1. 
On the other hand, let us select the following procedure : 

1) z remains zero and z* varies from to 1 — e (c being a very small positive 
number) ; 

2) z' remains equal to 1 — e, and z describes the path OABC ; 

3) z remains equal to 1, and z' varies from 1— e to 1. 

When z' varies from to 1 — e, the auxiliary variable ( describes a path Ofy 
ending in a point (y very near the point — 1 on the real axis. When i describes 
next the path OABC, I moves over a path O'A'B'C congruent to the preceding 
and ending in the point C'{OC' = <) on the real axis. Finally, when z" varies 
from 1 — e to 1, ( passes from C to the origin. Thus the auxiliary variable ( 
describes the closed boundary OO'A'B'C'O which leaves the point — 1 on its 
exterior, provided e is taken small enough. The final value of u will therefore 
be equal to + 1 . 

Very much less is known about the nature of the singularities of analytic 
functions of several variables than about those of functions of a single variable. 
One of the greatest difficulties of the problem lies in the fact that the piurs of 
singular values are not isolated." 
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n. IMPLICIT FUNCTIONS. ALGEBRAIC FUNCTIONS 

98. Weteratrass's theorem. We have already established (I, § 193, 
2d ed.; § 187, 1st ed.) the existence of implicit functions defined by 
equations in which the left-hajid side can be developed in a power 
series proceeding in positive and increasing powers of the two 
variables. The arguments which were made supposing the variables 
and coefQcients real apply without modification when the variables 
and the coefficients have any values, real or imaginary, provided we 
retain the other hypotheses. We shall establish now a more general 
theorem, and we shall preserve the notations previously used in that 
study. The complex variables will be denoted by x and y. 

Let F(x, y) be an analytic function in the neighborhood of a 
pair of values x = a, y = j8, and such that we have F{a, ff)=0. 
We shall suppose that a = ;3 = 0, which is always permissible. The 
equation F{0, y) = has the root y = to a certain degree of mul- 
tiplicity. The case which we have studied is that in which y = is 
a simple root j we shall now study the general case where y = is a 
multiple root of order n of the equation F(0, y)= 0. If we arrange 
the development of F(x, y) in the neighborhood of the point a; = y = 
according to powers of y, that development will be 

(22) F(x, y)=J, +^,y + ■ ■ . +yl,y +^,^,y-+i + . . ., 

where the coefficients Af are power series in x, of which the first n 
are zero for x = 0, while -1, does not vanish for x = (i. Let C and C 
be two circles of radii R and R' described in the planes of x and y 
respectively about the origin as center. We shall suppose that the 
function F(x, y) is analytic in the region defined by these two circles 
and also on the circles themselves; since X, is not zero for x = 0,w% 
may suppose that the radius R of the circle C is sufficiently small 
so that A, does not vanish in the interior of the circle C nor on the 
circle. Let 3f be an upper bound for | F(x, y) \ in the preceding region 
and B a lower bound for |^,|. By Cauchy's fundamental theorem 
we have 



F(x, 



^>=2^1,— 



y')'iy' 



where x anA y are any two points taken in the circles C and C; 
from this we conclude that the absolute value of the coefficient A^ 
of y" in the formula (22) is less than MfR", whatever may be the 
value of X in the circle C. 
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We can now write 

(23) F(x,y) = A^O-+P+<l), 

vhere 

Let p be the absolute value of ^ ; we have 

BR''\R' 
and this absolute value will be less than 1/2 if we have 

On the other hand, let fi(r) be the maximum value of the absolute 
values of the functions A^, A^, • ■ • , A^_i for all the values of x for 
which the absolute value does not exceed a number r < I!. Since 
these n functions are zero for a: = 0, /i{r) approaches zero with r, 
and we can always take r so small that 

where p is a definite positive number. The numbers r and p having 
been determined so as to satisfy the preceding conditions, let us re- 
place the circle C by the circle C^ described in the a;-p]ane with the 
radius r about the point a; = as center, and similarly in the y-plane 
the circle C by the concentric circle C^, with the radius p. If we give 
to X a value such that \x\m r, and then cause the variable y to 
describe the circle C^, along the entire circumference of this circle we 
have, from the manner in which the numbers r and p have been chosen, 
|P| < 1/2, |Q|< 1/2, and therefore \P+Q,\<\. If the variable i/ 
describes the circle Cp in the positive sense, the angle of 1 + /> + Q 
returns to its initial value, whereas the angle of the factor A^ in- 
creases by 2 WTT. Th6 equation F(x, y)= 0, in which \x\ ^ r, therefore 
has n roots whose absolute valuee are less than p, and only n. 

All the other roots of the equation F(x, y)= 0, if there are any, 
have their absolute values greater than p. Since we can replace the 
number p by a number as small as we wish, leas than p, if we replace 
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at the same time r by a smaller number satisfying always the con- 
dition (25), we see that the equation F(x, ]/)=0 has n roots and only 
n which approach zero with x. 

If the variable x remains in the interior of the cii-cle C, or on its 
circumference, then roots y^, y^, ■ • ■ ,y„, whose absolute values are less 
than p, remain within the circle C^. These roots are not in general 
analytic functions of x in the cii^cle C„ but every symmetric integral 
rational function of these n roots is an analytic function of x in this cir- 
cle. It evidently suffices to prove this for the sum yf + 5^ + 1- ;^, 

where A is a positive integer. Let us consider for this purpose the 
double integral 



/= / dy'\ y' 



F(x;y') ^^^ 



where we suppose \x\ < r. If \y'\ = p, the function F{x\ y') cannot 
vanish for any value of the variable x' within or on C^, and the only 
pole of the function under the integral sign in the interior of the 
circle C, is the point x' = x. We have, then, 



L 



and consequently 









By a general theorem (§ 48) this integral is equal to 

where y,, y^,---,y„ are the n roots of the equation F{x, y) = with 
absolute values less than p. On the other hand, the integral / is an 
analytic function of x in the circle C^, for we can develop 1/(3:' — x) 
in a uniformly convergent series of powers of a-, and then calculate 
the integi-al term by term. The diffei-ent sums 2yf being analytic 
functions in the circle C^, the same thing must be true of the sum 
of the roots, of the sum of the products taking two at a time, and so 
on, and therefore the n roots y^, y^, ■ ■ ■ , y, ^Je also roots of au equa- 
tion of the nth degree 

(26) fix, y) = r + «,y""' + «>?""*+ ■ ■ ■ + *.-iy + «. = t>. 
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whose coefficients a^, a^, — , a, are analytic functions of z in the 
circle C, vanishing for a: = 0. 

The two functions F{x, y) and f(x, y) vanish for the same pairs 
of values of the variables x, y in the interior of the circles C,and Cp. 
We shall now show that the quotient F{x, y)/f{x, y) is an analytic 
function in this region. Let us take definite values for these vari- 
ables such that |xl<r, |j'|</>, and let us consider the double 
integral 






f{x',y'){x--x){y'-y) 



For a value of y' of absolute value p the function f{x', y') of the 
variable x' cannot vanish for any value of x' within or on the circle 
C^ The function under the integral sign has therefore the single 
pole x' = x within C,, and the corresponding residue is 

F(^, y') 

Hence we have also 

but the two analytic functions F(x, y'), f(x, y") of the variable y' 
have the same zeros with the same degrees of multiplicity in the 
interior of Cp. Their quotient is therefore an analytic function of 
y' in C'f, and the only pole of the function to be integrated in this 
circle 'va y' ^y; hence we have 

, , F(x, y) 

f{^, y) 

On the other hand, we can replace !/(«' — x^{y' — y) in the inte- 
gral by a uniformly convergent series arranged in positive powers 
of x and y. Integrating term by term, we see that the integral is 
equal to the value of a power series proceeding according to powers of 
X and y and convergent in the circles C,,, C,. Hence we may write 

(27) F(x, y) = {r + a,r-' +•■■ + <^.)II(x> 2/). 

where the function H(x, y) is analytic in the circles C„ C'p. 

The coefficient A^ of ■if in F(x, y) conteins a constant term dif- 
ferent from zero ; since a,, a^, ■■-,«, are zero for a; = 0, the develop- 
ment of II{x, y) necessarily contains a constant term different from 
zero, and the decomposition given by the expression (27) throws 
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into relief the fact tliat the roots of F{x, y)= which approach zero 
with X are obtained by putting the first factor equal to zero. The 
preceding important theorem ia due to Weierstrasa.* It generalizes, 
at least as far as that ia poasible for a function of several variablea, 
the decomposition into factors of functions of a aingle variable. 

99. Critical polnta. In order to study the n roots of the equation 
F(x, y)= which become infinitely small with x, we are thus led to 
study the roots of an equation of the form 

(28) f(x, f/)=^r + «,y-' + «>y"-'' + ■ ■ ■ + «,-iy + «. = 
for values of x near zero, where a„ a^, ■ ■ ■, tt, are analytic functions 
that vanish for ar = 0. When n is greater than unity (the only case 
which concerns us), the point a; = is in general a «•*(«■«/ ^wtn/. Let 
us eliminate y between the two equations / = and Sf/By = ; the 
restdtant A (a:) is a polynomial in the coefficients o,, a^, ■ ■ ■, a,, and 
therefore an analytic function in the neighborhood of the origin. 
This resultant t is zero for x=0, and, since the zeros of an analytic 
function form a system of isolated points, we may suppose that we 
have taken the radius r of the circle C, so small that in the interior 
of C, the equation A(a;)= has no other root than a; = 0. For every 
point x^ ta^en in that circle other than the origin, the equation 
/(x^ y) = will have n distinct roots. According to the caae already 
studied (I, § 194, 2d ed. ; S 188, 1st ed.), the n roots of the equation 
(28) will he analytic functions of x in the neighborhood of the point 
a:,. Hence there cannot be any other critical point than the origin 
in the interior of the circle C,. 

Let 2/^, y^,'- ■ ■, y, be the n roots of the equation f{x^ y) = 0. Let 
us cause the variable x to describe a loop around the point x = 0, 
sterting from the point x^; along the whole loop the n roota of the 
equation f(x, i/)= are distinct and vary in a continuoua manner. 
If we start from the point x^ with the root i/j, for example, and fol- 
low the continuoua variation of that root along the whole loop, we 
return to the point of departure with a final value equal to one of the 
roots of the equation f(x^, y) = 0. If that final value is y,, the i-oot 

• Abhandlungen aus der FunElionenlehre uon K". Weierilrasi (Berlin, 1860). The 
propotitioD can also be demonatrated by making use only of the properties of power 
series and tlie existence theorem for implicit timctions {Bultelin de la Soeiiti 
motWimWi^ue, Vol. XXXVl. 1908, pp. 209-21fl). 

t We disregard tbe case where the resultant is Identically zero. In tbia case/(»:, y) 
would be divisible by a (actor [/i(i, v)]*i where * > 1, /i(i, p) being at the same 
torn w/(z, v). 
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coasidered is single-valued in the neighborhood of the origin. If 
that final value is different from y^, let us suppose that it is equal 
to t/^ A new loop described in the same sense will lead from the 
root jj to one of the roots y,, y^, ■ ■ ■, y,. The final value cannot be 
j/j, since the reverse path must lead from y^ to y^. That final value 
must, then, be one of the roots y^, y^, • ■ ■, y,. If it is y^, we see that 
the two roots y^ and y^ are permuted when the variable describes 
a loop around the origin. If that final value is not y^, it is one 
of the remaining (n — 2) roots ; let y^ be that root A new loop 
described in the same sense will lead from the root y^ to one of the 
roots ?/j, j/j, y^, y^, ■ ■ ■, y^. It cannot be y^, for the same reason as 
before ; neither is it y^, since the reverse path leads from y^ to y,. 
Hence that final value is either y^ or one of the remaining (n — 3) 
roots y^, y^, ■ ■ -, y„. It it is y^, the three roots y^, y^, y^ permute 
themselves cyclically when the variable x describes a loop around 
the origin. If the final value is different from y,, we shall continue 
to cause the variable to turn around the origin, and at the end of 
a finite number of operations we shall necessarily come back to a 
root already obtained, which will be the root y,. Suppose, for exam- 
ple, that this happens after p operations; the p roots obtained, 
^1' Hi' ■ ■ ■> ^p' permute themselves cyclically when the variable x 
describes a loop around the origin. We say that they form a cyclic 
system ofp roots. H p = n, the n roots form a single cyclic system. 
If ^ is less than n, we shall repeat the' reasoning, starting with one 
of the remaining n—p roots and so on. It is clear that if we con- 
tinue in this way we shall end by exhausting all the roots, and we 
can state the following proposition; The n roots of the eijuation 
F(x, y) = 0, which are zero for a; = 0, form, orte or several cyclic 
systems in the neighborhood of the origin. 

To render the statement perfectly general, it is sufficient to agree 
that a cyclic system can be composed of a single root ; that root is 
then a single-valued function in the neighborhood of the origin. 

The roots of the same cyclic system can be represented by a unique 
development. Let y^, y^, ■ ■ -, y^ be the p roots of a cyclic system ; let 
us put X = x^. Each of these roots becomes an analytic function 
of x' for all values of x' other than a;' = j on the other hand, when 
x' describes a loop around x' = 0, the point x describes p succes- 
sive loops in the same sense around the origin. Each of the roots 
Pv Vi> ■ ■ iSp returns then to its initial value ; they are single-valued 
functions in the neighborhood of the origin. Since these roots ap- 
proach zero when x' approaches zero, the origin x' = cannot be 
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other than an ordinary point, and one of these roots is represented 
by a development of the form 

(29) y = a,x' + a^x"^ +■•■ + a^x'~ + • ■ -, 
or, replacing x' by a;"", 

(30) p = a^^ + cc^{J) +■■■ + aS^) + ■ ■■ 

We may now say that the development (30) r^resents all the Tvots 
of the same cyclic system, provided that we give to a;'"" all of its 
p determinations. For, let us suppose that, taking for the radical Vx 
one of its determinations, we have the development of the root y^. 
If the variable x describes a loop around the origin in the positive 
sense, y, changes into y^, and xy" is multiplied by e""". It will be 
seen, similarly, that we shall obtain y, by replacing »*"" by x"''e'"^'" 
in the equality (30). This unique development for the system shows 
up clearly the cyclic permutation of the^ roots. It would now remain 
to show how we could separate the n roots of the equation F(x, y) = 
into cyclic systems and calculate the coefiicients a, of the develop- 
ments (30). We have already considered the case where the point 
ic = J/ = is a double point (I, § 199, 2d ed.). We shall now treat 
another particular case. 

If for X = y = the derivative SF/dx is not zero, the develop- 
ment of F(x, y) contains a term of the first degree in x, and we have 

(31) F{x,y) = Ax+Bir+--; (AB^Vi) 
where the terms not written are divisible by one of the factors r', vy, 
y"+'. Let us consider y for a moment as the independent variable; 
the equation F{x, y) = has a single root approaching zero with y, 
and that root is analytic in the neighborhood of the origin. The 
development which we have already seen how to calculate (I, §§ 35, 
193, 2d ed. ; S§ 20, 187, Ist ed.) runs as follows : 

(32) x = y'(% + <',y + ■■■)■ («,=^0) 
Exti-acting the nth root of the two sides, we find 



(33) x'^y^a^ + a^y + .... 

For y = the auxiliary equation u" = ff,, + ff,y + ■ ■ ■ has « dis- 
tinct roots, each of which is developable in a power series according 
to powers of y. Since these n roots are deducible from one of them 
by multiplying it by the successive powers of «*""", we can take for 
"Ca^ + a^y -f- . . . in the equality (33) any one of these roots, subject 
to the condition of assigning successively to x"' its n determinations. 
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We can therefore write the equation (33) in the form 

af" = bjij + i^f + . ■ ., {\ =h 0) 

and from this we derive, conversely, a development of y in powers 
of «"': 

(34) y = c,J + Ja;-)V---. 

This development, if we give successively to x"" its n values, 
repreaenta the n roots which approach zero with x. These n roots 
form, then, a single cyclic system. 

For a study of the general case we refer the reader to treatises 
devoted to the theory of algebraic functions.* 

100. Algebraic functions. Up to the present time the implicit func- 
tions most carefully studied are the aJgehraic functions, defined by 
an equation F(x, y) = 0, in which the left-hand side is an irreducible 
polynomial in x and y. A polynomial is said to be irreducible wlien 
it is not possible to find two other polynomials of lower degree, Fj^x, y) 
and t\{x, y), such that we have identically 

F{x,y) = F^{x,y)^Flx,y). 
If the polynomial F{x, y) were equal to a product of that kind, it is 
clear that tlie equation F(x, y)=0 could be replaced by two distinct 
equations F^(x, y) = 0, F^{x, y) = 0. 

Let, then, 

(35) F{x,y) = 4.^{x)y'-\-<i,^{x)y'-' + - ■ . + ^^_^{x)y + ^^(x)= <i 
be the proposed equation of degree n in y, where ^^, ijt^, ■ ■ - , ^„ are 
polynomials in x. Eliminating y between the two relations F= 0, 
SF/dy = 0, we obtain a polynomial A (x) for the resultant, which can- 
not be identically zero, since Fixjy) is supposed to be irreducible. 
Let us mark in the plane the points a^, a^, ■ ■ ■ , a^, which represent 
the roots of the equation A(x)=0, and the points ^,, jS^, ■ ■ •, A, 
which represent tlie roots of ,p^(x)— 0. Some of the points a, may 
also be among the roots of •f>^(x)= 0. For a point a different from 
the points a,-, j3j the equation F{a, y)=0 has n distinct and finite 
roots, &j, b^i ■ ■ -, ft,. In the neighborhood of the point a the equation 
(35) has therefore n analytic roots which approach b^, b^, • ■ •, J, 
respectively when x approaches a. Let Oj be a root of the equation 

memoir of Puiseui on algebraic (unctions (Journal de SfatM- 
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A (x) = 0- The equation F(ii:,, j/) = has a certain number of equal 
roots; let us suppose, -for example, tliat it has p roots equal to b. 
The ji roots which approach 6 when x approaches a, group themselves 
into a certain number of cyclic systems, and the roots of the same 
cyclic system are represented by a development in series arranged 
according to fractional powers of a; — a,. If the Value a^ does not 
cause •^(,(3:) to vanish, all the roots of the equation (35) in the neigh- 
borliood of the point a, group themselves into a certain number of 
cyclic systems, some of which may contain only one root. For a point 
fij which makes <f>a(^) ^^o, some of the roots of the equation (35) 
become infinite ; in order to study these roots, we put y = 1/y', and 
we are led to study the roots of the equation 

F^(x,y-) = i,-F(x,l/!,')=0, 
which become zero for x = ffj. These roots group themselves again 
into a certain number of cyclic systems, the roots of the same system 
being represented by a development in series of the form 

(36) y- = a„(x - ft)^+ a_,,(x - fijfr+ ■ ■ ; {a^^O) 

The corresponding roots of the equation in y will be given by the 
development 



C.» 



(37) j = (»i-A)"=L«- + «-*.(»-A)'+---J . 

which can be arranged in increasing powers of (x — /S,)'"', but there 
will be at first &fnUe number of terms with negative exponents. 

To study the values of y for the infinite values of x, we put x = 1/x', 
and we are led to study the roots of an equation of the same form in 
the neighborhood of the origin. To sum up, in the neighborhood of 
any point x ■= a the n roots of the equation (35) are represented by 
a certain number of series arranged according to increasing powers 
oi X — aoToi (x — a)'*, containing perhaps a finite number of terms 
with negative exponents, and this statement applies also to infinite 
values of x by replacing x — ac by 1/x. 

It is to be observed that the fractional powers or the negative ex- 
ponents present themselves only for the exceptional points. The 
only singular points of the roots of the equation are therefore the 
critical points around which some of these roots permute themselves 
cyclically, and the poles where some of these roots become infinite ; 
moreover, a point may be at the same time a pole and a critical 
point. These two kinds of singular points are often called algebraic 
singular points. 
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We have bo far studied the roots of the proposed equation only in 
the neighhorhood of a fixed point. Suppose ^ow that we join two 
points x=:a,x=:b, for which the equation (36) has n distinct and 
finite roots, by a path AB not passing through any singular point of 
the equation. Let y, be a root of the equation F{a, y) = ; the root 
y =f(x), which reduces to y, for x = o, is i-eptesented in the neigh- 
borhood of the point a by a power-series development P(x — a). 
We can propose to ourselves the problem of finding its analytic ex- 
tension by causing the variable to describe the path AB. This is a 
particular case of the general problem, and we know in advance that 
we shall arrive at the point B with a final value which will be a 
root of the equation F(b, y)=(i (§ 86). We shall surely arrive at 
the point b at the end of a, finite number of operations; in fact, the 
radii of the circles of convergence of the series representing the 
different roots of the equation F{x, y) = 0, having their centers at 
different points of the path AB, have a lower limit* S > 0, since this 
path does not contain any critical points ; and it is clear that we 
could always take the radii of the different circles which we use for 
the analytic extension at least equal to 8. 

Among all the paths joining the points A and B we can always 
find one leading from the root y^ to any given one of the roots of 
the equation F{b, y) = aa the final value. The proof of this can be 
made to depend on the following proposition : If an analytic func- 
tion z of the variable x has only p distinct values for each value of x, 
and if it has in the whole plane (ineludinQ the point at infinity) only 
algehraic sinyular points, the p determinations of z are roots of an 
equation of degree p whose coe^fficietits are rational functions of x. 
Let Cj, Sj, - ■ ■ , «j, be the p determinations of z ; when the variable x 
describes a closed curve, these p values e^, %t • • •,''p can only change 
into ea«h other. The symmetric function m^ = zj -|- zj -J- • ■ • -f z*, 
where A is a positive integer, is therefore single-valued. Moreover, 
that function can have only polar singularities, for in the neigh- 
borhood of any point in the finite plane x = a the developments 
of z^, «j, ■ ■ ■, Zj, have only a finite number of terms with negative 
exponents. The same thing is therefore true of the development of u^. 
Also, the function u^ being single-valued, its development cannot con- 
tain fractional powers. The point a is therefore a pole or an ordinary 
point for u,., and similarly for the point at infinity. The function Uf. 

* To prove this rigarouBl; it aufSceH to make use ot ft lorm of Teasoning uudogoua 
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ia therefore a rational function of x, whatever may be the integer 
k; consequently the same thing is true of the simple symmetric 
functions, such as 2s,-, 2SiSt, - ■ ■, which proves the theorem stated. 

Having shown this, let us now suppose that in going from the 
point a to any other point x of the plane by all possible paths we 
can obtain as final values only p of the roots of the equation 

F(»-,y)=0, " (;,<«) 

These p roots can evidently only be permuted among themaelvea 
when the variable x describes a closed boundary, and they possess 
all the properties of the p branches x^, s^, • ■ ■, x^ of the analytic, 
function z which we have just studied. We conclude from this that 
^11 Vi>- ■ -'Vp would he roota of an equation of degree p, P^(x, y) = 0, 
with rational eoeflScients. The equation F{x, y)=0 would have, 
then, all the roots of the equation F,(x, y) = 0, whatever x may be, 
and the polynomial F(x, y) would not be irreducible, contrary to 
hypothesis. If we place no restriction upon the path followed by 
the variable x, the n roots of the equation (35) must then be regarded 
as the distinct branches of a single analytic function, as we have 
already remarked in the case of some simple examples (§ 6), 

Let us suppose that from each of the criticEil points we make an 
infinite cut in the plane in such a way that these cuts do not cross 
each other. If the path followed by x is required not to cross any 
of these cuts, the n roots are single-valued functions in the whole 
plane, for two paths having the same extremities will be transform- 
able one into the other by a continuous deformation without passing 
over any critical point (§ 85). In order to follow the variation of a 
root along any path, we need only know the law of the permutation 
of these roots when the variable describes a loop around each of the 
critical points. 

Note. The study of algebnuc functions is made relatively easy by the fact 
that we can determine a priori by algebraic computation the angular points of 
these functionB. This is no longer true in general of implicit functions that are 
not algebraic, which may have transcendental singular points. As an example, 
theimplic[tfunctionv(x), defined by the equation e» — x— 1 = 0, has no algebraic 
critical point, but it has the transcendental singular point » = — 1. 

101. Abelian Integrals. Every integral /=/Jf(a;,y)(ir, where R(ic,y) 
is a rational function of x and y, and where y is an algebraic func- 
tion defined by the equation F(x, y)= 0, ia called an Ahelian integral 
attached to that curve. To complete the determination of that inte- 
gral, it is necessary to assign a lower limit x^ and the corresponding 
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value t/^ chosen among the roots of the equation F (x^, y) = 0, We 
shall now state some of the moat important general properties of suth 
integrals. When we go from the point x^ to any point x by all tlie 
possible paths, all the values of the integral / are included in one 
of the foiTnulBB 

(38) /= /» + m,*,, + ™,«., + ■ ■ ■ + m,«v, (* = 1, 2, . . ., n) 
where I^, /,,■■■, /, are the values of the integral whiqh correspond 
to certain definite paths, m„ m^, ■ ■ ■, m., are arbitrary integers, and 
iKj, (Oj, — ,01,. are periods. These periods are of two kinds ; one kind 
results from loops described about the poles of the function R(x, y); 
these are the polar periods. The others come from closed paths 
surrounding several critical points, called cycles; these are called 
ct/clic periods. The number of the distinct cyclic periods depends 
only on the algebraic relation considered, F(a:, y)=0; it is equal 
to 2p, where p denotes the deficiency of the curve (§ 82). On the 
other hand, there may be any number of polar periods. From the 
point of view of the singularities three classes of Abelian integrals 
are distinguished. Those which remain finite in the neighborhood 
of every value of x are called the^rs( kind; if their absolute value 
becomes infinite, it can only happen through the addition of an 
infinite number of periods. The integrals of the second kind are 
those which have a single pole, and the integrals of the third kind 
have two logarithmic singular points. Every Abelian integral is a 
sum of integrals of the three kinds, and the number of distinct 
integrals of the first kind is equal to the deficiency. 

The study of these integrals is made very easy by the aid of plane 
surfaces composed of several sheets, called Riemann surfaces. We 
shall not have occasion to consider them here. We shaJl only give, 
on account of its thoroughly elementary character, the demonstra^ 
tion of a fundamental theorem, discovered by Abel. 

102. Abel's theorem. In order to state the results more easily, let us 
consider the plane curve C represented by the equation F{x, y) = 0, 
and let *(x, y) be the equation of another plane algebraic curve C 
Tliese two curves have N points in common, (x^, y^, (x^, y^, ■ ■ ■, 
(X/;, yif), the number N being equal to the product of the degrees 
of the two curves. Let R(x, y) be a rational function, and let ua 
consider the following sum ; 

(39) '-'tf"""'<(P.!/)''^, 
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denotes the Abeliaii integral taken from the fixed point x^ to a point x^ 

along a path which leads y from the initial value y, to the final value y,-, 
the initial value y^ of y being the same for all these integrals. It is 
clear that the Bum / is determined except for a period, since this is 
the case with each of the integrals. Suppose, now, that some of the 
coefficients, a^, a^, ■ ■ -, a^, of the polynomial *(«, y) are variable. 
When these coefficients vary continuously, the points a;, themselves 
vary continuously, and if none of these points pass through a point 
of discontinuity of the integral ^R{x, y)dx, the sum / itself varies 
continuously, provided that we follow the continuous variation of 
each of the integrals contained in it along the entire path described 
by the corresponding upper limit. The sum / is therefore a function 
of the parameters a,, a^, ■ • -, a^, whose analytic form we shall now 
investigate. 

Let us denote in geneial by SP" the total differential of any func- 
tion V with respect to the variables a^, a,, ■ - •, dj : 

By the expression (39) we have 



-2J«C> 



From the two relations F(a:„ y,) = 0, * (Xf, y,) = we derive 



dxi 



8xi + T- Sy; = 0, ^ 8x, -I- T- 8»/i + 8*.. = 0, 



and consequently &C( = *(a:(, T/i)S*i, where *(X(, y,) is a rational 
function of x^, y^, a^, o,, ■ ■ ■, a^, and where *( is put for *(»(, y^. 
We have, then, ,._j, 

hi = ^R{x„y,)^(x„y,)hibi. 

The coefficient of Soj on the right is a rational symmetric function 
of the coordinates of the N points (xi, y.) common to the two curves 
C, C. The theory of elimination proves that this function is a 
rational function of the coefficients of the two polynomials F(x, y) 
and *(»;, y), and consequently a rational function of a^, a^,---, a^. 
Evidently the same thing is true of the coefficients of &t,, ■ ■ - , Sa^, 
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and / vill be obtained by the integration of a total differential 

where ir^, tt,, ■ ■ ■, Wj are rational functions of a^, a^, ■ ■ ■, a^. Now 
the integration cannot introduce any other trauscendentals than 
logarithms. The swi I is therefore equal to a rational function of 
the coefficisTtts a^, a^, ■ • ■ , a^, plus a sum. of logarithms of rational 
fiiw.tions of the same coefficients, each of these logarithm's being 
multiplied by a constant factor. This is the statement of Abel's 
theorem in its most general form. In geometric language we can 
also say that the sum of the values of any Abelian integral, taken 
from a common origin to the N points of intersection of the gltten 
curve with a variable curve of degree m, *(a;, y)= 0, is equal to a 
rational function of the coefficients of ^(x, y), plus a sum of a finite 
number of logarithms of rational functions of the sam,e coefficients, 
each logarithm being multiplied by a constant faMor. 

The second statement appears at first sight the more striking, 
but in applications we must always keep in mind the analytic state- 
ment in the evaluation of the continuous variation of the sum. / 
which corresponds to a continuous variation of the parameters 
ttj, «j, ■ ■ ■ , «,,. The theorem has a precise meaning only if we take 
into account the paths described by the jV points a;,, x^,---,Xg on 
the plane of the variable x. 

The statement becomes of a remarkable simplicity when the 
integral is of the first kind. In fact, if tt,, w^,---, it,, were not 
identically zero, it would he possible to find a system of values 
Oj = aj, ■ - ■, flj = ai for which / would become infinite. Let (x\,y'-^, 
■ ■ ■ I (^jvi y's) t>e the points of intersection of the curve C with the 
curve C which correspond to the values aj, ■ ■ ■ , o^ of the parameters. 
The integral ^^ 

r'\{x,y)dx 

would become infinite when the upper limit approaches one of the 
points (x\, 3^), which is impossible if the integral is of the first kind. 
Therefore we have 8/ = 0, and, when a^, a^, ■ ■ - , a^ vary continuously, 
I remains constant ; Abel's theorem can then be stated as follows : 

Given a fixed curve C and a variable curve C of degree m,the sum 
of the increments of an Abelian integral of the first kind attached to 
the curve C along the continuous curves described by the points of 
intersection of C with C is equal to zero. 
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Note. We suppose that the degree of the eurre C remains eon* 
stant and equal to tn. If for certain particular values of the coeffi- 
cients a^, (Xj, • ■ • , fflj that degree were lowered, some of the points of 
intersections of C with C should be regarded as thro*n off to 
infinity, and it would be necessary to take account of this in the 
application of the theorem. We mention also the almost evident fact 
that if some of the points of intersection of C with C are fixed, it 
is unnecessary to include the conesponding integrals in the sum /, 

103. Application to byperelUptlc integrals. The applications of 
Abel's theorem to Analysis and to Geometry are extremely numer- 
ous and important. We shall calculate S/ explicitly in the ease of 
hyperelliptic integrals. 

Let us consider the algebraic relations 

(40) f = R(x) = A^s?''*^+A^7?'''^ + ...+A^,^^, 

where the polynomial R{x) is prime to its derivative. We shall 
suppose that .4^ may be zero, but that ^4^, and A^ may not be zero at 
the same time, so that R (x) is of degree 2^ + 1 or of degree 2p + 2. 
Let Q,(x) be any polynomial of degree q. We shall take for the 
initial value x^ a value of x which does not make R(x) vanish, and 
for y^ a root of the equation 1/ = R (x^. We shall put 

where the integral is taken along a path goin g from x^ to x, and 
where y denotes the final value of the radical Vif(a:) when we start 
from x^ with the value y^. In order to study the system of points 
of intersection of the curve C represented by the equation (40) with 
another algebraic curve C", we may evidently replace in the equation 
of the latter curve an even power of y, such as y", by [R(x)Y, and 
an odd power j^'*'^ by ^/[Ji(a;)]^ These substitutions having been 
made, the equation obtained will now contain y only to the first 
degree, and we may suppose the equation of the curve C of the form 

(41) ;,*(«) -/(«)=0, 

where f(x) and <i>(x) are two polynomials prime to each other, of 
degrees X and ^t, respectively, some of the coefficients of which we 
shall suppose to be variable. The abscissas of the points of intersec- 
tion of the two curves C and C' are roots of the equation 

(42) ^(>=)-Ji(«)*'(«)-/>(>=)_0, 
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of degree N. For special systems of values of the variable coefBcieats 
in the two polynomials f(x) and ^ (x) the degree of the equation ma,y 
turn out to be less than N ; some of the points of intersection are 
then tt rown off to infinity, but the eoiTcsponding integrals must 
be n ludfd in the sum which we are about to study. To each root 
X of the equation (42) corresponds a completely determined value 
oi J i, ve by yi = /(a^,)/^(^>)- ^^^ ^^ "'^'^ consider the sum 



We have 






for the final value of the radical at the point x, must be equal to 
y,, that is, to /(x,)/i^(Xf'). On the other hand, from the equation 
^ (Xi) = we derive 

^'(x,) 8x, + 2R(x,) <f>(x,) S*, - 2f(x,) ^, = 0, 
and therefore 

"-,S /W '^ fW 

or, making use of the equation (42), 






Let us calculate, for example, the coefiieient of Sa^ in 8/, where a^ is 
the coefficient, supposed variable, of x'' in the polynomial f(x). The 
term &a^ does not appear in 8^,-, and it is multiplied by xj in 8/;. The 
desired coefficient of So^ is therefore equal to 

SI fW AfW' 

where 7r(3;) = Q(3!)i^(a;)a:''. The preceding sum must be extended to 
all the roots of the equation ^(x) = ; it is a rational and symmetric 
function of these roots, and therefore a rational function of the coeffi- 
cients of the two polynomials /(x) and ^(x). The calcidation of 
this sum can be facilitated by noticing that '%ir(x^/>(i'{x^ is equal to 
the sum of the residues of the rational function ir(x)/^(x) relative 
to the N poles in the finite plane x^, x^, — , x^. By a general theo- 
rem that sum is also equal to the residue at the point at infinity 
with its sign changed (§ 52). It will be possible, then, to obtain the 
coefficient of Sn^ by a simple division. 



sdbvGoo^^lc 



V,51CB] ALGEBRAIC FUNCTIONS 249 

It is easy to prove that this coefficient is zero if the integral 
v{x, y) is of the first kind. We have by supposition q ^p — 1 ; the 
degree oltr{x)\aq+fi + k, and we have 

q-^ft + k-^li + k+p — l. 

Let us find the degree of ^ (x). If there is no cancellation between 
the terms of highest degree in R (x) ^"(ar) and in /\x), we have 

whence 

k + ft+p + l^N, 
and, a fortiori, 

k + fL+p + l^N. 

If there were a cancellation between these two terms, we should have 

\ = ll+p + l; 

but since the term %«*+* has no term with which to cancel out, we 
• should have \ + k^N, from which the same inequality as before 
results. It follows that we always have 

q + ,i + kSN-2. 

The residue of the rational function ■n-(x)/t^{x) with respect to the 
point at infinity is therefore zero, for the development will begin 
with a term in l/a? or of higher degree. It will be seen similarly 
that the coefficient of 86j in 8/, b^ being one of the variable coefficients 
of the polynomial •^(x), is zero if the polynomial Q{x) is of degree 
/> — 1 or of lower degree. This result is completely in accord with 
the general theorem. 

Let us take, for example, ^(x) = 1, and let us put 

/(a;) = VT„x''+' + a^x" + a^.^x"-^ + . . . + «^a, + «„ 

where a„, a„ ■ ■ -, ftp are ^ + 1 variable coefficients. The two curves 

cut each other in 2y + 1 variable points, and the sum of the values 
of the integral v{x, y), taken from an initial point to these 2p + l 
points of intersection, is an alg^raic-logarithntic function of the 
coefficients a^^ a„ ■ ■ ■, o^. Now we can dispose of these p +1 coeffi- 
cients in such a way that p + 1 of the points of intersection are any 
previously assigned points of the curve i^=R(x), and the coordi- 
nates of the p remaining points will be algebraic functions of the 
cottrdinates of the p + 1 given points. 
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The sam of the /> + 1 integrals 

"(«». ?!>+ "('v y^-^ + "(^,+1. J^+i). 

taken from a coninion initial point to ^ + 1 arbitrarf points, is 
therefore equal to the snm oip integrals whose llmite are algebraic 
fanctions of the codrdlnates 

pliu certain algebraic-logarithmic expressions. It is clear that by 
successive reductions the proposition can be extended to the sum 
of m integrals, where m is any integer greater than p. In particular, 
the sum of any number of integrals of the first kind can be reduced 
to the sum of only p integrals. This property, which applies to the 
most general Abelian integrals of the first kind, constitutes the 
addition theorem for these integrals. 

In the CMC of elliptic Integrals of the flist kind, Abel's theorem ]eads pre- 
cisely to the addition (onoulb tor the function p(u). Let us consider a cubic in 
the normaJ form 

and let 3f,(z,, y,), V,(x,, v,), ^^(^1 Vg) ^ ^^^ points of Intersection of that 
cubic with n straight line D. By the general theorem the eum 



r", *- ^ ['■"', -^ ,r , 

Is equal to a period, for the three points JIf,, K„ M^ are carried of! to iofiDltj 
when the straight line D goes off itself to infinity. Now if we employ the 
parametric representation z =p(u), j/ = p'(u) for the cubic, the parameter u la 
precisely equal to the Integral 



r 



dx 



V4i'-p,z-!,, 

and the preoedlng formula says that the sum of the arguments u,, Uj, u,, which 
correspond to the three points M,, M^, M,, is equal to a period. We have seen 
above how that relation is equivalent to the addition formula for the function 
p(u)(SeO). 

IIH. Bxtanstoa of Lasruige's fonnnla. The general theorem on the Implicit 
functions defined by a simultaneous system of equations <I, % 104, 2d ed. ; 
( 188, let ed.) extends also to complex variables, provided that we retain 
the other hypotheses of the theorem. Let us consider, for example, the two 
aimullMieous equations 

(44) r(z.|r) = x-a-(tf(x,y) = 0, Q<i, k) = i/-6-^(z, ») = 0, 

whei« X and y are complex variables, and where f{x, y) and ^(z, y) ar« an». 
l.vtii- functions of these two variables in the neighborhoud of the eystem of 
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TEiluee 3f= a, jfsb. For a = 0, /3 = these equatioiiH (44) have the syBtam of 
solutions X = a, y = 6, and the detenniaant D{P, Q)/D(x, y) reduces to unity. 
Therefore, by the general theorem, ttie system of equations (44) has one and 
only one system of roots approaching a and 6 respectively when a and p approach 
zero, and these roots are aualytic functions of a and ^. Laplace was the first 
to extend Lagrange's formula (§ 51) Vo this system of equations. 

Let us suppose for definiteness that with the points a and b as centers ne 
describe two circles C and C in the planes of the variables s and y respectively, 
with radii r and r' so small that the two functions /(z, y) and #(x, y) shall be 
analytic when the variables x and y remain within or on the boundaries of 
these two circles C, C. Let M and M' be the maximum values of \f(x, y) \ and 
of |^(x, y)\, respectively, in this region. We shall suppose further that the 
constants a and /S satisfy tlie conditions M'|a|<r, Jlf'|^|<r'. 

Let us now give to x any value within or on the boundary of the circle C; 
the equation Q(x, v) = is satisfied by a single value of y in the interior of the 
circle C, for the angle of y — 6 — ^* (i, y) increases by 2 *■ when y describes 
the circle C in the positive sense (J 40). That root la an analytic function 
y, = \ji(x) of I in the circle C. If we replace y in P{x, y) by that root v,, the 
resulting equation x — a— af{x, y,) = has one and only one root in the Inte- 
rior of C, for the reason given a moment ago. 

Let X = J be that root, and let 17 be the corresponding value of y, ij = it (f). 
The object of the generalized Lagrange formula is to develop in powers of a 
and § every function F(f, i)) which is analytic in the region just defined. 

for this purpose let us conuder the double integral 

■F(g, y)dy 



(46) I^fdxf 

•'(CI J(C) 



J(c> Jic-,F(z, y) Q(x, y) 
Since a is a point on the circumference of C, P(*, y) cannot vanish for any 
value of y within C, for the angle ot z — a — af{x, y) returns necessarily to 
its initial value when y describes C, x being a fixed point of C The only pole 
of the function under the integral sigii, considered as a function of the single 
variable J/, is, then, the point y=y,, given by the root ot the equation Q(i, !/)=0, 
which corresponds to the value of x on the tioundary C, and we have, after a 
first integration. 



-<-.'(S 



The right-hand side, if we suppose y■^ replaced by the analytic function ^(i) 
defined above, has in turn a single pole of the first order In the Interior of C, — 
the points = {, to which corresponds the value Vi = i7, — and the corresponding 
residue is easily shown to be 

2<xF(t.„) 
\ D{P, Q) l ■ 

Li'(«.v)J;=; 

The double integral 1 has therefore for its value 

p(p. « i , 

Li>(",»)J;:s 
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On the other band, we can develop 1/PQ in a uniformly convergent series 

1 ^y a^^f'i^ 

{x-a-af)(},-f>-P't>) A{x~a)-+i(3/~b)'*i' 
which gives UB I =ZJ'na a"fl", where 

" JiO J«7) (i-a)-+i{i/-6)-+' 
Thia integral has already been calculated (§ 04), and we have foimd that it is 






411^ e- + '[F(a. d)/"(a.6)»-(a, ft)] 
m 1 n ! 0a"B6" 



Equating the two values ot I, we obtain the desired result, which presents an 
evident analogy with the formula (50) of § 51 : 



r .D(P. Q) 1 . 4'4i'mlnl ea"06- 



We could also obtain a second result analogous to (61), 
but the coefficieuta in thiE case are not so simple as in tb( 



1. Every algebraic curve C„ of degree n and of deflciencyp can be carried 
over by a birational transformation lnt« a curve of degree p 4- 2. 

(Proceed as In § 82, cutting the given curve by a net of curves C,_i, passing 
through n(n~l)/2— 3 points of C„ among which arc the (n— l)(n — 2)/2— p 
double points, and put 

X = ^> T = ^, 

the equation of the net being ^(z, y) ■\- ^t(x, y) + jt^(z, v) = 0-) 

2. Deduce from the preceding exercise that the coCrdinates of a point of a 
curve of deficiency 2 can be expresned as rational functions of a parameter t 
and of the square root of a polynomial B (t) of the fifth or of the sixth degree, 
prime to its derivative. 

(The reader may begin by showing that the curve corresponds point by point 
to a curve of the fourth degree having a double point.) 

3*. Let y = a,x + a^x^ + ■ ■ ■ be the development in power series of an alge- 
braic functjon, a root of an equation F{x, y) = 0, where F{x, y) is a polynomial 
with integral co^eiente and where the point with coHrdinates i = 0, y = is a 
simple point of the curve represented by F{x, y) = 0. All the coefficients a-,, qTj • . . 
are fractions, and it suffices to change x to Kx, K being a suitably chosen integer, 
in order that all these coefficients become integers. [Eisenstkin.] 

(It will be noticed that a transformation of the form x = Jb>z', y = l:y' suffices 
to make the coefficient of y" on the left-hand side of the new relaUon equal to 
one, all the other coefficients being integers.) 
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FunctionB, algebraic: SSS, 08; S40, 
100; analytic: see Analytic func- 
tions and Analytic functions of sev- 
eral variables; analytic except for 
poles: 90, 41; 101, 48; 1S6, 61; 
branches of : 15, 6 ; S9, 13 ; class 



EX 255 

of integral i ISS, 58 ; of a complex 
variable: S, 2; continuous) 6,2} 
defined by difFerential equations I 
SOS, 86; dominant: 56, ei. 7; SI, 
86 ; SS7, 94 ; doubly periodic : i4S, 
06; 149, 67; elementary transcen- 
dental: JS, 8; elliptic: ^ee Elliptic 
functions ; even and odd : 15S, 
Notes; exponential; SS, 11; Gamma; 
100, 47 ; SSO, 86 ; bolomorphic ; 11, 
ftn.; Implicit; SSS, 08; integral: 
tee Integral functions and Integral 
transcendental functions ; inverse, 
of the elliptic integral : 17S, 77 j in- 
verse sine : 114, 54 ; inverse trigo- 
nometric: SO, 14; irrational) IS, 
0; logarithms: SS, 13; meromor- 
phic : 90, ftn,; monodromic. 17, 
ftn,; monogenic : 9, ftn.; multif onn : 
17, ftn.; multiple-valued; 17, 7; 
p(u): 154,09; periods of: 145,06; 
US, 68 ; 17S, 77 ; 184, 79 ; primary 
(WeieiBtrass's) ; 1S7, 67; primitive) 
S3, 15; rational: IS, 5; SS, 15; 
rational, of sin ;; and cos z : 35, 16 ; 
regular in a neighborhood : c^9, 40 ; 
regular at a point: SS, 40; regular 
at the point at infinity: 109, 52; 
represented by definite integrals: 
SS7, 06 ; series of analytic : se, 89 ; 
<r{u): 15S, 72; single-valued : see 
Single-valued functions and Single- 
valued analytic functions; 9{u)l 
170, 76; trigonometric: SS, 12; 
({a) : 159, 71 ; see also Expan»ons 

Fundamental formula of the integral 
calculus: 63, 26; 75,31 

Fundamental theorem of algebra: 
104, Note 

Gamma function ; 100, 47 ; SS9, 96 
Gatas : 1S5, ex. 21 
Gauss's sums : 1S6, ex. 21 
General linear transformation: 44, 

ex.2 
Geographic maps: see Maps 
Govrier : im, ex. 28 ' 

Goursat: SOS, ftn.; S16, ftn. 
Gonrsat's theorem ! 69, 29 and ftn. 
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: toe, fin,; tit, 88 ; 118, 

ex. B 

Hermfie: 106,61; lOS,^.; M5,73; 

168, 76 ; 195, ex. 9 ; fi5, 90 and 

ftn.; ^M, ftn.; S17, exs. 4, 5, «; 

«0, flD. 

Hermite'ii f onnula ; 275,90; forellip- 

Uc Integrals: i«5, 73; 168,1b-, 195, 

ei. 9 
Holomorphic (unctiona; ii, ftn. 
Hyperbolic transfoniiatioiiB: 57, ex. 

16 
HjperelliptlciDUgraU: 116,55; S47, 

103; periods of; /M, 56 

Imaginaries, conjugate: 4, 1 

Imaginaiy quantity: S, 1 

Implicit functions, Weieretnws'B tbeo- 
rem : S33, 98 ; tee aito Functions, 
inverse, and Lagrange's fonnula 

Independent periods, Jacobi's theo- 
rem: 147, «« 

Index of a quotient: 103, 49 

Infinite number, of singular points: 
1S4, 60 : - see also Mlttag-LelVer's 
theorem; of zeros: £6, 11 ; S3, 42; 
1S8, 57 ; He alto Weierstrasa's theo- 

Inflnlle products; tt, 10; 1S9, 67; 

194, exs. 2 and 8; uniform conver- 
gence of, SS, 10 ; 1S9, 87 ; Ke alao 
ExpansloHB 

Infinite serieH! see Series 

Infinity : see I'olnl at infinity 

Inflection, point of: 186, SO 

Integral tuMctlons: SI, 8; IS7, 67; 
HMHiclatiid ; Sift, ex. 7; clans of: 
tag, 68; with an infinite number of 
wtroN! rS7, 67; periodic: M7, 05; 
tranMinnitiintal : SI, flu.; 9«, 42; 
/flfl, HI ; «.»(■;, 90 

IntnKrni trftiifu-eiidnntal functioiiR : gi, 
ftll.i n«, 42 ; ISli, n\ ; S.10, 98 

InU<KralH, Abi'llnn: Jtis,»3; S4S,l(n; 
Abiilluii, of tliu first, w^ciind, and 
tlilnl kinilt S44, 101; AIhiI's Uioo- 
nmii il44, lOa; Caucl.y's: 7r<, 83; 
chaiigiiiit variabliiHitii /1S,2Q; along 
ft qIiimkI curvet 00, 2fl; definite: 



me Definite integrals; differenti*- 
UoD of: 77, 33; St7, »; doaUe: 
•ee DonUe int^nls; eUiptic: ItO, 
66; i74, 78; £50, 103; ofellipdc 
functions: 16 J, 76; fimdamental 
fonnula of the integral adcalos : 
63, 26 ; 7S, 31 ; Henutte's formal^ : 
SIS, 90; Hermite's fonnula for el- 
liptic: i6.i, 73; 168,75; 195, ex.9; 
hypereiiipUc : 118, 66; S47, 103; 
Ian of the mean (WeierBtra«8, I>ar- 
boux): 64,21; line: 61,25; 6f, 26; 
74, 32 ; tS4, 93 ; of rational fan<^ 
Uons: 33, 15; 113, 53; of eeriesi 
^, 39; uniform convergence o(r 
1S9, 96; see also Cauchy's theorems 

Invariants (integrals): 57, ex. 15; of 
elliptic functions : Jfi*,70; 17t,77; 
18S, 79 

Inverse functions; »ee Functions, in- 
verse, implicit 

Inversion : 45, 19 ; 57, exs. 13 and 14 

Irrational functions: 13, 6; tee alao 
Functions 

Irreducible polynomial : £40, 100 

Isolated singular points: 89, 40 ; 13S, 
60; essenUally singular: 91, 42 

Isothermal curves: 54, 24 

JacM: J35,BX.18; 2*7,86; 25J,60; 

170, 76 ; iSO, 76 
Jacobi'B theorem : 147, 66 
Jensen ; iCJ, 60 
Jensen's formula: 104, 60 



ffepfer: J(7S, ex.; 1S6, e 
Kepler's equation ; i(?S, e 
Kkin: 59, ex. 28 



.26 



Lagrangei 106, 61 ; JgS, ex. 26; S51, 

104 
Lagrange's formula: 106, 51; JSS, 

ex. 26; extension of: £50, 104 
Laplace : 10, 3 ; 54, 24 ; 55, Note ; 

iOfi, 61 ; 1S5, ex. 19 ; £51, 104 
Laplace's equation : 10,%; S4, 24 ; S5, 

Note 
taui-eTii ! 75, 33 ; 81, 37 ; W, 42 ; 94, 

43 ; 1£6, ex. 23 ; 146, 66 
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I^w of the meOD for integrals i 64, 27 
Legendrei 106, es.; 125, ex, 18; 180, 

78 
Legendre's pol;iiomials : 108, ex.; 

Jacobi'8 form: 1S5, ex. 18 j Laplace's 

form: 1S5, ex, 10 
Limit point : 90, 41 
Line integrals: 61, 25; 6S, 26; 74, 

82 ; gg^f, 93 
Linear transformation; 55, ex, 2Sj 

general : 44, ex. 2 
Lines, singular: see Natural bonnd- 

ariea, and Cuts 
LioacHle ; «i, 30 ; 150, 67 
Llouville's theorem : SJ, 36 ; 150, 67 
Logarithmic critical points : SS, 14 ; 

Ji5, 63 
Logarithms : S8, 13 ; 113, 53 ; natural 

or Napierian: S8, 13; series for 

Log (1 + 2) : 3if, 17 
Loops: J/5, 53 ; 115, 64 ; S44, 101 
Loxodromic curves: 5j, ex. 1 

Maclauria: S3, ex. 

Maps, conformal : 4S, 19 ; 45,20; 43, 

20; 5$, 23; geographic: 5S,2S;»ee 

aistJ Projection 
JtfA^y ! *J, f tn. ; 800, Itn. 
Mercator's projection : 5S, ex. 1 
Meromorphic functions; 90, ftn. 
Mittag-L^er'. 137, 57 and ftn.; 1S4, 

61; i59, 63 
Mlttag-LefBer's theorem : 127, 67 ; 

1S4,QI; ;a9, 03 ;Cauchy's method; 

J5S, 63 
Monodromic functions: 17, ftn. 
Monogenic functions: 5, ftn. 
Jtforera : 78, 34 
Morera's theorem ! 78, 34 
Multiform functions: /7, ftn. 
Multiple-valued functions: 17, T 

Wapier ; 18, 13 

Napierian logarithms: ^^, IS 

Natural boundary : SOI, B4 ; SOS, 87 ; 

Sll, 88 
Natural logarithms; ;?£, 13 



Neighborhood: 88, 40; of the point 
atlnflmtj: 109, 52 

Odd functions : 164, 68 

Order, of elliptic functions; 150, 68; 

of poles ; jd, 40 ; of zeros : 88, 40 
Ordinary point; 88, 40 

F function, p(v); lS4, 88; «f, 7»; 
defined by invariants; 182, 79; re- 
lation between p(u) and p'{u)i 15S, 
70 
PainleDi ; 85, 38 

Parabolic transformation i 57, ex. 15 
Parallelogram of periods; ISO, 67 
Parametric representation : see Curves 
Periodic functions; 14S, 65; doubly: 
145, 66 ; 149, 67 ; see also Elliptic 
functions 
Periodic Integral functions; 147, 86 
Periods: of ctnz: iii, Note 3; cyclic: 
S44, 101 ; of definite integrals: IIS, 
63; JM.Note; of elliptlcfunctions: 
152,06; 172,1T; 184,19; at eWipMo 
integrals: ISO, 66; of functions; 
145, 66; of hyperetliptic integrals; 
116, 66; independent: 147, 88; 
parallelogram of: 150, 67; polar: 
lis, 68 ; 119, 56 ; S44, 101 j primi- 
tive pair of: 149, ftn,; relation be- 
tween periods and invariants: 172, 
77; of sin x: J d J, Note 1 
Picard: 21, ftn.; 9S, 42 ; i«7, ftn, 
Potacari: 208, ftn.; ff^, ftn.; SSS, 

ftn. 
Point, critical or branch : see Critical 
points; double: 184, SO; 292, 82; 
at Infinity: 109, 52; of inflection: 
186, 80; limit: 90, 41; ordinary: 
fia, 40; symmetric: 58, ex. 17; see 
also Neighborhood, Singular points, 
and Zeros 
Polar periods: see Periods, polar 
Poles: S8, 40; 90, il; 133, 69; of 
elliptic functions; 150, 68; 154, 
68; infinite number of: 135, 81; 
i57, 82 ; at infinity ; 110, 52 ; order 



of: 



?, 40 



Polynomials, Irreducible: £40, 100 
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